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PREFACE, 



Tm following siimmary view of (he first principles oi al« 
gebra is iiHended to be accommodated to the method of in- 
struction generally adopted in the American colleges. 

The books which have been published in Great Britain on 
mathematical ^ubjectS) are principally of two classes. — One 
consists of extended treatises^ which enter into a thorough in.^ 
vestigation of the pairticular deprntments which are tl^ ob- 
jects of their inquiry. Many of these are excellent in their 
Kind ; but they are |oo voluminous for the use of the body 
of students in a college. 

The other class are expressly intended for beginners ; Imi 
many of them are written in so concise a manner, that im« 
portant proofs add illustrations are excluded. They are 
mere tesnt'iook^ containing, only the owiiines of subjects 
which are lo be explained and enlarged upoa, by the pro- 
fessor in bis lecture room, or by tli^ private tutpr in his 
chismbeir, # 

In the colleges in this country, there is generally put into 
the hands of a class, a hock from which they are expected of 
ikgmseket lo acquire the principles of the science to which 
they are attending : receivmg, however, from their instructor, 
any addiiional assistance which may be found necessary. An 
ekmnentary work for such a purpose, ought evidently to con- 
tain<the explanations which are requisite, to bring the sub* 
jeets treated of within the comprehension of the l^y of 
tiie class. 

If the design of studying the mathematics were merely to 
obtain auch a knowledge of the orocticai parts, as is required 
for transacting business ; it might be sumcient to commit to 
memory some of the principal rules, and lo make the opera- 
tions familiar, by attending to the examples. In this me- 
chanical way, the accountant, the navigator, and (lie land 
surveyor, may be qualified for their respective employments, 
with very little knowledge of the principles that lie at the 
foundation of the calculations which they are to make. 

But a higher oUect is proposed^ in the case of those who 
aie.acquijrin^ a Ul%al education. The main design should 
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be to call into exercise, to discipline, and to invigorate the 
powcL^ of the mind. It is the logk of tlie inathenmlice which 
conntitutes their principal vajiie, sjs a part of a course of col* 
legiate instruction. The time and attention devoted to them, 
is for the purpose of forming sound reasoners^ ratlier than ex* 
pert mathematicians. To accomplish this object it is neces* 
sary that tlie principles be clearly explained and demonstra- 
ted, and that the several parts be arranged in such a manner, 
as to show the dependence of one upon ariother. The whole 
should be so conducted, as to keep the reasoning powers ia> 
continual exercise, without greatly fatiguing them.' No 
other subject affords a better opportunity for exemplifying the 
rules of correct thinking. A more finished specimen of clear 
and exact logic has, perhaps, never been produced, than: the 
Elements of Geometry by Euclid. 

It may be thought, by some, to be unwise to form our gen* 
eral habits of arguing, on the model of a science in which 
the inquiries are accompanied with absolute certaikUy ; while 
the common business of life must be conducted up(m probable 
evidence, and not upon principles w:hich admit of complete 
demonstration. There Would be weight in this objection, if 
the attention were confined to the ptire mathematice. But 
when these are connected with the physical sciences, astro* 
nomy, Chemistry, and natural philosophy, the mind has op- 
portunity to exercise its judgment upon all thevariotie de* 
grees of probability which occur in the concerns Of life. 

So far as it is desirable to form a iasit i<x mathematical 
studies, it is important that the books by which the student is 
first introduced to an acquaintance with these.subjects, should 
not be rendered obscure and forbidding by their conciseness. 
Here is no opportunity to awaken interest, by rhetorical ele* 
gance, by exciting the passions, or by presenting images to 
the imagination. The beauty of the mathematics depends 
on the distinctness of the objects of inquiry, the symmetry of 
their relations, the Inminous nature of the arguments, and the 
certainty of the conclusions. But how is this beauty to be 
perceived, in a work which is so much abridged, that the 
chain of reasoning is often interrupted, important demonstra* 
tions omitted, and the transitions from one subjeqt to another 
so abrupt, as to keep their connections and dependencies out 
of view 1 

It may not be necessary to state every proposition and its 

Eroof, with ail the formality which is so strictly adhered to 
y Euclid ; as it is not essential to a logical argument, thai 



it Im exprosmd m regtdar and efitir« ^th^gismd. A ste^ of 
a demonstration nuiy be safely omitted^ when it wm mmple 
it^nd obvious, that nc^one possessiiigf a Moderate acquadnftance 
wkh the 8UbJ6([^ could fail to siipply it f^ But thif> 

lib»'ty <^ oiuiBstOQ ouglit not to be extended to cased in 
3iirhich it wiii occasbii obscarity and embarrassment. If it 
be desiraUe to gire opportunity for the mind to drsjrfay and 
enlarge its povsrers, by surmounting obM;a<^e8; ftill scope 
may be found for this kind of escercise, espeeielly in the 
higher branches of the Matl>ematics, from difficulties which 
will uttavotdably occur, without creating new ones for the 
.Htke of perplexing. 

Atg^a required to be treated in a mote plain and difTuse 
marmer, than some other parts of the mathematics; because 
it '18 to be attended to, early in the course, while the mind of 
'the learner has not been habituated to a mode of thinking so 
Abstract, as that which will now'beoome necessary. He has 
ml9& ^nkw Imguage to lenm^ ai the same time he is settling 
the ptinciples upoa which his future inquiries are to be con- 
ducted. These principles ought to be eslaWishcd, in the 
most clear and satkfectory manner which the nature of the" 
case will admit of. Algebra and geometry may be consider- 
ed as lying at the foundation of the sUe<^eding br&n^hes of 
the mathematics, both pure and mixed. Euclkl and others 
have given to the geometrical part a degree of clearness and 
precision wluch would be very desirable, but is hardly to be 
expected; in algebra. ^ 

Fot the reasons whidi have been mentioned, the manner 
in which the following pages are written, is not the most 
concise. But the work is necessarily limited in extent <tf 
subject. It is far from being a campUU tceatise of algebra. 
It is merely an introducticm. It is intended to contain as 
much matter, as the student at college can attend to, with 
advantage, during the short time allotted to this particular 
study. There is generally but a small portion of a classy 
who have either leisure or inclination, to pursue mathemati- 
cai inquiries much farther than is necessary to maintain an 
honorable standing in the institution of which they are 
members. Those few who have an unusual taste for thi* 
science, and%im to become adepts in it, ought to be refer- 
red to separate and complete treatises, on the differeht 
branches. No one who wishes to be thoroughly versed in 
mathematics, should look to compendiums and elementary 

books for any thing more than the first pvincipies, As soon 

1 



«8 thece are acquired^ be «)io<iid be gruMtdfo im inqviria^ I7 

the gcoius and sf»rit of origitial {uiihor&> 

In the selection of materials, those articles Imre betti 
taken whic^i have a practical application, and which are ppc- 
faratory to succeeding parts of tte mathematies, piiilcxsophy , 
and astronomy* The object has not been to introduce ori- 
ginal maUer^ . In the mathematics, which have been cultiva^ 
ted with success from the daya of PythagtM^s, and in which 
the principles already established are sufficient to occupy the 
nM>8t active mind for years, the parts to which the stuijlent 
ought ^r^ to attend, are not those recently discovered. Free 
use has been made of the works of Newton, .Maclaiiriii, 
Saunderson, Simpson, Euler, £merBon, Lacroix, and pthers, 
but in a way that rendered »t iiiconvenient to refer to them, 
in particular mstanees. The proper ield for the display ©f 
mathematical gemm, is in the region of invention. But 
what is re€|uisite for an elementary work, is to collect, ar- 
range and diustrate, materials already provided. However 
humble this employ ment^ he ought patiently to submit to i% 
whose object is to instruct, npt those v^^ho have made consid- 
erable progress ^in the nuithematic?, but those who are just 
commencing the study. Original discoveries are not for the 
benefit of beginners^ though they may be of great importa];^G6 
to the advancement of science. 

The arrangen^ent of the parts is such, that the explanation 
of one is not made to d^nd on another which is to follow. 
The addition, multiplication, and division of pawersyf or in* 
stance, is placed after involution. In the statement of gen- 
eral rules, if they are reduced to a small number, their ap- 
plications to particular cases may not, always, be readily un- 
derstood. On the other hand, if Ihey are very numerous, 
they become tedious and burdet^ome to the memory. The 
rules given in this introduction, are most of them compre- 
hensive ; but they are explained and applied, in subordinate 
articles. 

A particular demonstration is, sometimes substituted for a 
general one, when the application of the principle to other 
cases is obvious. The examples are not often taken fiom 
philosophical subjects, as the learner is supposed to be fa- 
miliar with none of the sciences except arithmeftc. In treat- 
ing of negative quantities, frequeiit references are made to 
mercantile concerns, to debt, and credit, &c. These are 
merely for the purpose of illustration. The whole doctrine 
ef negatives is made to depend on the single principle, thai 
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tbey are quantkiee to ht wbtraeied. But the student, at 
this early period, is not accustomed to abstraction. He re- 
quires {JEurticular examples, to catch bis attentionj and aid his 
conceptions. 

The section on properfien, will, perhaps, be thought use- 
less to those who read the fifth Rook of Euclid. That is suf- 
ficient for the purposes of pure ^tametricul demonstration. But 
it is important that the prepositions shoUid also be presented 
under the algebraic forvis. In addittorr to this, great assis- 
tance may be derived from the algebraic notatiany in demon- 
strating, and reducing to system, the laws of proportion. The 
subject instead of being broken up into a multitude of dis- 
tinct proppsatiottfl^ may be comprehended in a few general 
principles. 
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MATHEMATICS IN GENERAL* 



Art. t. MA-THEMATtcs is the science of QixANTittr. 

Any tiling which can be muUipUed^ divided^ or measured^ m 
called auantity. Thus, a*i(nc is a ([uantity, becatlse it can 
be douWed, tfebled, or halved ; and can be measui^ed, by 
applying to it another line, as a foot, a yard, or an ell. 
Weight is a quantity, which can be measured, in pounds, 
ounces, and grains. Time is a species of quantity^ whose 
measure can be expressed, in houisj minutes, and seconds^ 
But color is not a quantity. It cannot be said, with propri* 
ety, that one cplor is twice as great, or half as great, as 
another. The operations of the mindy such as thought, 
choice, desire^ hatred, &c. wee not quantities. They are in- 
capable of mensuration.* 

2. Those parts of the Mathematics, on which ail the 
others are founded, are ^rithmetky Mgehrciy and Geometry, 

S. Arithmetic is the science of numhers. Its aid is 
required to complete at^d apply the calculations, in almost 
every other department of the mathematics* 

4. Algebka is a method of computing by letters and other 
symbols. Fluxi6ns, or the Differential and Integral Cal- 
culus, may be considered as belonging to the higher branches 
of algebra. t 

5. Geometry is that part of the mathematics, which treats 
of magnitude. By magnitude, in the appropriate sense a( 
ilie term, is meant that species of quantity: which is extend* 
ed; that is, which has on6 or more of the thit^e dimensions, 
len^% breadth, and thickness. Thus a /we is a magnitude, 
becjiusse it is extended, in length. A surface is a magnitude, 
having length and breadth. A solid is a magnitude, having 

♦ See Note A. t See Note B. 
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length, breftdtb, and tlvickness. But motion, thongTi a q^tin^ 
tity, is not, strictly speaking, a magnitiKle. It has neitlier 
length, breast li^ not thickness.* 

.6. Trigonometrt iind Conic Sections are branches of 
the malheniatics, in which tlye principles of gcotnetiy are 
applied to triangles^ and tl>9 sections of a cone. 

7. Mathematics are either pore or mixed. In pare mathe- 
matics, quantities are considered, independeptjy of any sub- 
stances actually existing. Bat, in mixed mathematics, the 
relations of quantities are investigated^ in connection with 
some of the propeities of nift44ef^ or with reference to lh« 
common transactions of business. Thus^ in Surveying, 
mathematical principles are applied to the measuring of 
land ; in Optics, to the properties of light ; and in Astrono- 
my, to the motions of the heavenly bodies. 

8. The science of the pure matheiinatics has long been 
distinguislied, for the clearness and distinctness of its princi- 
ples ; and the irresistible conviction, which they caixy to the 
mind of every one who is once made acquainted with them. 
This is to be ascribed, partly to the nature of the subjects, 
and partly to the exactnesiQ of the de^tions, the axioms^ 
and the (kmonstratigns. 

9. The foundation of all nrmthematical knowledge musi; 
be laid m definitions. A defyMm is aa explanation of wha| 
is meant, by any word or phrase. Tlius, an equilateral Van 
angle is ttefined^ by saying, that it is a figure bounded by 
three ei|ual sides. 

It is essential to a complete definition, that it perfectly dis- 
tinguish the thing definea, from every thing else. , On many 
subjects it is difficult to give such precision to language, thai 
it shall convey, to every hearei* oi* reader, exactly the same 
ideas. But, in the mathematics, the principal terms may be 
no defined, as not to leave room for the least difference of 
apprfshension, respecting their meaning. All must be agreed, 
as to the nature of a circle, a square, and a triangle, wlien 
ihey have once learned tl^e definitions of these figures. 

Under tlie head of definitions, may be iuipluded explana- 
Uons of the charaeters which are used to denote the relations 
of quantities. Thus the character \^ is explained or defined, 
by saying that it signifies the same as the words scjttare root. 

10. The next step, after becoming acquainted with the 
meaning of mathematical terms, is to bring them together, in 

* Some whten, hovreYer, ate inas;nitude as synonymous with qoftntity. 
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Ike fMm of (>NfitoilH»iMi ^Bionio^ the Mtttk^flHof ^aiiliiicw 
jwifuire no.:fifO€mm of feasoning, to render Utem efMeai. Te 
jbe iiijuler8too4» ibey neied oiiijr to be prlfpoaiadU Thlli^ci: 
square is a different figui*e from a circle; ihcbl ibe whole.of ^ 
m^gvi grenier Ihi^ one ^ ite purts; and that two straight 
ii^s caitiiot eiu^lese a apaoe, ar^ propositions so tnauMestly 
li^ue, ti^at fto readying upton them could make them more 
certain. Tbey are, tbereiorc, Mikd seif^^vident Ifulhfl^ «f , 

11, TbeDd arei, homevmy comparatively few mathematics 
4ffitks-wbich<^iy*e sel£-evident. Most require'ta be proved by 
a chain of haajaKmingi Propositions of this nature are deiioro^- 
inaied lhemrim$i ai»d th^ process, l^ which they «fe shown 
fo be 4rue, is called demmtiraiwn. This is a nhode of argu«- 
faig^ in wHlcK every intemnce is im«A«diately derived, either 
fixnn d^fiiuj^iS) or from |^i»Ctpl6s which iiave been pievi*^ 
ottsly demottsti'tt^ed. In ^ lis way, comptete certainty is made 
to accompany ev«ry step, in a long; coititse of reasonim^. 

12i DeBM»mtratioB is ekh^ dinsei or indirect The for* 
mer id the commoa^ obvious mode of conducting a demom 
stlrative arguihettt. But in some instances, it is necessary to 
resort to indtiect demonstration ; which is a method of pu*- 
tablishing a proposition^ by proving that to suppose H not 
Arue, would lead to.an absurdity. This i* fhsquently catfed 
TeduoU» ad ^9urdmrL Thus, m certain cases in geometry, 
two lines may be proved to be erfual, by showing that to supt* 
jjose them unequal, would involve an absiirdrty* 

13. Besides the principal tlw€H^ms in the mathiematicav 
there are also Lemmas and Cor&Uaries, A Lemma is a pro;- 
position which is demoiMtn^ed, l^r th^ purpose of using it, in 
the demonstration of some other pmpositton. This prcpam^ 
tory step is taken to. prevent the proof of the principal theoM- 
tern from Incoming complicaited and tedious^ 

14 A CoTQUary is an inference from a preceding proposit- 
4ion. A Seholium is a remark of any kind, suggested by 
oometlitn? which has gone before, though not, Hke a corolla^ 
ry, immediately depending on it. 

15. Tl»e immediate object of inquiry, in the mn thematic^ 
18, frequeutly, not the demionstratjon of a general truth, bat 
a metiiod of performing some operation, such as reducing n 
vulgar fraction to a decimal, extracting the cube root, or 
ioseribing^ a circle in a square^ This is called solving a prob^ 
lem. A theorem is something to be proi>e4. A probkm i» 
mikvottbiQg to be done. 
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% 16. Whei> lb«t which is reqmyed lo be ik»i6» is so easy, m 
lo be obvious to every one, without an explanaiien, it is call- 
ed a p08tuliU$. Of this nature is the drawing of a straight 
tine, from one point to anottier. 

17. A quantity is said to be g^en^ when it 4s either sup- 
posed to be aheady knowtiy or is made a f»ndUUmj in me 
statement of any theofem or problem. In the rule of pNK 
portion in arithmetic, for instance, three terms must be given 
to enable us to find a fourth. These three terms are the 
doto, upon whicli the calculation is founded. If we are^re* 
quired to find the number of acres, in a circular island ten 
miles in circrnnierence, the circular figwe, and the length of 
die circumference are the data. They are said to be giv^n 
by supposUumy that is, by the conditions of the problem. A 
quantity is also said to be given, when it may be directly and 
easily nrfetred from something else which is given. Thus, if 
two numbers aie given, their sum is given; because it is ob^ 
tained, by merely adding the numbers together. 

In Geometry, a quantity may be given, either in poai'^'anf 
or magniludey or both. A line is given in position, when ks 
iituation and directum are known. It is given in magnitude, 
when its length is kuown. A cinUe is given in position^ when 
the place of its centre is knowru It is given in magnitudei 
when the length of its diameter is known. 

18. One proposition is^^ontrory, or contradictory to another, 
when, what is affirmed, in the one, is denied, in ihe other. 
A proposition and its coiitrary, can never both be true. Il 
cannot be true, that two given lines are equal, and that they 
are not equal, at the same time. 

19. One proposition is the cotioeive of another, when the 
order is inverted ; so that, what is given or supposed in the 
first, becomes the conclusion in the last ; and what is given 
m the last, is the conclusion, in the first. Thus, it ^can be 
proved, first, that if the sides of a triangle are equal, the an- 
gles are equal ; and secondly, that if the angles are equal, 
the sides are equal. Here, in the first proposition, the equal- 
ity of the sides is given; and the equality of the angles' in* 
ferred: in the second, the equality of the angles is given, and 
the equaUty of the sides infened. In many instances, a pro- 
position and its converse are both true; as in the pececling 
example. But this is not always the case. A circle is a 
figure bounded by a curve ; but a figure bounded by a curv« 
IB not of course a circle. 
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90. The {O^actkal appUeaticMfis of the matiiematieis, in the 
eommon concerns of business, in the useful arts, and in the' 
various branches of physical science aie almost innumerable. 
Mathematical principles are necessary in MercantU^ transae- 
tiansy for keeping, arranging, and settling accounts, adjusting 
the prices of commodities, arid calculating the profits of t^ade ; 
in Jravigation, for directing ihe course of a ship on the ocean, 
adapting the position pf her sails to the direction of the wind, 
findmg h^ latitude and longitude, and determining the bear- 
ings and Instances of objects on shore : in Surveyings for 
measuring, dividing, and laying out grounds, taking the eleva- 
tion of hills, and fixing the boundsories of fields, estates, and 
pdblic territories : in Civil Engineeringy for constructing 
bridges, aqueducts, locks, &c. : in Mechanics^ for understand- 
ing the laws of motion, the composition of forces, the equili- 
brium of the mechanical powers, and the structure of ma- 
chines : in Jlrchitecturcj for calculating the comparative' 
gtrength of timbers, the pressure which each will be required 
.to sustain, the forms of arches, the proportions of columns, &c. : 
in Fortijication^ for adjusting the position, Unes, and an- 
gles, of the several parts of the works : in Gunnery ^ for regu- 
lating the elevation of the cannon, the folrce of the pov/der, 
and the velocity and range of the shot : in Optiesj for tracing 
the direction of the rays of light, understanding the forma- 
tion of images, the laws of vision, the separation of colors, the 
nature of the rainbow, and the construction of microscopes 
and telescopes : in ^trenamy, for computing the distances, 
magnitudes, and revolutions of the heavenly bodies ; and the 
influence of the law of gravitation, in raising the tides, dis- 
turbing the motions of the moon, causing the return of the 
comets, and retaining the planets in their orbits : iaGeogra- 
fkyy for determining the figure and' dimensions of the earth, 
the extent of oceans, islands, continents, and countries ; the 
latitude and longitude of places, the courses of rivers, the 
height of moimtains, and the boundaries of kingdpms : in flTw- 
tory^ for fixing the chronology of remaiicable events, and 
estimating the strength of armies, the wealth of nations, the 
value of their revenues, and the amount of their population : 
and, in the cbncems of Government^ for apportioning taxes, 
arranging schemes of finance, and regulating national ex- 
penses. The mathematics have also important appUcations 
to Chemistry, Mineralogy, Music, Painting, Sculptme, and 
indeed to a great proportion of the whole circle of arts and 
sciences. 2 
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21. It 18 true, that, in many of the branches which iiave 
been mentioned, the ordinary business is frequently trans- 
acted, and the mechanical operations performed, by persons 
who have not been regularly instructed in a course of mathe- 
matics. Machines are framed, lands are suweyed, and ships 
are steered, by men who have never thoroughly investigated 
the principles, which lie at the foundation of their respective 
artsw The reason of this is, that the methods of proceeding, 
in their several occupations, have been pointed out to them, 
by the genius and lab«r of others. The mechanic often 
works by rules, which men of science have provided* for his ^ 
use, and of which he knows nothing more, than the practical 
application. The mariner calculates his longitude by tables, 
for which he is indebted to mathematicians and astronomers 
of no ordinary attainments. In this manner, even the ab- 
struse parts of the mathematics are made to contribute their 
aid to the common arts of Ufe. 

22. But an additional and more important advantage, to 
persons of liberal education, is to be foimd, in the enlarge- 
ment and imjM-ovement of the reasoning powere. The mind, 
like the body, acquires strength by exertion. The art erf 
reasoning, like other arts,^ is learned by practice. It is per- 
fected, only by long continued exercise. Mathematical stu- 
dies are pecuharly fitted for this discipline of the mind. 
They are calculated to form it to habits of. fixed attention ; 
of sagacity, in detecting sophistry ; of caution, in the admis- 
sion of proof ; of dexterity, in the arrangement of arguments ; 
and of skill, in making all tk^ parts of a long continued pro- 
cess tend to a result, in which the truth is clearly and firmly 
established. When a habit of close and accurate thinking 
is thus acquired, it may be applied to any subject, on which 
a man of letters or erf business may be called to emfdoy his 
talents. " The youth," says Plato, " who are furnished with 
mathematical knowledge, are prompt and quick, at all other 
sciences." 

It is not pretended, that an attention to other objects of 
inquiry is rendered unnecessary, by the study of the mathe- 
matics. It is not their office, to jay before us historical facts ; 
to teafch the principles of morals ; to store the fancy with 
brilliant images ; or to enable us to speak and write with 
rhetorical vigor and elegance. The beneficial efiects which 
they produce on the mind, are to be seen, principally, in the 
regulation and increased energy of the reasoning potcers 
These they are calculated to call into frequent and vigorous 
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^xercise. At the same time, mathematical studies may be 
80 conducted, as not often to require excessive exertion and 
fatigue. Beginning with the more simple subjects, and as- 
cending gradually to those which are more complicated, the 
mind acquires strength as it advances; and by a succession 
of steps, rising regularly one above another, is enabled to 
surmount the obstacles which He in its way. In a course of 
mathematics^ the parts succeed each other in such a con- 
nected series, that the preceding propositions are preparatory 
to those wWch follow. The sUiaent who has made, himself 
master of the former, is qualified for a successful investiga- 
tion of the latter. But he who has passed over any of the 
ground superficially, will find that the obstructions to his 
i^ture progress are yet to be removed. In mathematics as in 
war, it should be made a principle, not to advance, while any 
thing is left uneonquered behind. It is important that the 
student should be deeply impressed with a conviction of the 
necessity of this. Neither is it sufficient that he understands 
the nature of one proposition or method of operation, before 
proceeding to another. He ought also to make himself /o- 
miUar with every step, by cvnefvl attention to the examples. 
He must not expect to become thoroughly versed in the sci- 
ettce, by merely reading the main principles, rules, and obser- 
Tations. It is practice only, which can put these completely 
in his possession. The method of studying here recom- 
mendea, is not only that which promises success, but that 
which ;will be found, in the end, to be the most expeditious, 
and by feu: most {feasant. While a superficial attention oc- 
casions perplexity and consequent aversion; a thorough 
investigation is rewarded with a high degree of giatification. 
The peculiar entertainment which mathematical studies are 
calculated to fiirnish to the mind, is reserved for those wha 
make themselves masters of the subjects to which their 
attention is called. 



Note. — ^The principal definitions, theorems, rules, &c. which it is necesiary 
to commit to mtmory, are distinguished by being put in Italics or Cfipitals, 



ALGEBRA. 

SECTION L 

NOTATION, NEaATIVE aUANTITIES, AXIOMS, fte. 
Art, 23. ALGEBRA may be defined, a general method 

Of INVESTIGATING THE RELATIONS OF QUANTITIES, BT LET- 
TERS, AND OTHER SYMBOLS. This, it luust be acknowledged^ 
is an imperfect accomit of the subject ; as every account 
must necessarily be, which is comjHised in the <:ompass of a 
definition. Its real nature is to be learned, rather by an 
attentive examination of its parts, than from any summaiy 
descripti(m. 

The solutions in Algebra, are of a more general nature 
than those in common Arithmetic. The latter relate to par« 
ticular nimibers ; the former to whole classes of quantities. 
On this account. Algebra has been termed a kind of tmwersal 
Jlrbhmetic. The generality of its soluUcois is principally 
owing to the use of Utters^ instead of numeral figures, to 
express the several quantities which are subjected to calcula- 
tion. In Arithmetic, when a problem is solved, the answer 
is limited to the particular numbers which are specified, in 
the statement of the question. But an Algete-aic s^luticm 
may be equally ajqilicable to all other quantities which have 
the same relations. This important advantage is owing to 
the difference between the customary use of figures, and the 
manner in which letters are employed in Algebra. One of 
the nine digits, invariably expresses the same nmnber : but a 
letter may be put for any number whatever. The figure 8 
always signifies eight ; the figure 5, five, &c. And, though 
one of the digits, in connection with others, may have a local 
value, different from its simple value when alone ; yet the 
same cambmatwn always expresses the same number. Thus 
263 has one uniform significaticm. .And this is the case widi 
every other combination of figures. But in Algebra, a letter 
may stand for any quantity which we*vnsh it to represent. 
Thus b may be put for 2, or 10, or 50, or 1000. It must no^ 
be understood from this, however, that the letter has no de 



NOTATION. 9 

terminate value. Its value is fixed for the occasion. Foi 
the present purpose, it rera^iins ujaaltered. But on a different 
occasion, the same letter may be put for any other number. 
A calculation may be gieatly abridged by the use of let^ 
ters;. especially when very large numbers are concerned. 
And when several such nimibers are to be combined, as ii) 
multiplication, the process becomes extremely tedious. But 
a single letter may be put for a large ninnber, as well as 
for a small one. The numbers 26347297, 68347823, and 
27462498, for instance, may be expressed by the letters, 6, c, 
and d. The multiplying them together, as will be seen 
hereafter, will be nothing more than writing them, one after 
another, in the form of a word, and the product will be sim- 
ply bed. Thus in Algebra, mutli of the labor of calcula- 
tion may be saved, by the rapidity of the operations. Solu- 
ticMis are sometunes efiected, in the compass of a few lines, 
which^ in common Arithmetic, must be extended thiough 
many pages. 

24. Another ad vantaff^ obtained from the notation by let- 
ters instead of figures, is, that the several quantities which 
are brought into calculation, may be preserved distinct from 
eachQther; though fCarned through a number of complicated 
processes; whereas, in arithmetic, they are so blended to- 
geth^, that no trace is left of what they were, before the 
operation began. 

25. Algetoa differs fiurther fi;om arithmetic, in making use 
of unknoton quantities, in canying on its operations. Ip 
arithmetic, all the quantities which enter inte a calculati<Mi 
musTbe known. For they are expressed in numbers. And 
every nimiber must necessarily be a determinate quantity. 
But in Algebra, a letter n?ay be put for a quantity, before 
its value has been ascertained. And yet it may have such 
relations to other quantities, with which it is connected, as 
to ahswer an important purpose in the calculation. 

NOTATION. 

26. To facilitate the investigations in algebra, the several 
steps of the reasoning, instead of being expressed in words^ 
are translated into the language of signs and symbols, which 
may be considered as a species of short-hand. This serves 
to place the quantities and their relations distinctly before 
the eye, and to bring them all into view at once. They are 
thus modre readily compared and understood, than when re- 

2* 
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moved at a distance ftom each other, as in tlie common 
mode of writing. But before any one can avail hunself of 
tiiis advantage, he miist become perfectly familiar witli the 
new language. 

27. The quantities in algebra, as has l>een already ob- 
served, are generally expressed by letters. The first letters of 
the Alphabet are used to represent known quantities ; and 
the last letters, those which are unknown. Sometimes the 
quantities, instead of being expressed by letters, are set dpwn 
in figures, as in common arithmetic. 

28. Besides the letters and figures, there ai'e certain char- 
acters used, to indicate the relations of the quantities, or the 
operations which are performed with them. Among these 
are the signs + and — , which are read plus and mnus, or 
more and less. The former is prefixed to quantities which 
are to be added; the latter, to those whiph are to be sub^ 
traded. Thus a-|-6 signifies that 6 is to be added to a. It 
is read a plus by ox a added to by or a^nd 6. If the expres- 
sion be a- 6, i. e. a minus 6; it indic^es that i is to be sub- 
tracted from a. 

29. The sign ,-f. is prefixed to quantities which are con- 
sidered as affirmative or positive ; and the sign — , to those 
which are supposed to be negative. For the natme of this 
distinction, see art. 54. 

All the quantities which enter into an algebraic process, 
are considered, for the pui*poses of calculation, as^ either posi- 
tive or negative. Before tlie first one, unless it be negj^tive, 
the sign is generaUy omitted. But it is always to be under- 
stood. Thus a-f-fr, is the same as -j-a-ffr. 

30. Sometimes both -|- and — are prefixed to the same 
letter. The sign is then said to be ambiguous. Thus 0+6 
sigpifies that in certain cases, comprehended in a general so- 
lution, 6 is to be added to a, and in other cases subtracted 
from it. 

31. When it is intended to express the differenre between 
two quantities without deciding which is the one to be sub- 
tracted, the character <i> or -w is used. Thus a^, or a(/>b 
denotes the difference between a and 6, without detennining 
whether a is to be subtracted from 6, or 6 from a. 

32. The equalitv between two quantities or sets of quanti- 
ties is expressed oy parallel lines =r. Thus a-^b=^d sig- 
nifies tliat a and b together are equal to d. And o-fd^c 



2= 64-?=^ signifies that a and d equal e, which is equal to 
b and gy which are equal to L So 8+4= 16 -4'= 10+2= 
7+3+3=: 12. 

33. When the first of the two quantities compared, ib 
greater than the other, the character^ is placed between 
thein. Thus a>6 signifies that a is greater than b. 

If the first is less than the other, the character < is used ; 
as a<6; i, ei a is less than 6. In both cases, the quantity 
towards which the character opens, is greater than the other. 

34. A numeral figure is often prefixed to a letter. This 
is called a co-efficient It shows how often the quantity ex- 
pressed by the letter is to be taken. Thus 26 sigmfies twice 
6 ; and 96, 9 times 6, or 9 multiplied into 6. 

The co-efiicient may be either a whole niunber or a firac- 
lion. Thus |fc is* two-thirds of 6. When the co-eflicient is 
not expressed, 1 is always to be understood. Thus a is the 
same as la; i. e. once a. 

35. The co-efficient may be a letter, as well as a figure. 
In the quantity m6, m may be considered the co-efficient of 
b ; because 6 is to be taken as many times as there are imits 
in m. If m stands for 6, then mb is 6 times 6. In 3a6c, 3 
may be considered as the co-efficient of ahc; 3a the co-efii- 
eient of be ; oi* 3a6, the co-efficient of c. See art 42. 

36. A simply quantity is either a single letter or nmnber, 
or several letters connected together without the signs + 
and-. Thus a, a6, abd and Sb are each oi them simjde 
quantities. A compound quantity consists of a number of 
simple quantities connected by the sign + or - , Thus a+ 
b,d-y,b- rf+3A, are each compound quantities. The mem- 
bers of which it is composed are called terms. 

37. If there are two terms in a compound quantity, it is 
called a binomial Thus a+6 and a - 6 are binomials. The 
latter is also called h residual quantity, because it expresses 
the difference of two quantities, or the remainder, after one is 
taken from the other. A compound quantity consisting of 
three terms, is sometimes called a trinomial; one of four terms, 
a quadrinomialj &c. 

38. When the several' members of a compound quantity 
are to be subjected to the same operation, they are frequent- 
ly connected by a line called a vinculum. Thus a~6+c 
shows that the sum of b and c is to be subtracted fi-om a. But 
a-.6+c signifies that 6 only is to be subtracted from a 
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while e is to be added. The sum of c and d^ mibtmcteil 
from the siim of a and 6, is o-f-t - c-f-d. The marks used 
for parentheses, ( ), are often substituted instead of a line, for 
a vinculum. Thus x - (a-f-c) is the same as ar - a-\-c. The- 
equality of two sets of quantities is expressed, without using 
,a vinculum. Thus a4-6=rc+d signifies, not that h is e({wnL 
to c; but that the sum of a and 6 is equal to the sum of c 
and rf. * 

39. A single letter, or a number of letters, representing any 
quantities with their relations, is called an algebraic express 
mn; and sometimes a formtda^ Thus a-\-b'\'Sd is ait 
algebraic expression. 

40. The character X denotes multiplicoHon, Thus ax& 
is a multiplied into b: and 6x3 is 6 times 3, or 6 hito 3. 
Sometimes a point is used to indicctte multiplication.. Thus 
a. 6 is the same as ax 6. But the sign of multiplication is 
more commonly omitted, between simple quantities; and 
the letters are connected together, in the form of a word or 
syllable. Thus ab is the same as a. 6 or aX^* And bcAt 
is the same as ftx^X^X^* When a compound quantity is 
to be multiplied, a vinculum is used, as in the case of sub* 
traction. Thus the sum of a and b multiplied into the sum 

of c and rf, is a^b X c-f-d, or (o-f t) X (c+rf)' -^^^ 
^6+2) X 6 is 8 X 5 or 40. But 6 + 2x5 is 64.IO or 16. 
When the msurks of parentheses are used, the sign of multi« 
plication is frequently omitted. Thus {x-\-y) (a: - y) is (a:+y) 

X (^-y.) 

41. When two or more quantities are multiplied together, 
€ach of them is called a factor. In the product 06, a is a 
factor, and so is 6. In the product a;Xa+wi, x is one of the 
factors, and a'\'m, the other. Hence every co-efficient may be 
considered a factor. (Art. 35.) In the prqduct 81/, 3 is a 
factor as well as y. 

42. A quantity is said to he resolved into factors^ when any 
. factors are taken, which, being mtdtiplied together, will pfo- 

duce the given quantity. Thus 3ao may be resolved into 
the two factors 3a and />, because Sax 2^ is 3a6. And bamn 
may be resolved in^o the three factors do, and wi, and ik 
And 48 may be resolved into the two factors 2 X 24, or 3 X 16, 
or 4x12, or 0x8 ; or into the three factors 2x3x8, or 4x 
6x2, &c. 
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43. The character •>£- is used to show that the quantity 
which {Nrecedes it, is to be divided^ hy t h ftt wh ich follows. 
Thus a'^ is a divided by c : and a^&-7-c-f-d is the sum 
of a and 6, divided by the sum of c and d. But in algebra, 
division is more commonly expressed, by writing the divisor 
under the dividend, in the form of a vulgar fraction. Thus 

1 is the same as a-r6; and -r-r- ria tl^ diflFerence of c and b 

divided by the mim of d and L A character prefixed to the 

dividing line of a fractional exfuression, is to be imderstood 

as referring to all the parts taken collectively ; that is to the 

6+c 
whole value of the quotient Thus o - — j- signifies that 

the quotient of 6+c divided by m+n is to be subtracted from a. 

And — T— X — ^ denotes that the first quotient is to be 

multiplied into the second. 

44. When four quantities are proporHondy the proportion 
is expressed by points/ in the same manner, as in the Uule of 
Three in arithmetic. Thus a:b::c:d signifies that a has to 
i, the ' same ratio which c haa to d. And abicd:: o-f-m : 
&-]-n, means, that a& is to cdf; as the sum of a and m, to the 
sum of 6 and n. 

45. Algebraic quantities are said to be dUke, when they 
are expressed by the same letters^ and are of the same power: 
and unUkey when the lejtters are difierent, or when the same 
letter is raised to diflferent powers.* Thus a6, SaA, -oJ, 
and -6ai, are like quantities, because the letters are the 
same in each, although the signs and co-efilcients are diflfer- 
ent But So, 3y, and Sfrx, are unlike quantities, because 
the letters are unlike, although there is no difference in the 
signs and co-efficients. 

46. One quantity is said to be a fmiti^U of another, when 
the former contains the latter a certain number of times with- 
out a remainder. Thus 10a is a multiple of 3a; and 24 b 
a multiple of 6. 

, 47. One quantky is said to be a measure jof another, when 
the former is contained m the latter, any number of times, 
without ^ remainder. Thus 36 is a measure of ISb; and 7 
is a measure qf 35. 



* For the noUttkii of fsinn and rmts, mo the sectimit on thooo mbjocti. 



14 ALOESBRA. 

48. The valm of an expresmixiy is the nundier or quatttitjr, 
for which the expression stands. Thus the value of 8-4~^ ^ 
7; of 3x4isl2; of V is 2- 

49. The KECiPRocAL of a quantiJti^ is the quoHeni ummr 
from dividing a unit by that qitanHty. Thus the reciprocfu 

<rf a is - ; the recif»ocal of o+i is ^ttj. 5 ^^^ reciprocal of 4 

.1 

^4- 

60. Tl^ relations of quantities, which in ordinary langxiagej 
are signified by wordsj are i^presented in the algebraic nota- 
tion, by signs* The latter mode of expressing these rela- 
tions, ought to be made so familiar' to the mathematical 
student, tliat he can, at any time, substitute the one for the 
other. A few examples, are here added, in which, words 
are tabe converted into oigns. 

1. What is the algebraic expression for the following 
statement, in which the letters a, i, c, &c. may be supposed 
to represent any given quantities 1 

The product of o, 6, and c, divided by the difference of e 
and dy is equal to the sum of b and c added to 15 times h* 

Ans. --^=64-c4-15&. 

2. The product of the difference of a and h into the siun 
of 6, c, and rf, is equ^l to 37 times m, added to the quotient 
of b divided by the sum of h and b. Ans. 

3. The sum of a and &, is to the quotient of b divided by 
e; as the product of a into c, to 12 times h, Ans. 

4. The sum of a, 6, and c, divided by six tiinies their pro- 
duct, is equal to four times their sum diminished by d. Ans. 

5. The quotient of 6 divided by the sum of a and 6, ia 
equal to 7 times rf, diminished by the quotient of 6, divided 
by 36. Ans. 

51. It is necessary also, to be able to reverse what is done 
in the preceding examples, that is, to translate the algebraio 
signs into common language. 

What will the following expressions became, when words 
are substituted for the signs 1 

1. f!±*=„j,_6„+ « 



h ^ a+c 

Ans. The sum of a and b divided by A, is equal to the 

Eroduct of u^ 6, and c diminished by 6 times m, and increased 
y the quotient of a divided by the siun of a and c. 
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Sh-e 



i. ah-\-^I^= d X o+t+c- _^. 
8. 0+7 {h+x)-.iZ^={a+h) (b- c). 
4.a-6:ac::^:3xH^+y- 

* 3-|- J - c 2m "" am A+dm 

62. At the close of an algebraic process, it is frequently 
necessciry to restore the numbers, for which letters had been 
8ubstitule(J, at the beginning. In doing tliis, the sign of mul- 
tiplication must not be omitted, as it generally is, between 
factors, expressed by letters. Thus, if a stands for 3, and b 
for 4 ; the product ab ia not 34, but 3x4, i. e. 12. 
In the following examples. 
Let a=3 And d[=6. 

6=4 .^ m=:8. 



C=:J2 



n=io; 



Th.r. 1 a+m, 6^ -n_3+8, 4x2-10. 
Then, 1. _^+^_-.^_+-^^^ 

c—dm 5ab 

3. 6 m d4 — — 4 = ' 

cdm 4a-l-3ca a , 

63. An algebraic expression, ift which numbers have been 
substituted tor letters, m^y often be rendered much more 
fdinple, by reducing several terms to <me. This cannot 
generally be done, while the letters remain. If a-f-6 is used 
for the sum of two quantities, a cannot be united in the same 
term with 6. But if a stands for 3, and 6 for 4, then a+6 
=3+4=7. The value of an expression, consisting of many 
terms may thus be found, by actually performing, with the 
numbers, the operations of addition, subtraction, multiplica- 
tion, &c. indicated by the algebraic characters. 

Find the value of the following expressions, in which the 
letters are supposed to stand for the same numbers, as in the 
preceding arti<ke. 

1. i^+a+mn=?21?+3+8xlO=9+3+80=93. 
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2. a iiiH—?* + 2«=S X 4 X 8+|>li+ 2 X 10= 
m — o — a 



3. a4-cxn-m+!llll--axw-m=: ^^ 



tn. .^ A M hi* f 



n-d n-bc 
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POSITIVE AND NEGATIVE QUANTITIES * 

64. To one who has just entered on the study of algebra, 
there is generally nothing more perplexing, than the use of 
what are called negative quantities. He supposes he is about 
to be introduced to a class of quantities which are entirely 
new ; a sort of mathematical nothings^ of which he can form 
no distinct conception. As positive quantities are real^ he 
concludes that those which are negative must be imaginary. 
But this is owing to a misapprehension of the term negative, 
as used in the mathematics. 

65. A NEGATIVE quantity is one which is required 
TO BE SUBTRACTED. When several quantities enter into 
a calculation, it is frequently necessary that some of them 
should be added together, while others are subtracted. The 
former are called affirmative or positive, and are marked with 
the sign -[- ; the latter are termed negative, and distinguished 
by the sign - . If, for instance, the profits of trade are the 
subject of calculation, and*the gain is considered positive ; 
the loss will be negative ; because tjie latter must be subtracted 
from the forhier, to determine the clear profit. If the sums 
of a book account are brought into an algebraic process, the 
debt and the credit are distinguished by opposite signs. If a 
man on a journey is, by any accident, necessitated to return 
several miles, this backward motion is to be considered nega- 
tke^ because that, in determining his retell progress, it must 
be subtracted from the distance which he has travelled in 
the opposite direction. If the ascent of a body from the earth 
be called positive, its descent will be negative. These are 

only different examples of the same general principle. la 

• ^ » ^ ^ 

♦ On the sabject ofw^tiye Quantities, see Newton's Universal Aritteetio, 
Maseres on the Negative Sign, Mansfield's Mathematical t^says, and Mao- 
laorixi's, ^impson's, Euler% Saunderson's, find Ludlain*6 Algebra. 
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each of the instances, one of the quantities is to be subtracttm 
from the other. 

56. The terms positive and negative, as used in the mathe- 
matics, are merely relative. They imply that th^re is^ either 
ii^ the nature of the quantities, or in their circumstances, or 
in the purposes which they are to answer in calculation, 
some such apposition as requires that one should be subtracted 
from the other. But this opposition is not that of existence and 
non-existence, uot of one thing greater than nothing, and 
another less than nothing. For, in many cases, either or 
the signs may be, indifferently and at pleasure, applied to 
the very same quantity; that is, the two characters may 
change places, ^n determining the progress of a ship, for 
instance, her feasting may be marked -}- 9 and her westing - ; 
or the westing may be -f- , and the easting - . All that is 
necessary is, that the two signs be prefixed to the quantities, 
in such a manner as to show, which are to be added, 
and which subtracted. In different processes, they ma} 
be differtntly applied. On one occasion, a downward mo- 
tion may be called positive, and on another occasion negative. 

57. In every algebraic calculation, some one of the quan- 
tities must be fixed upon, to be considered positive. All 
other quantities which will increase this, must be positive also. 
But those which will tend to diminish it, must be negative. 
In a mercantile concern, if the stock is supposed to be positive, 
the profits will be positive ; for they increase the stock ; they 
are to be added to it. But the losses will be negative ; for 
they dimmish the stock ; they are to be subtracted from it. 
When a boat, in attempting to ascend a river, is occasionally 
driven back by the current ; if the progress up the stream, to 
any particular pomt, is considered positive, every succeeding 
instance of forward motion will be positive, while the back^ 
ward motion will be negative. 

58. A negative quantity is frequently greater^ than the 
positive one with which it is connected. But how, it may 
be asked, can the former be subtracted from the latter] The 
greater is certainly not contained in the less : how then can 
it be taken out of itl The answer to tliis is, that the greater 
may be supposed first to exhaust the tess, and then to leave 
a remainder equal to the difference between the two. If a 
man has in his possession 1000 dollars, and has contracted a 
debt of 1500 ; the latter subtracted from the former, not 
only exhausts the whole of it, but leaves a balance of 500 

3 
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ftgaunst him. In common language, he is 600 hilars vrorm 
than nothing. 

59. In this way, it frequently happens, in the course of an 
algebraic process, that a negative quantity is brought to itani 
tdone. It has the sign of subtraction, without being con- 
nected with any other quantity, from w^ch it is to he sub- 
tracted. This denotes that a previous subtraction has left a 
remainder, which is a part of the quantity subtracted. If 
the latitude of a ship which is 20 degrees north of the equator,, 
is considered positive, and if she sails south 25 degrees ; her 
motion first diminishes her latitude, then reduces it to noth^ 
mg, and finally gives her 5 degrees of south latitude^ The 
sign - prefixed to the 25 dfegrees, is retained before the 5^ 
to show that this is what, remains of the southward motion,, 
after balancing the 20 degrees of north latitude. If the mo- 
tion southward is only 15 degrees, the remainder must be 
4-5, instead of - 5, to show that it is a part of the ship's- 
northern latitude, which has been thus far diminished, but not 
reduced to nothing. The balance of a book account will be 
positive or negative, according as the debt or the credit is the 
greater of the two. To deteimine to which side the remain* 
der belongs, the sign must be retained, though there is no 
other quantity, from which this is again to be subtracted, or icr 
which it m to be added, 

60. When a quantity continually decreasing is reduced to 
nothing, it is sometimes said to become afterwards less than 
nothing. But this is an exceptionable manner of speaking.* 
No quantity can be really less than nothing. It may be di- 
minished, till it vanishes, and gives place to an opposite quan-^ 
(ity. The latitude of a ship crossmg the equator, is first 
made less than nothing, and afterwards contrary to what it 
was before. The north and south latitudes may therefore 
be properly distinguished, by the signs + and - ; all the 
positive degrees being on one side of 0, and all the negative^ 
©n the other ; thus, 

+6, +5, +4, +3, +2, +1, 0, - 1, - J, ^ 3, - 4, - 5, &c. 

The numbers belonging to any other series of opposite 
quantities, may be arranged in a similar manner. So that 
may be conceived to be a kind of dividing point between 

♦ The expression "less th<tn nofAing-," may not be wholly improper; if it in 
intended to oe understood, not literally, but merely as a conTenient phrase 
adopted for the sake of avoiding a tedious circumlocution ; as we say " tne sun 
»ises," instead of saying "the earth rolls round, and brings the sun into view,*'' 
The use of it in. this mannw^. ia. warranted by I^ewion, &der and others* 
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posiAve and n^gaMve numbers. On a tii«rmometer, the de- 
grees cAove may be coi^dered positive, and those below 0, 
negatire. , 

'61. A quantity is sometimes said to be subtracted frem 0. 
By this is meant, that it belongs on the negative side of 0. 
But a quantity is said to be added to 0, when it belongs <»i 
the positive side. Thus, in speaking of the degrees of a 
4herm(Mneter, G+ft means 6 degrees above 0; and 0^6, 6 
degrees below (X 

AXIOMS. 

62. The object of mathematical inquiiy is, genemlly, to 
investigate some unknown quantity, and discover how great 
it is. This is eflfected, by comparing it with some other 
quantity or quantities akeady known. The dimensions of 
a stick of timber, are found, by applying to it a measuring 
rule of known length. The weight of a body is ascertaine<^ 
by placing it in one scale of a balance, and observing how 
many poimds in the opposite scale, will equal it. And any 
quantity is determined, when it is found to be equal to some 
fenown quantity or quantities. 

Let a and b be known quantities, and y, one which is un> 
known. Then y will become known, if it be discovered tc 
be equal to the siun of a and b : that is if 

y==a+b. 

An expressicm like this, representing the equality between 
one quantity or set of quantities, and another, is called an 
eqiLotion. It will be seen hereafter, that much of the business 
of algebra ccmsists in finding equations, in which some un. 
known quantity is shown to be equal to others which are 
kn^wn. But it is not often the fact, that the first compari- 
son of the quantities, furnishes the equation* required. It 
will generally be necessary to make a number of additions, 
subtractions, multiplications, &c. before the unknown quanti* 
ty is discovered. But in all these changes, a constant equaUty 
must be preserved, between the two sets of quantities comr 
pared. This will be done, if, in making the alterations, we 
are guided by the following axioms. These are not inserted 
'here, for the purpose of being proved; for they are self- 
evident ^Ajt. 10.) But as they must be continually intro- 
duced or mipUed, in dempnsti:ations and the solutions of 
pcMems, thev are placed together, for the convenience ^ 
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63. Axiom 1. If the fi^me quantity or equal quantides foe 
added to equal quantities, their sums will be equal. 

2. If the same quantity or equal quantities be subtracted 
from equal quantities, the remainders will be equal. 

3. If equal quantities be multiplied into the same, or equal 
quantities, the products will be equal. 

4. If equal quantities be divided by the same or equal 
quantities, the (][uotients will be equaL 

5. If the same quantity be both added to and subtracted 
from another, the value of the latter will not be altered. 

6. If a quantity be both multiplied and divided by another, 
the value of the former will not be altered. 

7. If to/unequal quantities, equ^ils be added, the greater 
will give the greater sum. 

8. If from unequal quantities, equals be subtracted, the 
greater will give the greater remainder. 

9. If imequal quantities be multipUed by equals, the 
greater will give the greater product. 

10. If unequal quantities be divided by equals, the greater 
will give the greater quotient. , 

11. Quantities which are respectively equal to any other 
quantity are equal to each other. 

12. The whole of a quantity is greater than a part. 

This is, by no means, a complete list of the self-evident 
propositions, which are furnished by the mathematics. It is 
not necessary to enumerate them all. Those have been 
selected, to which we shall have the most frequent occasion 
to refer. 

64. The investigations in algebra are carried on, princi- 
pally, by means of a series of equatums bhA- proportions. But 
instead of entering directly upon these, it will be necessary 
to attend in the first place, to a number of processes, on 

' which the management of equations and proportions de- 
pends. These preparatory operations are similar to the cal- 
culations under the common rules of arithmetic. We have 
addition, multiplication, division, involution, &c. in algebra, 
as well as in arithmetic. But this application of a commcoi 
name, to operations in these two branches of the mathemat- 
ics, is often the occasion of perplexity and mistake. The 
learner naturally eimects to find addition in algebra the same 
as addition in arithmetic. They are in fact the, same, in 
many respects : in ail respects perhaps, in which the steps of 
the one will admit of a direcl> comparison, with those of the 
other Put ^d^itioa in algebra i9 more extensive, than in 
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«ritlmi6tk. Tl^ sam^ observatioii may be made eonceming 
several other operations in algebra. They are, in many 
points of view, the same as those which bear the same names 
m arithmetic. But they are frequently extended farther, and: 
comprehend processes wtuch are unknown to arithmetic. 
This is ccwmmonly owing to the introduction of negative 
quantities. The management of these requires steps which 
are unnecessary, where quantities of one class only are coij- 
cerried. It wiU be important, therefore, as we pass along, to 
marJc the differehce as well as the resemblance^ between arith- 
metic and algebra ; and, in some instances, to giv^ a new 
definition, accommodated tp the latter. 



SECTION II. 



ADDITION. 



Art. 65. In entering on an algebraic calculation, the first 
thing to be done, is evidently to coUect the mcUeridU. Seve* 
ral distinct quantities are to be concerned in the process. 
These must be brought together. They must be connected 
in some form of expression,- which will present them at once 
to our view, and show the relations which they have to each 
other. This collecting of quantities is what, in algelnra, is 
called ADDITION. It may be defined, the connecting of 

SEVERAL QUANTITIES, WITH THEIR SIGNS, IN ONE ALGEBRAIC 
EXPRESSION. 

66. It is common to include in the definition, <^ uniting in 
one term, such quantities, as will admit of being united." 
But this is not so much a part of the additicm itself, as a 
reducHon, which accompanies or follows it. The addition 
may, in all cases be performed, by merely connecting the 
quantities by their proper signs. Thus a added to 6, is evi- 
dently a and b : that is, acccn-ding to the algebraic notation, 
o-f-i. And a added to the sum of b and c, is a-{-6-f ^ A.nd 
a-j-i, added to c-4- J, is a+b^c^^-d. In the same manner, if 
the sum of any quantities whatever, be added to the sum of 
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any others, the expression for the whole, will contain all 
these quantities connected by the sign +• 

67. Again, if the difference of a and b be added to c; the 
suin will be a-6 added to c, that is a-64-^' ^^ if a- 6 
be added to c-d, the sum will be a-i-f-c-rf. In one of 
the compound quantities added here, a is to be diminished 
by 6, and in the other, c is to be diminished by d; the sum 
of a and c must therefore be diminished, both by i, and by 
dy that is, the expression for the sum total, must contain -6 
and "d. On the same principle, all the quantities which, in 
the parts to be added, have the negative sign, must retain this 
sign in the amount. Thus a4-26-c, added to d^h m, is 

68. The sign must be retained also, when a positive quan- 
tity is to be added, to a single negative quantity. If a be 
added to - 6, the simi will be - 6+a. Here it may be object- 
ed,^ that the negative sign prefixed to 6, shows that it is to be 
subtracted. What propriety then can there be in adding it 1 
In reply to this, it may be observed, that the sign prefixed 
to b while standing alone, signifies that /» is to be subtracted, 
7Wt from Of but from some o^er quantity, which is not here 
expressed. Thus -i may represent the loss^ which is to be 
subtracted from the stock in trade. (Art. 66.) The object 
of the calculation, however, may not require that the value 
ot this stock should be specified. But the loss is to be con- 
nected with a profit on some other article. Suppose the 
{N-ofitis 2000 doUars, and the loss 400. . The inquiry then, is 
what is the value of 2000 dollars profit, when connected wiih 
400 dollars loss? 

The answer is evidently 2000-400, which shows that 
2000 dollars ^re to be added to the stock, and 400 subtracted 
from it ; or which will amount to the same, that the difference 
between 2000 and 400 is to be added to the stock. 

69. Quantities are added, then, by writing them one 

AFTER ANOTHER, WITHOUT ALTERING THEIR SIGNS ; observ- 

mg always, that a quantity, to which no sign is prefixed, is 
lo be considered positive. (Art. 29.) 

Tlie sum of a+m, and 6-8, and 2A-3m4-d, and /i-ii 
andr-f-Sm-y, IS 

o+w-f 6 - 8-f 2fc - Sm+d+h - n+r+3m - y. 

70. It is immaterial in what order the terms are arranged. 
The sum of a and b and c is either a+6+c, of a-f-^+6, or 
o+k+<*« For it evidently makes no difference, which of the 
quantities is added first. The sum of 6 and & and 9,^ is the 
fi.iine as 3 and 9 ana 6* or 9 and 6 and S. 
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And a+m - n, is the same as o - n+m. For it, is plainly 
of no consequence, whether we first add m to a, and after- 
wards subtract n; or first subtract n and then add m. 

71. Though coimecting quantities by their signs is all 
which is essential to addition ; yet it is desirable to make the 
expression as simple as may be, by reducing several terms io 
one. The amount of 3a, and 66, and 4a, and 56> is '^ 

3a+66+4a+56. 
•But this may be abridged. The first and third terms may 
'be brought into one; and so may the second and fourth. 
Foir 3 times a, arid 4 times a, make 7 times a. And 6 times 
6, and 5 times fe, make 1 1 times b. The sum whfen reduced 
is therefore 7a+Ub. 

For making the reductions connected with addition, two 
rules are given, adapted to the two cs^es, in one of which, 
the quantities and signs are alike, and in the other, the quan- 
tities are alike, but the signs are unlike. Like quantities 
are the same powers of the same letters. (Art. 45.) But 
as the addition of powers and radical quantities will be con- 
sidered in a future section, the examples given in this place^ 
will be all of the first power. 

72. Case I. To reduce several terms to one, when 

THE quantities ARE ALIKE, AND THE SIGNS ALIRE, ADD THE 
CO-EFPICIENTS, annex the common LETTER OR LETTERS, 
*AND PREFIX THE COMMON SIGN. 

Thus to reduce 36-|-76, that is -|-36+76 to one term, add 
the co-efficients 3 and 7 ; to the sum 10, annex the common 
letter 6, and prefix the sign +. The expression will then 
be +106. That S times any quantity, ana 7 times tiie sam© 
quantity, make 10 times that quantity, needs no proof. 

Examples. 

76+ xy ry+3a6A c(iai^+3mg" 

Sb+Sxy 3n/+ abh 2cday^ mg 

2b+2xy . 6n/+4a6A Bcdxy^7mg 

6b+5xy 2ry+ abh 7cdxy-\-Smg 

156c 236+1 lay 15c*ry+19mg 

The mode of proceeding will be the same, if the signs are 
negative. 
Thus - 36c - 6c - 66c, becomes, when reduced, - 96c. 



be 


Sxy 


26c 


7^ 


96c 


xy 


36c 


2xy 
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And - (MP - iax - Soa^s- 6ax. Or thus^ 

— S6c - OOP -2a6- my -3acA-86(fi;r 

- frc -Sox ' - ab^Smy - ocA- 6djf 
-5bc -2aa: -7a6-8my -Sach-lbdy 



-96c -10at-12my 



73. It may perhaps be asked here, as iaart. 68, what pro- 
priety there is, in adding quantities, to which the negative 
sign is prefixed ; a sign which denotes subtracUpn ? The dn-^ 
ewer to this is, that when the negative sign is applied to sev-^ 
eral quantities, it is intended to indicate that th?se quantities^ 
are to be subtracted, not frtm, each other^ but from some otlwr 
quantity marked with the contrary sign. Suppose that, in 
estimating a man's property, the snm of money in his pos- 
session is mai'ked +» and the debts which he owes are mark- 
ed -. If these debts are 200, 300, 500 and 700 dollars, and 
if a is put for 1 00 ; tliey will together be - 2a - 3a - 5a - 7a. 
And the several terms reduced to one, will evidently be 
- 17a, that is, 1700 dollars. 

74. Case IL To reduce several terms to one, wheit 
the quantities are alike, but the signs unlik12, take 
the less co-efficient from the greater; to the dif- 
perence, annex the common letter or letters, ain> 
prefix the sign op the greater co-efficient. 

Thus, instead of 8a -6a, we may write 2a. 

And instead of 76 - 26, we may put 56. 

For the simple expression, in each of these instances, is 
equivalent to the compound one for which it is substituted. 
To +66 +46 56c 2hm -(fy+6m 3^- rf:r 

Add -46 -66 -76c ~9/w 4dy- m 5A+4*r 

Sum+26 -26c 3dy+5m 



75. Here again, it may excite surprise, that what appears 
to be subtraction, should be introduced under addition. But 
according to what has been observed, (Art. 66.) this subtrac- 
tion is strictly speaking, no part of the addition. It belongs 
to a consequent reduction. Suppose 66 is to be added to 
a - 46. The sirni is a - 46+66. (Art. 69.) 

But this expression may be rendered more simple. As it 
now stands, 46 is to be subtracted from a, and 66 added. 
But the amount will be the same, if, without subtractingjany 
thing, we add 26, making the whole a+26. And in all sim- 
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ilar instances, the balance ot two or Jhoie quantities, may be 
substituted for the quantities themselves. 

77. If two eqwd quantities have contrary signSy they de- 
stroy each othe r, and may be cancelled. Thus -{Sb - 66 
=0: And 3x6-18=0: And76c-7M=0. 

Let there be any two quantities whatever, of which a is 
the greater, and b the less. 

Their sum will be o-f-t 
And their difference a-b 



The sum and difference added, will be 2a4-0, or simply 
2a. That is, if the sum and difference of any two quantities 
be added together, the whole will be twice the greater quan- 
tity. This is one instance, among multitudes, of the rapidity 
with which general truths are discovered and demonstrated 
in algebra. (Art. 23.) 

78. If several positive, and several negative quanHties are 
to be reducedto one term ; first reduce those which are posi- 
tive, next those which are negative, and then take the differ" 
ence of the co-efficients, of the two terms thus fomid. 
Ex. 1. Reduce 136+6646-46-66-76, to one tenn. 
By art. 72, 136+66+ 6= 206 ) 
And -46-66-76=- 166 5 

By art. 74, 206- 166=i46, which is the value 

of all the given quantities, taken together. 

Ex. 2. Reduce 3a:y - a:y+2jFy - ?a:y+4a:y - 9a:y+7a;y - 6m/. 

The positive terms are 3a:y The negative terms are - ay 

2xy --Ixy 

Axy -9ary 

7ay -6ay 

And their sum is 16a;y ^ - 23ay 

Then 16a:y-23a;y=-7«y 

Ex.3. 3ad-6ad+ad+7ad-2a(i+9arf-.8a(i-4arf=0. 
4. 2a6m-a6m+7a6m-3a6m+7a6m= 
6. aan/-7aa;y+8aa?i/-a2y-8aay+9aa;y=r 

79. If the UttetSj in the several terms to be added, are 
different, they can only be placed after each other, with their 
proper signs. They cannot be united in one simple term 
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If 4b, i^ -(^, and &e, sod 17ft, ^d --Sd^ and 6, be addad; 

their 8um will be 

46-6y+S«+17A^6(l+8. (Art, 69.) 

Different letters can no more be united in the same term, 
than dollars and guineas can be added, so as to make a 
•ingle stun. Six guineas and 4 dollars are neither ten guineas 
nor ten dollars. Seven hundred and five dozen, are neither 
12 hundred nor 12 dozen. But, in such cases, the algebraic 
signs serve to show how the different quantities «tand related 
to each other; ,and to indicate future operations, which are 
to be performed, whenever th^ letters are converted into 
numbers. In the expression a+6, the two terms cannot be 
united in one. But if a stands for 15, and if, in the course 
of a calculation, tliis number is restored ; then a-|-6 will be- 
come 15-|-6, which is equivalent to the single term 21. In 
the same manner, a - 6, becomes 15-6, which is equal to 9, 
The signs keep in view the relations of the quantities till an 
opportunity occurs of reducing several terms to one. 

80. When the quantities to be added contain several terms 
which are oZifce, and several which are unlike^ it will be con* 
venient to arrange them in such a manner, that the similar 
terms may stand otie under another. 

To 36c - 6d-\-2b -Sy) These may be arranged thus : 

Add - Sbc+x - Sd-\-bg > Sbc - 6d+2b - 3y 

And 2d+y+Sx+b ) -36c -3d + ^c+bg 

2d + y+Sx +b 

The sum will be ^ 7d + 26 - iy+4x+bg+ b. 

Examples. 

1. Add and reduce fl6+8 to erf -3 and 6a6-4m-|-2. 
The sum is 6a64-7+cd-4m. 

2. Add a:+3y - dar, to 7 - a; - 8+ Am, 
Ans. Sy^dx'-l^lm, 

3. Add a6m-3ar-f 6m, to y^x-^-l and 5x-6y-{^. 

4. Add 3am+6 - 7a^ - 8, to 1 Oai/ - 9+5am. 

5. Add6ahy^7d''l^mxy,ioSahy-7d^n'-mxy 

6. Add 7ad - h-\-Sxy - ad, to 5ad-f A - 7a:y. 

7. Add Sab^Zay-\-Xy to ab-ay+bx-K 
6 AidUy^Sasp+20t^9bx^by+a. 
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StJBTRACTIOI^, 

Art. 81. ADDITION is bringing quantities together, to 
find their amount. On the contrary, SUBTRACTION i^ 

riNfelNG THE DIFFERENCE OF TWO QUANTITIES, OR SETS 
OP QUANTITIES. 

Particular rules might be given, for the several cases in 
Bubtraction. But it is more convenient to have one general 
rule, founded on the pinciple, that taking away a positive 
quantity, from an algebraic expiession, is the same in effect, 
as annexing an equal negative quantity ; and taking away 
a negative quantity is the same, as annexing an equal posi- 
tive one. 

Suppose -\-b is to be subtracted from a-^-b 

Talang away -}-6j from a+6, leaves a 

And annexing -ft, to a+fc, gives a+6-6 

^ But by axiom 6th, a+fc - 6 is equal to a 

That is, taking away a positive term, from an algebraic 
expression, is the same in effect, as annexing an equal nega» 
tks term. * 

Again, suppose - 6 is to be subtracted from a - 6 
Taking away - 6, from a-b, leaves a 

And annexing +6, to a -6, gives a-b-^-b 

But a - b^b is equal to a 

That is, taking cbway a negative term, is equivalent to an^ 
nexing a positive one. If an estate is encumbered with a 
debt ; to cancel this debt is to add so much to the value of 
the estate. Subtracting an item from one side of a book ac- 
count, will produce the same alteration in the balance, && 
adding an equal sum to the opposite side. 
To place this in another point of view. 
If m is added to 6, the sum is by the notation 6-|-m ) * 
But if m is subtracted from 6, the remainder is 6 - w J 
Bo if m and h are each added to 6, the sum is t-j-m+A > 
But if m and h are each subtracted from fc, the > 

remainder is i - m - 6 > 
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The only difference then between adding a positive quan» 
tity and subtracting it, is, that the sign is changed &om 4- 

tO-s 

Again, if m-n is subtracted from 6, the remainder is, 

For the less the quantity subtracted, the greater will be the 
remainder. But in the expression m-n, m is diminished by 
n; therefore, 6-m must be increased by n; so as to becoroe 
J-m+n: that is, m-n is subtracted from 6, by changing 
4-w» into -m, and -n into +»*> ^^^ ^hen writing them after 
bf as in addition. The explanation will be the same, if there 
are several quantities which have the negative sign. Hence, 

82. To PERFORM SUBTRACTION IN ALGEBRA, CHANGE THE 
• SIGNS OP ALL THE QUANTITIES TO BE SUBTRACTED, OR SUP- 
POSE THEM TO BE CHANGED, PROM + TO -, OR FROM - TO -fj 
AND THEN PROCEED AS IN ADDITION. 

The signs are to be changed, in the subtrahend only. 
Those in the minuend are not to be altered. Although the 
rule here given is adapted to every case of subtraction ; yet 
there may be an advantage in giving some of the examples 
in distinct classes. 

83. In the first place, the signs may be aUke^ and the min- 
uend greater than the subtrahend. 

Prom -f28 166 14cia -28 -166 -14rfa^ 

Subtract +16 126 6da -16 -126 -6rfa* 



Difference +12 46 Sda -12" -46 -Sda 
Here, in the first example, the + before 16 is supposed 
to be changed into -, and then, the signs being unlike, the 
two terms are brought into one, by the second case of re- 
duction in addition. (Art. 74.) The two next examples 
are subtracted in the same way. In the three last, the - in 
the subtrahend, is*supposed to be changed into +. It may 
be well fpr the learner, at fiist, to write out the examples ; 
and actually to change the signs, instead of merely con- 
ceiving them to be changed. When he has become familiar 
with the operation, he can save himself the trouble of tran- 
scribing. 

This case is the same as subtraction in arithmetic. The 
two next cases do not occur in common arithmetic. 

84. In the second place, the signs may be alike, and the 
minuend less than the subtrahend. 
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W 



From 
Sub. 

Dif. 



+164. 
+286 



125 
165 



14da 



-16 -126 ~ 6da 
-28 ^166 ^lida 



-126 -46 -8(/a +12 



46 



Sda 



Tlije same quantities are given here, as in the preceding- 
article, for the purpose of comparing them together. But the 
minuend and subtrahend are mede to change places. The 
mode of subtracting is the sanae. In this class, a greater 
quantity is taken from a less : in the preceding, a less from a 
greater. By comparing them, it will be seen, that there is no 
difference in the answers, except that the signs are opposite. 
Thus 166- 126 is the same as 126-166, except that one is 
+46, and the other - 46 ; That is, a greater quantity sub- 
tracted from a less, gives the same result, as a less subtracted 
from a greater, except that the one is positive, and the other 
negative. See Art. 58 and 59. 

86. In the third place, the signs may be urUike. 

From +28 +166 +14da -28 -166 -14da 
Sub. -16 -126 - 6(te +16 +126 + 6(/a 



Dif. 



+44 



20da -44 -286 -20da 



From these examples, it^will be seen that the difference 
between a positive and a negative quantity, may be sreater 
than either of the two quantities. In a thermometer, the dif- 
ference between 28 degrees above cypher, and 16 below, is 
44 degrees. Tl^ difference between gaining 1000 dollars in 
trade, and losing 500, is equivalent to 1500 dollars. 

86. Subtraction maybe proved^ as in arithmetic, by adding 
the remainder to the subtrahend. The sum ought to be equal 
to the minuend, upon the obvious principle, that the difference 
of two quantities added to one of them, is equal to the other. 
This serves not only to correct any ^particular error, but to 
verify the general rule. 

From 2ay-l h-\-Sbx hy- ah nd-^lby 

Sub. -icy+7 3A-96ar 5%-6aA 5nd- by 



Dif. Sa!j/-8 

Prom 3a6m- (ty 
Sub. -7abm+Qxy 



-17+4aar 
-20- ax 



Rem. lOabni-lxy 



-4Ay+5a/i 

ax+ 76 
-4aar+156 

5ckr- 86 



Sah-^ary 
- 7ah-\-axy 
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87. When there are ie^eral term$ (riifa, they Hiay be re- 
duced as in addition. 

1. From ab subtract Sam^am+7am+Zam^9am, 

Ans. ai - Som - am -7am- 2am -6afn=ai- 19(1111. (Art 72.) 

2. Fromy, subtract-a-a-a-o. 
Ans. y+a-fa-fa-fa=y4-4a. 

S. From ax-6c4-Saa:+76c, subtract 4bc^2(iX'\-be-\'4ax. 
Ans. ar-6c4-^<*a?4-76c-46c4-2aa:-5c-4a«=2aa>-j-fcc. 
(Art. 78.) 

4. From ad+Sdc^bx, subtract Sad+7bx-dc+ad. 

88. When the letters in the minuend are different from 
those in the subtrahend, the latter are subtracted, by first 
changing the signs, and then placing the^several terms one 
after another, as in addition. (Art. 79.) 

From Sa6+8-my+dA, subtract x-^dr-^ihy-bmx. 
Ans. Safc+8-iiiy+rfA-a?+dr-4%-|-frmap. 

88. b. The sign-, placed before the marks of parentheriif 
which include a number of quantities, requires, that when 
these marks are removed, the signs of all the quantities thus 
included, should be changed. 

Thus a- (b-c-^-d) signifies that the quantities 6, -c, and 
4-<2» are to be subtracted from a. The expression will then 
become a - 6+c - d. 

2. 13ad+«y-f(i-(7arf-a:y+rf-fAm-ry)c=6ad4-2a:y-fefi 
+^' 

5. 7a6c - 84-7ar - (Sate - 8 - dx+r) = 4abc+7x+dx - r. 
4. Sad-f^-2y-(7y4-Sfc-ma?4-4ad-Ay-ad) = 

6. 6am-dy-|-8-(164-3dy-8+am-c+r) = 
6. 7ay - 2ar4-5 -.(4+^ - ay+x+ib) = 

88 c. On the other hand, when a number of quantities are 
introduced within the marks of parenthesis, with -immedi- 
ately preceding; the signs must be changed. 
• Thus-m+6-*r4-3A=:-(m-64-dx-3A.) 
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SECTION IV. 



MULTIPLICATION.* 

Art. 89. In additiob, one quantity is connected with aok 
other. It is frequently the case, that the quantities btought 
together are equal; that is, a quantity is added to Us^. 

As a+«=2« a-|-a-{-o-|-a=i4a 

a-j-a-|-02=So a-j-a+a-j-a+«=5(i, &c. 

This repeated addition of a quantity to itself, is what was 
oi^ginally called multiplication. But the term, as it is now 
us^ has a more extensive signification. We have frequent 
occasion to repeat, not only the whole of a quantity, but a 
certain portion of it. If the stock of an incorporated com- 
pany is divided into shares, one man may own ten of them, 
another five, and another a part only of a share, say tw^o- 
fifths. "When a dividend is maHe, of a certain sum on a 
share, the first is entitled to ten times this sum, the second to 
five times, and the third to only two-fifths of it. As the ap- 
portioning of the dividend, in each of these instances, is 
upon the same principle, it is called multiplication in the 
last, as well as in the two first. 

Again, suppose a man is obligated to pay an annuity of 100 
dollars a year. As this is to be subtracted Irom his estate, it 
may be represented by - a. As it is to be subtracted year 
after year, it will become, in four years, -a-^a-a^ a=z - 4a. 
This repeated subtraction is also called multiphcation. Ac- 
cording to the view of the subject; 

90. Multiplying by a whole number is taking the 
multiplicand as many times, as there are units in the 
multiplier. 

Multiplying by 1, is taking the multiplicand once^ as a. 
Multiplying by 2, is taking the multiplicand twice^ as a'\'a. 



♦ Newton's Universal Arithmetic, p. 4. Maseres on the Negative Sign, 
Sec II. Camus* Arithmetic, Book II. Chap. 3. Euler's Algebra, Sec. I 
IL Chap. 3. Simpson's Algebra, Sec. lY. Macle^urin, Saun^erson, Xuacroa^ 
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Multiplying by 3, is taking the muItipUccmd three Hmes, em 
a-\-a^a^ &c. 

Multiplying by a FRACTION is taking a certain 
PORTION OF THE multiplicand as many times, as there 

ARE LIKE PORTIONS OP A UNIT IN THE MULTIPJ^-IER.* 

Multiplying by J, is taking J of the multiplicand, onccy as |a. 
Multiplying by {, is taking j of tli« multiplicand, twice^ as 

Multipl3ring by |, is taking ^ <^ the multiplicand, ^^ee times. 

Hence, if the multiplier is a unit, the product is eqtuU to 
the multiplicand : If tne multiplier is grecUer than a unit, the 
product is greater than the multiplicand : And if the multipli- 
er k less tlian a unit, the product is less than the multiplicand. 

Multiplication by a NEGATIVE quantity, has the 

SAME RELATION TO MULTIPLICATIO^ BY A POSITIVE QUANTITY, 

which SUBTRACTION has to addition. In the one; the 
sum of the repetitions of the multiplicand is to be ctdded, to 
the other quantities with which this multiplier is connected. 
In the other, the sum of these repetitions is to be subtracted 
from the other quantities. This subtraction is performed at 
the time of multiplying, h^ changing the sign of the j)ro- 
duct. See Art. 107 and 108. 

91. Every multiplier is to be considered a. number, Wtf 
sometimes speak of multiplying by a given wdsht or measure, 
% sum of money, &c. But this is abbreviated language. If 
construed literally, it is absurd. Multiplying is taking either 
the whole or a part of a quantity, a certain number of times. 
To say that one quantity is repeated as many times, as an- 
other is heavy, is nonsense. But if a part of the weight of a 
body be fixed upon as a unit, a quantity may be multiplied 
by a number equal to the number of these parts contained 
in the body. If a diamond is sold by weight, a particular 
price may be agreed upon for each grain, A grain is here 
the unit; and it is evident that the value of the diamond, is 
equal to the given price repeated as many times, as there are 
grains in the whole weight. We say concisely, that the price 
is multiplied by the, weight : meaning that it is mjiltiplied by 
a number equal to the. nimiber of grains in the weight. In a 
smiilar manner, any quantity whatever may be supposed to 
be made up of parts, each being considered a unit, and any 
number of these may become a multiplier. 

♦ Ses Note C. 
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92. As ijaultiplying is taking the whole or a part of v 
quantity a certain number of times, it is evident that the 
product^ must be of the same nature as the multiplicand. 

If the multiplicand is an abstract tmniber; the product will 
be a number. 

If the multiplicand is \mghty tlie prodoct will be weight. 
If the- multiplicand is a Ime^ the product will be a line. Re- 
peating a quantity does not alter its nature. It is freque(ntly 
said, that the product of two lines is a swrface^ and that tlu) 
product of three lines is a solid. But these are abbreviated 
expressions, which if interpreted literally are not correct. 
See Section xxi. 

93. The multiplication of /roc^orw wiir be the subject of 
a future section. We have first to attend to midtiplication 
by positive whole numbers. . This, according to the defini* 
tion (Art. 90.) is taking the multiplicand as many times, x\^ 
there are units in the multiplier. Suppose a is to be multi- 
plied by 6, and that b stands for 3. There are then, three 
units in the multiplier h. The multiplicand must therefore 
be taken three times ; thus, a-|-o+az=3a, or 6a. 

So that, multiplying two letters together is nothing morey 
than writing them one after the other, either with^ or withoui 
the sign of multi|rfication between them. Thus b multiplietl 
into c is 6xc, or be. And x into y, is xxy^ or x.y, or xy-. 

94. If more than two letters are. to be multipUed, they 
must be cormected in the same manner. Thus a into b and 
c, is cba. For by the last article, a into 6, is ba. This pro- 
duct is now to be multiplied into c. If c stands for 5, then 
ba is to be taken five times thus, 

ba+b<p-\-ba^ba+ba=:5bay or cba. 

The same explanation may be applied to any number o^ 
letters. Thus, am into ary, is amxy. And bh into wra;, is 
bJmirx. 

95. It is immaterial in what ord^ the letters are arranged 
The product ba is the same as ab. Three times five is equal 
to five times three. Let the number 5 be represented by as- 
many points, in a horizontal line ; and the number 3, by as 
many points in a perpendicular line^ 



Here it is evident that the whole, ixumher of points is equai, 
either to the munber ia the horizorUai row three, times rcpear-^ 

4* 
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ed, or to the number in the perpeniictilar row five time» re- 
peated ; that 18, to 5 X 3, or 3 X 5. This explanation may be 
extended to a series of fhctors consisting 7)f any -numbcr§ 
whatever. For the product of two of the. factors maybe 
considered as one number. This may be placed before cm: 
after a third factof: the product of three, before or aftejr a 
fburth, &c. 

Thus 24=4x6 or 6x4=4x3x2 ot 4x^x3 or 2x3x4* 

The product of a, 6, c, and rf, is abed, or acdby or dcba, or bade. 
It will generally be convenient, however, to place the letters 
in alphabetical order. 

96. When the letters have numerical CO-EFFI- 
CIENTS, •PHESE MUST BE MULTIPLIEn TOGETHER, AND 
PREFIXED TO THE PRODUCT OF THE LETTERS. 

Thus, 3a into 26, is 6a6. For if a into b ig aft, then 3 times 
a into ft, is evidently 3aft.' and if, instead of multiplying by 
ft, we multiply by twice ft, the product must be twice as great j 
thatis2x3aftQr 6aft. 

Mult. 9aft 12% *^dh Zad 7bdh Say 

Into 3xy 2rx my IShmg x 8m« 

Piod. 27absn/ Mhmy 7bdhx 

97. If either of the factors consists of figures onbf, thesd 
must be multiplied into the co-efficients and letters of the 
other factors. 

Thus Sab into 4, is 12aft, And 86 into 2af, is 72a:. And 
24 into % is 24%. 

98. If the multiplicand is a compound quantity, each of ii9 
terms must be multiplied into the Biuliiplier. Thus ft-j-c-f-rf 
into a is aft+oc+od. For the whole of the multiplicand is 
to be taken as many times, as there are units in the multi- 
{dier. If then^^ stands for 3, the repetitions of the multipli- 
eand are, 

h+e+d 
h+c+d 
h+€+d 



And their sum je 3ft-f 3€+3d, that i», a64-ac4-arf* 
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Mult. • d.+2xff 2h+m ' 5W+1 «Am+3.fdr 
Into S^ 6dy my 4b 

Prod Sbd+Gbxy SUmy+my 



99. The pFeoecling instances must not be ccwifounded 
inrith those in which several factors are pomiected by the 
(AgnXi or l^€t point. In the latter case, the multiplier is 
to be written beforf5 the other factors mlheut being repeated. 
The product of bxd into a, is o^x cf, and not abxad. For 
bxdis hdy' and this into a, i» abd. /Art. 94.) The expression 
bxd \B not to be considered, like 6+ (J, a compound quantify 
consisting of two terms. Diflferent terms are always 8eparr\- 
ted by-for-. (Art. 36.) Tlie product of 6x^XwiXyJ^>- 
to a, is axbxf^X^Xy ox abhmy. But b^h-{-mr\-y into ^ 
is ab-\-ahr\'am-\-ay, 

100. If both the factors are compound quantities, each 
term in the multiplier must be multiplied into each in the multi' 
plicand. 

Thus o-f-i into c+d is ac-^ctd^bc^bd. 

For the units in theMultijA^ a^b hre equal to the units 
in mcidd^ to the uirits in ft. Therefore Che product produ- 
ced by' 0, must be added to the product produced by 6. 
The product of c+d into a is oc-f-orf > a -* <w 
The product of c+d into b is bc+bd I ^^^' ^' - 
The product of cJ^-d into a-f6 is therefore oc-f-ad+tc+ftrf. 

Mult. Sx+d 4ay+2b a+l 

Into 2a4-Aw 3c -frar » Sx+4 



Prod. 6ax+2ad+Shmx+dhm Sax+Sx+4a-^4 



Mult. 2^+7 into 6^+1. Prod. ndh+42d+2h+7. 
Mult. cii/-f-''«+^ into 6m4-4-|-7y. Prod. 
Mult. 7-f 66+arf into 3r-f 4+2^. Prod. 

101. When several terms in the product are alikej it will 
be expedient to set one under the othevy and then to unit* 
them, by the rules for the reduction in addition. 
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Mult b+a b^c+2 0+ y+t 

Into b+a b+c+S .St+2a:4-7 



bb+id> bb+bc+2b 

4.36 +3c+6 
Prod. W+goft+^a bb+2bc+Bb+cc+6c+6 



Mult. 3a4.ii4.4into2a+3i+l. Prod. 
Mult. b+cd+2 into S6-f 4crf-f 7. Prod. 
Mult. Sb+2x+kinioaxdx2x. Pijod. 

103. It will be easy to see that when the multiiJier and 
multiplicand consist of any quantity repeated as a factory this 
factor will be repeated in the product, as many times as m 
the multiplier and multiplicand together. 

Mult. aXflX« Here a is repeated three times 8is a factor.. 
Into aX(i Here it is repeated twice. 

Prod. ax«X<»XaXa- Here it is repeated jire times. 

>■ ■' 

The produot of bbbb into .IM, is^bUbbbb. 
The product of 2a;x3«x4x into da: X 6a;, is ZxX^xX^X 
5xx^^' 

104. But the numeral co-efficients of several fellow-factora 
may be brought together by multiplication. 

Thus 2ax36 into 4ax56 is 2ax36x4ax56, or 120aa66, 
For the co-efficients arefactors, (Art. 41.) and it is imma^ 
terial in what order these are arranged. (Art. 95.) So that 
^ax3tx4ax56=2x3x4x5xaXaxftx6=120aa6ft. 
The product of 3ax46A into 5mx6i/, is SSOabhmy. 
The product of 46x6d into 2x-f l,"is 4Sbdx+24bd. 

105. The examples in multiplication thus far have bees 
confined to positive quantities. It ^11 now be necessary to 
consider in what manner the result will be affected, by mul- 
tiplying positive and negative quantities together. W« shall 
find, 

Thstt + u*^ + produces -}- 

— into 4" - 

+ ^^^ ~ "• 

- into - + 
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All thes© may be cooaprised in one general rule, which it 
will be importdht to have always faihiliar: If the signs of 

THE FACTORS ARE ALIKE, THE SIGN OF THE PRODUCT WILL 
BE AFFIRMATIVE J BUT IF THE SIGNS OF THE FACTORS ARE 
UNLIKE, THE SIGN OF THE PRODUCT WILL BE NEGATIVE. 

106. The first case, that of -{- into +, needs no fiarther 
illustration. The second is - into +, that is, the multipli- 
cand i^ negative, and the multiplier positive. Here -d 
into 4"4 is - 4a. For the repetitions of tne multiphcand are, 

-o-a-a-a=-4a. 
Mult. 5-Sa 2a-m h-Sd-^i a-2-7(i-a? 

Into By SA+a: 2y Sb+h 



Prod. eby-lSay 2%-6dy-8j/ 



107. In ]the two preceding cases, the affinnative sign pre- 
fixed to the multij^r shows, that the repetitions of the mul- 
tiplicand are to be added to the other quantities with which 
the multiplier is connected. But in the two remaining cases, 
the negative sign prefixed to the multiplier, indicates that 
the sum of the repetitiAs of fh* multiplicand are to he sub- 
traded from the other quantities. (Art. 90.) And this sub- 
traction is performed, at the time of multiplying, by making 
the sign of the product opposite to that of the multiphcand* 
Thus -}-<» into - 4 is - 4a. For the repetitions of the multi- 
phcand are, 

-|-.a4-a-j-a+a= -j-4a. 

But this sum is to be suhtractedy from the other quarrtities 
with which the multiplier is connected. It will then become 
-4a. (Art. 82.) 

Thus in the expression 6-(4x«>) it is manifest that4xa 
is to be subtracted from 6. Now 4x<* is 4a, that is -j-4a. 
But to subtract this from 6, the sign + must be changed 
into -. So that 6-(4x«) is 6 -4a. And aX -4 is there- 
fore - 4a. 

Again, suppose the multiplicand is a, and the multiplier 
(6-4.) As (6-4) is equal to 2, the product will be equal 
to 2a. This is less than the product of 6 into a. To obtain 
then the product of the compound multiplier (6 - 4) infco a, 
we must subtract the product of the negative part, fi:om that, 
of the positive part. 
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Kf '"^ 6. J } " *^— « - { JS!'^^j 

And the product 6a-4a> is the same as the produpt So. 
Therefore a into - 4, is - 4«. 

But if the multiplier had been (6+4,) the two products 
must have been acMed, 

Multiplying a > . ., ( Multiplying a 

Into 6+4 5 ^^ "^^ ^^^^ ^ i Into * 10 

And the prod. 6a+4a is the. same as the product 10a. 

Thjs shows at once the difference between nfiultiplying by 
a positive factor, and multiplying by a negative one. In the 
former case, the sum of the repetitions^of the multiplicand is 
to be added /o, in the latter, subtracted froniy the other quan- 
tities, with which the multiplier is connected. For every 
negative quantity must be supposed to have a reference to 
some other which is positive; though the two may not 
always stand in connection, when the multiplication is to be 
performed. 
Mult, a+b Sdy+hx+2 3h +S 

Into b^x mr-ab arf-6 

!__: # : 

Prod, ab+bb ^ax^bx ^adh+^ad - 1 8^ - 18 

108. If two negatives be multiplied together, the product 
will be aflSrmative : - 4 x - <*=+4a. In this case, as in the 
^ preceding, the repetitions of the multiplicand are to be sub- 
tracted, because the multiplier has th« negative sign. These 
repetitions, if the multiplicand is - a, and the multiplier - 4, 
are -a-a-a-a=-4a. But this is to be subtracted by 
changing the sign. It then becomes +4a. 

Suppose -a is multiplied into (6-4.) As 6-4=2, the 
product is, evidently, twice the multiplicand, that is, -2a, 
But if we multiply -a into 6 and 4 separately; -a into 
is - 6a, and - a into 4 is - 4a. (Art. 106.) As in the multi^ 
plier, 4 is to be -subtracted from 6 ; so, in the product, - 4a 
must be subtracted from - 6a. Now - 4a becomes by sub^ 
traction +4a. The whole product then is - 6a+4a which i* 
equal to - 2a. Or thus^ 

Multiplying - a ) . ^ C Multiplying - a 

lato 6-45^^^^ ^^^^^ ^® I Into 2 

And the prod. - 6a-f 4a, is equal to the product - 3a». 
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It is often considered a great mystery, that the product of 
two negatives^ should be affirmative. But it amounts to no- 
thing more than this, that the subtraction of a negative quan- 
tity, is equivalent to the addition of an affirmative one; 
(Art. 81.) and, therefore, that the repeated subtraction of a 
negative quantity, is equival«nt to a rq^tsted addition of an 
affirmative one. Taking cS from a man's hands a debt of 
ten dollars every month, is adding ten dollars a month to the 
value of his property. 

Mult. a-4 Srf-Ay-Sa: 8ay-6 

Into 36-6 46-7 6x-l 



Prod. 3a6 - 1 26 - 60+24 \Saxy - 66x - 3oy+6 

Multiply 3od-ofe-7 into 4-dy-fcr, 
Multiply 2%+3m - 1 into 4(1 - 2ir+3. 

1 09. As a negative multiplier changes the sign of the quan- 
tity which it multiplies ; if there are seoeral negative factors 
to be multiplied together, 

The two first will make the product j>a5«(ive; 
The tJdrd will make it negatwe; 
The fourth wHl make i^ podtke^ &c 
Thus-ax -6=+a6 "1 Hf^ofactonu 

-abcx-d=+abcd >the product of ^ ^^J^ 
4-a6(?dX-«=~«6c(feJ I five.' 

That is, the product of any even number of negative fac- ' 
tors is positive ; but the product of any odd number of nega- 
tive fact(^s is negatwe, 

Thus-ax-<»=aa And-ax-<»X-«X-o=fiwwa 

-ax-«X ■'a=-aaa -ax -oX -«X-«X-«=-«<w»aa 
The product of several factors which are all positive, is in- 
variably positive. 

110. Positive and negative terms may frequently balance 
each other, so as to disappear in the product. (Art 77.) A 
star is sometimes put in th^ place of a deficient term. 
Mult, a- 6 mm-yy aa^ab-^-bb 

Into a-[-6 wim+yj/ «-6 

aa-ab 000+006+066 

+06 - 66 - 006 - 066 - 666 



-^- 



Prod.oa * -66 aaa * * -666 
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111. For aiany* puqpo^es, it is sufficient merely to mdicatn 
the multiplication of compound quantities^ without actualtf 
multiplying the several terms. Thus the product of 

«-f 6+c into A+m-fy, is (^a+b+c) x (A+m-*f y.) (Art 40.) 
The product of , 
a-4-m into h+x and rf-4-y> is (o+w) X (A+a?) x (<^+y-) 

By this method of representing multiplication, an important 
advantage is often gained, in preserving the factors distinct 
from each other. 

When the 8e\'^eral terms are multiplied in form, the expres 
sion is said to be expanded. Thus, 

(a-i-6) X («+^) becomes when expanded ac-^ad^bc-^-bd 

112. With a given multipUcand, tlie less the multiplier, 
the less will be the product. If then the multiplier be 
reduced to nothings the product will be nothing. Thus axO 
=0. And if be one of any number of fellow-factors, the 
product of the whole will be nothing. 

Thus, ahxcXidxOz^SabcdxO^O. 
And (flH-t)x(c+d)x(A-m)xO=0. 

113. Although, for the sake of illustrating the different 
points in multiplication, the subject has been drawn out into 
a considerable number of particulars; •yet it will scarcely be 
necessary for the learner, after he has become familiar with 
the examples, to burden his memory with any thing moie 
than the following general rule. 

Multiply the LfcTTERS and co-efficients of each term 

IN THE MULTIPLICAND, INTO THE LETTERS AND CO-EFFICIENTS 
OF EACH TERM IN THE MULTIPiLlER; AND PREFIX TO EACH TERM 
OF THE PRODUCT, THE SIGN REQUIRED BY THE PRINCIPLE, THAT 
LIKE SIGNS PRODUCE-!-, ^^^ DIFFERENT SIGNS - . 

1. Mult. a-f36-2into4a-66-4. 

2. Mult. 4a6x^X2 into 3w^i/-l-|-A. 

a Mult. (7aA-y)x4into4a:x3x5xA 

4. Mult. ISab - hd-{- 1 ) X 2 into (8+4^ - 1 ) X <*• 

5. Mult. 5at/-t-j/-4+/iinto (rf+a:)x(A+y.) 

6. Mult. 6rta;-(4/i-d) into {b+]^x(h+l.) 

7. Mult. 7ay-.14./ix(<^-a;)into - (r-}-3-47n.) 
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SECTION V. 



' DIViSION. 

Art. 114. IN multiplication, we have two factors giveiii 
wad are required to find their product. By multiplying the 
factors 4 and 6, we obtain the product 24. But it is ire* 
quently necessary to reverse this process. The number 24, 
and ont of the factors may be given, to enable us to find the 
other. The operaticm by which this is effected, is called 
JDivmon. We obtain the number 4, by dividing 24 by 6» 
The quantity to be divided is called the dividend ; the ^en 
factor, the divisor ; and'that which is rtqvxrti^ the quotient 

115. DIVISION IS FINDING A QUOTIENT, WHICH MULTI- 
PLIED INTO THE DIVISOR WILL PRODUCE THE DIVIDEND.* 

In multiplication the multiplier is always a number. '(Art, 
91.) And the product is a quantity of the same kind, as the 
multiplicaad. (Art. 9S.) The proiduct of 3 rods into 4, is IS 
rods. When we come to division, the product and either ci 
the factors may be given, to find the other : that is. 

The di\isor may be a nt«n6er, and then the quotient will 
be a quantity of the same kind as the dividend ; or. 

The divisor may be a quantity of the same kind as the 
dividend ; and then the quotient will be a number. 

Thus 12 ro(fe-i.4=3 rods. But 12 rods-^&rods^A. 

And 12 rod5-j-24=irod. And 12 rods-r-M rodsczi 

In the first case, the divisor being a numbery shows into 
how many parts the dividend is to be separated ; and the quo« 
tient shows what these parts are. 

If 12 rods be divided into 3 parts, each will be 4 rods long« 
And if 12 rods be divided into 24 parts, each will be hay a 
rod long. , 

In the other case, if ibe divisor is less than the dividend, 
the former shows into what parts the latter is to be divided ; 
and the quotient shows how many of these parts aie contained 



• Th« renudnder is here sapposed to be included in the quotient, ts ai i 

rnonlj tlM case in alfebnu 

6 
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in the dividend. In other words, diyisi(»i in this ease eon- 
osts in finding how often one quantity is contamed in another, 

A line of 3 rods, is contained in one of 12 rods, four times. 

But if the divisor is ^eater than the dividend, and yet a 
quantity of the same kind, the quotient shows whcU part of 
the divisor is equal to the dividend. 

Thus one half of 24 rods is equal to 12 rods. 

116. As the product of the divisor and quotient is equal to 
the dividend, the quotient maj he found, by resolving the 
dividend into two such factors, 'that one of them shall be the 
divisor. The other will, of course, be the quotient. 

Suppose abd is to be divided by a. The factor a and bd 
will produce the dividend. The first of these, being a divi- 
sor, may be set aside. The other is the quotient. Hence, ^ 

When the divisor is pound a? a factor in the divi- 
dend, THE division is PERFORMED BT CANCELLING THIS 
FACTOR. 

Divide ex ^h drx kmy dhxy abed abxy 
Bjeddrkm dy b ax 

Quot. X X hx by 

In each of these examples, the letters which are common 
to the divisor and dividend, are set aside, and the other let- 
ters form the quotient. It will be seen at once, that the^ro- . 
duct of the quotient and divisor is equal to the dividend. 

117. , If a letter is repeated in the dividend, care must be 
taken that the factor rejected be only equsd to the divisor. 

Div. adb bbx aadddx aatamyy aaaxxxh yyy 
By a b ad amy aaxx yy 

Quot. ah addx ahx 



In such instances, it is obvious that we are not to reject 
every letter in the dividend which is the same with one in the 
divisor. 

118. If the dividend consists!^ any factors tphatevsTf ex- 
panging one of them is dividing by it. 
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^iv. a{b+d)a{b+d) {b+s)(c+4) (*+y)x(rf-&)« 
By a b+d b+x d^h 



Quot 54-(i a c+d (b+V) X« 



In all these instances the product of the quotient and divi- 
60f is equal to the dividend by Art 111. 

119, In performing multiplication, if the factors contain 
numerai figures^ these are multiplied into each other^ (Art. 
96.) Thus 3a into 76 is 21a6. Now if this process is to be 
reversed^ it is evident that dividing the number in the product, 
by the number in one of the factors, will give the nmnber in 
the other factor. The quotient of 21 oft-f-Sa is lb. Hence, 

In division, if there are numeral co-efficients prefixed to the 
letters, the co-efficient of the dividend must be dividedy by the. co- 
efficient of the divisor. 

Div. 6a6 Wdxy 25dhr 12ai/ S4drx 20hm 
By 26 4dx dh 6 S4 m 

«Quot.3a 25r drx 

120. When a simjie factor is multipUed into a con^fHnmd 
one, the former enters into every term of the latter. (Art. 
98.) Thus a into 6+d, is ab+ad. Such a product is eiurilj 
resolved again into its original factors. 

Thus ab+ad=zax{b+d). 

ab+ac+ah=z a X (b+c+h). 
amh-^-amx-^amy =zamx (M-a^+y ) • 
4ad+Sah+12am-{-4ay=4aX (d+^h+Sm+y). 
Now if the whole quantity be divided by one of these factors, 
according to Art. 118, the quotient will be the other fiictor. 
Thus,' {ab+ad)^a:=b+d. And {ab+ad)^{b+d)=za. 
Hence, 

If the divisor is contained in every term of a compotfid divi- 
dend, it must be cancelled in each. 

Div. (sb-^-oQ bdhr^-bdy aah^ay drx+dhx-^-dty^ 

By a bd a dx 

Quot.6rfc ah+y 



And if there are co-^ffidents^ thes^ must be divided^ in tafib 
term also. 
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Div. 9ab+liae lOdry+Wd lihx+S SSdm+l4dx 
By Sa 2d 4 7d 



QuoL 2b+4e Shx+2 



121. On the other hand, if a compound expression contam- 
ing any factor in every term^ be divided by the other quantities 
connected by their signs^ the quotient toUl be that factor. See the 
first part of the preceding article. 

Div. ab-^-ac-^-ah anih-\-amx'{'amy 4a6-f-8ay ahm-^ahy 
By b+c+h li+x+y b+2y m+y 

Quot a 4a 



In division, as well as in multiplication, the caution 
must be observed, not to confound terms with factors, Se$ 
Art. 99. 



Thm(ab+ac)-^a=b+€. (Art. 120.) 
But (fl6xac)-7-a=aa6c-7-a=atc. 
And Ub+acj^{b+c)=za. (Art. 121. 
But (a6x«c)-T-(frX<j)=<wAc-T-tc=aa. 



123. In division, the same rule is to be observed 
respecting the signs, as in multiplication ; that is, 
ip the divisor and dividend are both positive, or 
both megative, the quotient must be positive ! ip 

ONE IS POSITIVE AND THE OTHER NEGATIVE, THE QUO- 
TIENT MUST BE NEGATIVE. (Art. 105.) 

This is manifest from the consideration that the product of 
the divisor and quotient must be the same as the dividend. 

If ^ax+b=+db ^ r +db^+b=z+a 

-aX+fr=-a6f , 5 -a6^+6=-a 

-ax -6=+a6 ) i -}-ai^-6=:-a 

Div. abx 8a-10ay 3aa;-6ay Qamxdh 
By -a -2a Sa -2a 



Quot -6« -4+5y ' -3mxci&= -SAAn 



« 

124. If the letters oi^ the divisor are not to be founu 

m THE DIVIDEND, THE DIVISION IS EXPRESSED BY WIK1TIN6 
THE DIVISOR UNDER THE DIVIDEND, IN THE FORM OF A VUL- 
VAR FRACTION. 

xy d-^x 

Thus xif-^a^ -^; and (d - ar) -f — fc= -^ 

'*' This is a method of c^no^ng division, rather than an actual 
performing of the operation. But the purposes of division 
may frequently be answered, by these fractional expressions. 
As Uiey are of the same nature with other vulvar fractions, 
they may be added, subtracted, multiplied, &c. See the 
next section. 

125. When the dividend is a compound quantity, the divi- 
sor may either be placed under the wlwle dividend, as in the 
precedmg instances, or it may be repeated under each termy 
taken separately. There are occasions when it will be c(hi- 
v6nient to exchange one of these forms of expresidon for the 
other. 

Thus 6+0 divided by ar, is eithcr-^^, or -| — ♦ 

. . X XX 

0-4-6 
^d a-|-6 divided by 2, is either — g— ,*that is, haif the fum 

of a and h; or— 4-~, that is, the sum of half a and half 6. 



For it is evident that half the svm of two or more quantities, 
is equal to the mm of their halves. And the same principle 
is applicable to a third, fourth, Mh, G£ any other portion of 
the dividend. 

So also a- 6 divided by 2, is either ^7 » or ?•--. 
^ ^^ 2 2 

For half the difference of two quantities is equal to the rfif- 
ference of their halves. 

o~26+A a 2b h 3a-c 8a e 

So ^ =~ — ^ •4*~* And !r^=2 z ■* Z' 
m mm ^^m — a? — « — « 

126. If some of llie letters in the divkor are in each term 

of the dividend, the fractional expression may be rendered 

more simple, by rejecting equal factors from the nuiusratci . 

and denominator. 

0* 
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Iky. ab dhx 
By ae dy 
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ofcin-Say 
ab 


aB+hx 


• 
2am 
2*» 


ab b 

Quot.— OT- 

ac c 


hm-&y 
b 




ay 



These reductions are made upon the principle, that a given 
divisor is contained in a given dividend, just as many times, 
as double the divisor in double the dividend ; triple tlie divi- 
sor in triple the dividend, &c See the reduction of fractions. 

127. If the divisor is in some of the terms of the dividend; 
but not in all ; those which contam the divisor may be divi- 
ded as in Art. 1 16, and the others set down in the form of a. 
fraction. 

Thus (ai-f.d)-i.a is either — ^, . or. —4 — , <tt i+-. 

Div. dxy'\'rx-hd Zah+ad^x bm+Sy 2my+dk 

Bj X a -fc 2m, 



Quotiy+r-^ .^^. 



128. The quotient of any quantity divided by itsdf or t^^ 
equals is obviously a umi, 

Thusi=l. And|'??=l. And-|^=l. And''4^f=r. 
a Sax 4+2 a+b^Sh 

Div. ttx+x 3M-3rf 4a!iy'-4a+8ad Sab+S^6m 
By X Sd 4a 3 

Quoto+l xy--l+2d 



Cor, If the dividend is greater than the divisor, the quo*.- 
uent must be greater than a unit : But if the dividend is km 
than the divisor, the quotient must be ks9 than cuivmt^. 
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PROMISCUOTTfl EXAMPLES. 

1 Divide 12afty+6a6x- ISbbm+Ubj, by 66. 

2 Divide 16a - 1 2+8y+4 - 20adx'^m, by 4. 

3. Divide (a - 2ft) X (Sm+y) X^,H {a- 2ft) x (Sm+y) 

4. Divide ahd - 4ad+Say - a, by ftd - 4(i+3y - 1. 

5. Divide oar - ry+od - 4iny - 6+a, by - a. 

6. Divide amy-|-3wiy - m^y+am - d, by - dtny. 

7. Divide rfrd - 6a4-2r - ftrf+e, by 2ar(I. 

8. Divide 6ax - 8+2ay+4 - 6Ay, by 4axy. 

129. From the nature of division it is evident, that the 
value of the quotient depends both on the dirisor and the 
dividend. With a ^ven divisor, the greater the dividend, 
the greater the quotient. And with a given dividend, the 
greater the divisor, the less the quotient. In several of the 
succeeding parts of algebra, partjculariiy the subjects of frac- 
tions, ratios, and proportion, it will be important to be able 
to determine what change will be produced in the quotient, 
by increasing or diminishmg either the divisor or the dividend. 

If the given dividend be 24, and the divisor 6 ; the quotient 
will be 4. But this same dividend may be supposed to be 
multiplied or divided by some other number, before it is 
(fivided by 6. Or the divisor may be multiplied or divided 
by some other nimiber, before it is Used in dividing 24. Id 
each of these cases, the quotient will be altered. 

ISO. In the first place, if the given divisor is contained in 
the given dividend a certain number of times, it is obvious 
that the same divisor is contained. 

In dofMe that dividend, twice as many times ; 

In triple the dividend, thrice as many times, &c. • 

That is, if the divisor remains the same, midtiplying the 

dioidend by any quantity, is, in effect, multiplying the quotient 

by that quantity. 

Thus, if the constant divisor is 6, then 24-^6=4 the 
quotient 

Multiplying the dividend by 2, 2 X 24-2-6 = 2 x 4 

Muhiplyingl[)y any number n^ ttX24-7-6=nx4 
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f 

131. Secondly, if the gkren divisor is cmiiamed in the 
given dividend a certain number of times^ the same divisor 
is contained, 

In half that dividend, half as many tin^s ; 

In one thkd of the dividepd, one third as many times, &c. 

That is, if the divisoj^ remains the sarne^ dwiding the divi' 
4end by any other quantity, 'is, in effect, dividing tlie quoti$nt: 
by that quantity. 

Thus 24-^6=4 

Dividing the dividend by 2,. j24-i-6=i4 

Dividing by n, -i24-r-6 = ^4 

132. Thirdly, if the given divisor is contained in the giveru 
dividend a certain number of times, then, in the same divi- 
dend, 

Twice that divisor is contained only half as many timea; 
Three times the divisor is contained . one third as many times. 

That is, if the dividend remains the same, multiplying the 
divisor by any quantity, is, in effect, dividing the quotient by 
that quantity. 

Thus 24-1-6=4 

Multiplying the divisor by S, 24-£-2 x6=| 

Multiplying by n, 24-^n X 6 = S 

133. Lastly, if the given divisor is contained in the given 
dividend a certain number of times, then, in the same divi* 
dend. 

Half tbjit divisor is contained twice as many times ; 

One third of the divisor is contained thrice as many times. 

That is, if the dividend remains the same, dividing the Jivi- 
sor by any other quantity, is, in effect, mtdtiplying the quotient 
by that quantity. 

Thus 24-i-6=4 

Dividing the divisor by 2, 24-f. J6 =2x4 

Dividing by n, 24-i-i6=nx4 

For the method of performing division, when the divisOT 
and dividend are both compovsnd quantities^ see one of the fo^r 
lowing sections. 
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SECTION T. 



FRACTIONS.* 

Art. 134. EXPRESSION^ in the form of fractions occur 
more frequently in Algebra than in arithmetic. Most in- 
stances in division belong to this class. Indeed the nimiera- 
tor of every fraction may be considered as s^ dlvidMly of 
which the denominator is a divisor. ^ 

According to the common definition in arithmetic, the 
denominator shows into what parts an integral unit is sup- 
posed to be divided ; and the numerator shows how many 
of these parts belong to the fraction. But it makes no dif- 
ference, whether the whole of the numerator is divided by 
the denominator ; or only one of the integral units is divided, 
and then the quotient taken as many times as the number of 
units in the numerator. Thus J k the same as j-f-j-f}. 
A fourth part of three dollars, is equal to three fourths of one 
dollar. 

135. The value of a fraction, is the quotient of the nume- 
rator divided by the denominator. 

Thus the value of - is 3. The value of -- is a. 
2 b 

From this it is evident, that whatever changes are made 
in the terms of a fraction ; if the quotient is not altered, the 
value remains the same. For any fraction, therefore, we 
may substitute any other firaction which will give the samd 
quotient. 

Thus! =12=l*?=?*:^=:?±?,&c. For the quotient in 
2 5 26a 4drx 3+1* ^ 

each of these instances is 2. 

136. As the value of a fraction is the quotient of the nu- 
merator divided by the denominator, it is evident from Art. 
128, that when the numerator is equal to the denominator, the 
value of the fraction is a unit ; when the numerator is less 

* Honley's Math^maties, Camus' Arithmetic, Emenon, Eoler, Sawidcrson, 
p ^fuj i LtidUuii. 
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than the denominator, the value is less than a unit; and when 
the numerator is greater than the denominator, the value is 
greater than a unit. 

The calculations in- fractions depend on a few general 
principles, which will here be stated in connexion with each 
other. 

137. If the denommatar of a fraction remains the same^ muU 
tiplying the numerator by any quantity^ is nmUiplymg the 
VALUE by that quantity ; and dividing the numerator^ is dlmjdmg 
Jhe valtie. For the numerator and denominator are a divi- 
dend and divisor, of which the value of the fraction is the 
auotient. And by Art. 130 and 131, multiplying the divi- 
end is in effect multiplying the quotient, and dividing the 
dividend is dividing the quotient. 

Thus in the fractions^, M, Z^ i^ &c. 
a a a a • 

The quotients or values are i, 36, 76c?, ^6, &c. 

Here "it wjll be seen that, while the denominator is not 
altered, the value of the fraction is multiplied or divided by 
the same quantity as the numerator. 

Cor. With a given denominator, the greater the nume* 
rator, the greater will be the value of the fraction ; and, on the 
other hand, the greater the value, the greater the numerator. 

138^ If the numerator remains the same^ multy)hfing the rfc- 

nmninator by any qtuintityy is dividing the value by that quantity ; 

and dividing the denominator, is mult^ying the value. For 

. multiplying the divisor is dividing the quotient ; and dividing 

the divisor is multiplying the quotient. (Art. 132, 133.) 

In the fractions ^^ ?ff?, ?|^, ?i^^ &c. 
^P I2b 36 6 

The values are 4a, 2a, 8a, 24a, &c. 

Cor. With a given numerator, the greater the denominator, 
the less will be the value of the fraction ; and the less the 
value, the greater the denominator. 

139. Prom the last two articles it follows, that dividing the 
mmeratoi^hy any quantity, will have the same effect on the 
value of the fraction, as multiplying the denominator by that 
ijuantity ; and multiplying the numerator will have the same- 
«fleet, as dimding the diMwniinator. 
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140. It is also evident ftom the preceding articlefl^ that ir 

THE BiUMEftATOR AND DENOMINATOR BE BOTH MULTIPLIED, 
OR BOTH DIVIDED, BT T^E SAME QUANTITY, THE VALUB OF 
THE FRACTION WILL NQT BE ALTERIID. 

_-, bx ahx Sbx \hx \ahx __ 

^™ 6=-56='36=l6-=l^'*''^' Forineachof 
these instances the quotient is x. 

141. Any integral quantity may, without altering its value, 
be thrown into the form of a fraction, by multipl)ring the 

Quantity into the proposed denominator, and taking the pro- 
uct for a numerator. 

t-,, a db ad4-ah 6adh * ^ , 

Thus a=j=z-T =--TrT =*fi5r> *^* ^^^ ^"® quotient 

of each of these is a. 
Bo d+h=^. Andr+1=^^^. 

1 42. There is nothing, perhaps, in the calculation of alge- 
braic fractions, which occasion more perplexity to a learner^ 
than the poedtive and negative signs. The changes in these 
are so frequent, that ft is necessary to become familiar with 
the principles on which they are made. The use of the sign 
which is prefixed to the dividing line, is to show whether the 
value ci the whole fraction is to be added to, or subtracted 
from, the other quantities with which it is connected. (Art. 
4S.) This sign, therefore, has an influence on the several 
terms taken collectively. But in the numerator and de- 
nominator, each sign affects only the single term to which it 
is applied. 

tth 
The value of -^ is a. (Art. 135.) But this will become 

negative, if the sign - be prefixed to the fraction. 

«, • . fli ^ oh 

Thus y4-g =y4-a. Buty—j =y-a. / 

So that changing the sign which is before the whole frac* 
lion, lias the effect of changing the value from positive to 
negative, or from negative to positive. 

Next, suppose the sign or signs of the numefator to be 
dumged. 

By Art. 128, -j i=+a. . But ^=-0. 
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And T — ^-^a-c. But ~ — =-a4-c. 

That is, by changing all the signs of the nnmeratbr, the 
value of the fraction is changed from positive to negative, or 
the contrary. 

Again, suppose the sign of the denominator to be changed. 

As before -r =+«• But — v^=-a. 

143. We have then, this general proposition; If th? 

SIGN PREFIXED TO A FRACTION, OR ALL THE SIGNS OF THE 
NUMERATOR, OR ALL THE SIGNS Of) THE DENOMINATOR BE 
CHANGED ; THE VALUE QF THE FRACTION WILL BE CHANGED, 
FROM POSITIVE TO NEGATIVE, OR FROM NEGATIVE TO POSI- 
TIVE. 

Prom this is derived another important principle. As each 
of the changes mentioned here is from positive to,negative, 
or the contrary ; if any tu>o of them be made at the same 
time, they wUl balance each other. 

Thus by changing the sign of the ipmerator, 

~ = +a beccHnes Il--= - a. 
b 

But, by changing both the numerator and denominator, it 
becomes— --=: -{-a, where the positive value is restored. 

By changing the sign before the fraction, 
y+-- =y+a becomes y - -- =y - o. 



But by changing the sign of the numerator also, it becomes 

y - H-— where ihe quotient - a is to be subtracted from y, 
b 

or which is the same thing, (Art. 81,) -\-a is to be added, 
ma^ng y-f-a as at first. Hence, 

144. If all the signs both of the numerator and 
denominator, or the signs of one of these with the 
sign prefixed to tite whole fraction, be changed at 
the same time, the value of the fraction will not bt. 

ALTERED. 
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rr,. 6 -6 -6 6 ' 

Thus 2 =Z2= - T^ -ri=+3- 

Hence the quotient in divieion may be set down in different 
ways. Thus (a - c) -f-6, is either T + ~r> ^^ r " !"• 

The latter method is the most common. See the exam- 
ples in Art. 127. 

REDUCTION OF FRACTIONS. 

145. From the principles which have been stated, are de 
rived the rules for the reduction of fractions, wliich are sub- 
stantially the same in algebra, as in arithmetic. 

A FRACTION MAT BE REDUCED TO LOWER TERMS, BT DIVI- 
DING BOTH THE NUMERATOR AND DENOMINATOR, BY ANY QUAN- 
TITY WHICH WILL DIVIDE THEM WITHOUT A REMAINDER. 

According to Art. 140, this will not alter the value of the 
jfraction. 

^, ab a ^ ^ 6dm Sm ^ 7m , 1 
Thus -^j^-- And^=4j^. And-^— =-• 

In the last example, both parts of the fraction are divided 
by the numerator. 

^ a+bc -.1, *..,«< . ,««M-ay « 

Agam,^^^:^^— --(Art.118.) And g^j;;^=g-^ 

If a letter is in every term, both of the numerator and de 
nominator, it may be cancelled^ for this is dividing by that 
letter. (Art. 120.) 

Sam+ay Sm+ y dry+dy _r^l 
^^^ od+aA- d+A' dhy^dy^h^l*' 

Jf the numerator and denominator be divided by the great* 
est common measure^ it is evident that the fraction will be 
reduced to the lowest terms. For the method of finding the 
greatest common measure, see Sec. xvi. 

146. Fractions op different denominators may be re- 
duced TO A common denominator, BY MULTIPLYING EACH 

6 
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TfUMERATOR INTO khL THE DENOMIHATORS CXCCPT ITS OUTN, 
FOR A NEW NUMERATOR ; AN|> ALL THE DENOMINATORS TO- 
GETHER, FOR A COMMON DENOMINATOR. 

Ex. 1. Reduce % and ^ and— to a cominoi^ denominator. 
b d y 

axdxy^ody ^ 

cxbxy=cby > the three numerators. 

mxbxd=mbd ) 

bxdxy^biy the common denominator. 

The fractions reduced are f^", and J^, and _^. 

bay bdy bdy 

Here it will he seen, that the reduction consists in multi- 
plying the numerator and denominator of each fraction, into 
all the other denominators. This does not alter the value* 
(Art. 140.) 

». Reduce *1, and ^, and ^. 
3m g y 

3. Reduce -, and ~, and^ir- 

3^ 9 d+h 

4. Reduce -, and - — -. 

a+b a-b 

After the fractions have been reduced to a common de* 
nominator, they may be brought to lower terms, by the rule in 
the last article, if there is any quantity which will divide the 
denominat(»r, and all the numerators without a remaindeiu 

'An integer and a fraction, are easily reduced to a common 
i^KNDunator. (Art 14L) 

Thus a and - are equal to^ and -, or 2£ and -. 
e 1 e c e 

Anda,t,-i, lare equal to S, *!!3?, ^ *? 
my my my my my 

147. To REDUCE AN IMPROPER FRACTION TO A MIXED 
QtJANTITT, DIVIDE THE NUMERATOR B7 THE DENOMINATOR^ 

as in Art. 127. 

Thus ^^±^p±^a+m+i. 
b b 
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Reduce — «— — , to a mixed quantity. 

For the reduction of a mixed quantity to an improper frac- 
tieli) see Art. 150. And for the reduction of a ampouni 
fraction to a simple one, see Art. 160. 

ADDITION OF Fractions. 

148. In adding fractions, we may either write them one 
after the other, with their signs, as in the addition ctf integers, 
or we may incorporate them into a single fraction, by the fol- 
lowihg rule : 

Reduce the fractions to a common denominator, 
make the signs before them all positive, and then add 
their numerators. 

The common denominator shows into what parts the inte- 
gral unit is supposed to be divided ; and the numerators show 
the number of these parts belcmging to each of the fractions 
^Ari. 134.) Therefore the numerators taken together ahov 
the whole number of parts in all the fractions. 

rru 2 1 ,1 . ,3 1,1,1 

Thus, ;^ = ;j7-+y. And;^=:y+ijr+y. 

Therefore, ^+^=:}-+l+\.+i+l=L 
7^7 7^7 ^7 ^7 ^7 7 

The numerators are added, according to the rules for the 
addition of integers. (Art. 69, &c.) It is obvious that the 
sum is to be jSaced over the common denominator. To 
avoid the perplexity which might be occasioned by the signs, 
it will be expedient to make those prefixed to the fractions 
uniformly positive. But in domg this, care must be taken 
not to alter the value. This will he preserved, if all the signs 
in the numerator are changed at the same time with that be- 
fore the fraction. (Art. ^144.) 

Ex. 1. Add^and^ofapound. Ans. ?±lor^ 

It is as evident that t^, and t^ of a pound, are -A^ of a 
poimd, as that 2 oimces and 4 ounces, are 6 ounces. 

S. Add ^ and 1. First reduce them to a common denomi 
6 d 

Oaton They will then be -— and -i, and their sum — rr- * 

bd bd bd 
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3. Given ^ and - ?^t^ to find their sum. 

AnB.!2and - ?r±^=?^ and - ?±±M^SJm^r^ 
d 3h Sdh Sdh Sdh 

4.iand ^tz^-±+zt±!!^^^yrI^i^. 
' d y d y s dy ' 

y -m-my-iny -my my ' 

6.JfLand * =?5£ZfH:4±^ = f±!4^ (Art. 77.) 

7. Addl^toJli^. 8. Add"::^toZlJ- Ans.-#. 

149. For many purposes, it is sufficient to add fractions in 
the same manner as integers are added, by writing them one 
after another with their signs. (Art. 69.) 

Thus the sum of i and - and - -— ,is ?-+- - £- 
by 2m b y 2m 

In the same manner, fractions and integers may be added. 

The sum of a and - and 3m and -~, is o-fSm-f- - 5.. 
y r y r 

160. Or the integer may be incorporated with the fraction, 
by converting the former into a fraction, and then adding the 
numerators. See Art. 141. 

rm. ^ . b . a . b am ^b am+b 

The sum of a and — , is-rH — = — = — i— • 

m I'm m ^ m m 

m,. ^^^ ^M-rf. SdmSdy+h+d 
The sum of Sd and ■--!—, is SJLHL.. 

Incorporatmg an integer with a fraction, is the same as re* 
ducing a mixed quantity to an improper fraction. For a mixed 
quantity is an integer and a fraction. In arithmetic, these 
are generally placed together, without any sign between 
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them. But in algebra, they are distinct termg. Thus 2} i» 
S and i, which is the same as S^-i* 

Ex. 1. Reduce a+J to an improper fraction. Ans. — i-. 
2. Reduce m+d-^*:-. Ans. hm-dm+dh^di^r 
8. Reduce l+J Ans. *±£ 4 Reduce 1-i. 
5. Reduce i+-A-. 6. Reduce S+?4r^- 



SUBTRACTION OP FRACTIONS. 

51. The methods of performing subtraction in algebra, 
depend on the principle, that adding a negative quantity is 
equivalent to subtracting a positive one ; and v. v, (Art. 81.) 
For the subtraction of fractions, then, we have the following 
simple rule. Change the fraction to be subtracted, 

FROM POSITIVE TO NEGATIVE, OR THE CONTRARY, AND THEN 

PROCEED AS IN ADDITION. TArt. 148.) In making the re- 
quired change, it will be expeaient to alter, in some instances^ 
ine signs of the numerator, and in others, the sign before the 
dividing line, (Art. 143,) so as to leave the latter always 
aflirmative. 

Ex. 1. From i subtract *. , 
b ^ 

First change — , the fraction to be subtracted, to Z!z. 
m m 

Secondly, reduce the two fractions to a common denomi- 

nator, making, f^ and 11^. 

bm bm 

Thirdly, the sum of the numerators am - 6A, placed over 

am^hh 
the common denominator, gives the answer, — ^ — . 

2. From 2±» subtract 1 Ans. <^^y-f»' 
r a dr 

8. From? subtract £z*. Am.'^LJU'J^. 
m y my 

6* 
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4. Prom tt*i subtract 5fLJ^. Ana. IHn??. 

^^ 8 12 

5. From izi subtract - *. Ans. ^-^y+ft»», 

m y my 

6. From 5thl subtract tzl. 7. From- subtract f. 

a m a b 

152. Fractions may also be subtracted, like integers, by 
setting them down, after their signs are changed, without re- 
ducing them to a conunon denominator. 

From* subtract -*±i Ans.*+*±i 

In the ^ame manner, an integer may be subtracted from 
a fraction, or a fraction from an integer. 

From II subtract — Ajml a-- • • 

m m 

153. Or the integer may be incorporated with the fraction, 
as in Art 150. 

Ex. 1. From* subtract m. Ans. * - m=*:ZB?. 

y y V 

2. From 4a+i subtract 3a ^ 1 Ans. «g<^fW+^^ 

c d cd 

3. From 1+*Z£ subtract izl Ans. ^+^j^^, 

add 

4. From a4-3A - £li subtract 3« - H-^- 

2 3 



MULTIPLICATION OF FRACTIONS. 

154. By the definition of multiplication, multiplying by a 
fraction is taking apart of the multiplicand, as many times as 
there are like parts of an unit in the multiplier. (Art. 90.) 
Now the denominator of a fraction shows into what parts the 
integral unit is supposed to be divided ; and the numerator 
shows how many of those parts belong to the given fraction. 
In multiplying by a fraction, therefore, the multiplicand is 
to be divided into such parts, as are denoted by the denom* 
inator ; and then one g( these parts is to be repeated, as 
many times, as is required by the numerator. 



eu[^pofle a IS to be^ toukifiied by i. 

4 

A fourth part of a is j* 

This taken 3 times is 1 iti^^% (Art. 148 ) 

4 '^4 '4 4 

Again, suj^pose jT is to^b^ multiplied by r- 

Onefourtbof |-is ;^. (Art. 138,) 

Tliis taken 3 times is £+5+5=46' 

the product required. 

In a similar manner, any fractional multiplicand may ht 
divided into parts, by multiplying the denominator ; and one 
of the parts may be repeated, by multipl3dng the numerator. 
We have then the following rule : 

155. To MULTIPLY FRACTIONS, MULTIPLY THE NUMERA* 
TORS TOGETHER, FOR A NEW NUMERATOR, AND THE DENOMI- 
NATORS TOGETHER, FOR A NEW DENOMINATOR. 

Ex. 1. Multiply — intOr^. Product _ — 
^ ^ c 2m 2cm 

2. Multiply -^mtojj^. Product -jj^J^. 

' 3. MulUplyipy— mto^-^35;^. Product V^^^^. 

. m* , a+A. 4-tii I, *^ ,, 1 3 

4. Mult. 5-^ into— I — 5. Mult. ^ mU>^' 

156. The method of multiplying is the same, when there 
are more than two fractions to be multiplied together. 

Multiply together r-> jj and — • Product ^-. 

For Ix T is, by the last article ^, and this Into 5 is ^i!?. 
a bd y bdy 

8. Multiply 2f,!Lli,i, and _L, Product ?fL^ "J^W 
« y c »-l cmry*^cmjf 
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S. Mult. *+* 4 and J^. 4. Mult ?1, IZ*, and ' 

157. The multiplication may sometimes be shortened^ by 
rejecting equal factc^s, from the numerators and denomina- 
tors. 

1. Multiply - into - and — Product — . 
^^r ay ry 

Here a, being in one of the numerators, and intone of the 
denominators, may be omitted. If it be retained, the product 

will be — • But this reduced to lower terms, by Art, 146, 
dry 

will become — as before. 

8. Multiply ^ into ^ and ^. Product ^. 
m 3a 2d 6 

It is necessary that the factors rejected from the numera- 
tors be exactly equal to those which are rejected from the 
denominators. In the last example, a being in two of the 
numerators, and in only one of the denominators, must be re- 
tained in one of the mmierators. 

S. Multiply f±^ into !?^. Product '^^^^ 
y ok ah 

Here, though the same letter a is in one of the numerators^ 
and in one of the denominators, yet as it is not in every term 
of the nmnerator, it must not be cancelled. 

4. Multiply ?!lH:^mto* and*:, 
h m 5a 

If any diflSculty is found, in making these contmctions, it 
iwill be better to perform the multiplication, without omitting 
any of the factors ; and to reduce th6 product to lower terms 
afterwards. 

158. When a fraction and an integer axe multiplied to- 
gether, the numerator of the fraction is multiplied into the 
integer. The denominator is not altered ; except in cases 
where division of the denominator is substituted for m\dtipli- 
eation of the numerator, according to Art. 139. 
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Thus aX-=^. For a=f ; and iX-=-. 

» y 1 1 » » 

159. A FRACTION IS MULTIPLIED INTO A QUANTITT EQUAL 
TO ITS DENOMINATOR, BY GANCELLINO THE DENOMINATOR. 

Thus ±xh=za. For ?.x6=— . But the letter 6, being 
b b b 

m both the numerator and denominator, may be set aside. 
(Art. 145.) 

So J?Lx(a-y)=8m. And^!±^X{^+m)=h+Sd. 
a-y 3+m 

On the same principle, a fraction is multiplied into any 
factQV in its denominator, by cancelling thg,t factor. 

160. Prom the definition of mtiltipUcati(Mi by a fraction, it 
follows that what is corimionly called a compound fraction^* 

3 a 

is the product of two or more fracticms. Thus _ of — is 

4 b , 

-X-- For, 5of !?,isLof i taken three times, that Ls, 
4 6 4 r 4 b 

' ■ \ "^ 

%-^^ 4.-? . But this is the same as - multiplied by ~. 
4b 4b 4b 6 4 

(Art. 154.) 

Hence, reducing a compound fraciioli into a simple one, is the 
same as muitiplying fractions into each other. 
'^ a 



Ex. 1. Reduce 1 of ^JL,. Ans. — fz_. 
7 6+2 76+ U 

2. Reduce ^ofiofi+i. Ans. ^^+^^ , 
3 5 2a--m 30a— 15m 

S. Reduce 1 of! of— Ur^ Ans. * 



7 3 8-d 168 -21d 



* By a eompound fraction ii meant a fraction of a fraction, ancfaot a fraction 
whoM numerator or denominator ii a compound quantity. 
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161. Th# ^xpreaskm H ib, 4y, &c. are equivalent to 

^ ^ ^, Forlaiefof a,whichi8equalto*Xa=**- 
3 6 7 S S 

(Art. 168.) So lt=ixi=~ 

5 

DIVISION OF FRACTIONS. 

162. To DIVIDE ONE FRACTION BT ANOTHER, INVERT THB 
DIVISOR, AND THEN PROCEED AS IN MULTIPLICATION. (Art 
155.) 

Ex. 1. Divide ?.by4 Ans. ?^X^=?5?. 
b a b c be 

To understand the reason of the rule, let it be premised, 
that the product of any fraction into the same fraction inverted, 
is always a unit. 

Thus «x*-=^=l. And_^x-^=1. 
b a ab h+y d 

But a quantity is not altered by multiplying it by a unit. 
Therefore, if a dividend be multiplied, first into the divisor 
inverted, and then into the divisor itself, the last product will 
be equal to the dividend. Now, by the definition, (art. 115,) 
*' division is finding a quotient, which multiplied into the di- 
visor will produce the dividend.'* And as tne dividend mul- 
tiplied into the divisor inverted is such a quantity, the quo- 
tient is truly found by the rule. 

This explanation will probably be best understood, by at- 
tending to the examples. In several which follow, the proof 
of the division will be given, by multiplying the quotient into 
the divisor. This wUl present, at one view, the dividend 
multipUed into the invited divisor, and into the divisor itself 

2. Divide :i by ?*. Ans. ^ V-2-=^. 
2d -^ J 2d Sh 6dh 

ProoC ^ X-=A the dividend. 
6dh y 2d 

8. Divide f±^ by ^. Ans. ^x ^^=2+^ 

r y r &d 5dr ^ 

Proo£ ?2+^X^=^ 
5dr y r 
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4. Divide i^ by i^ Ans.i^x— =^ 
X a X . 4hr rx 

Proof. 2^x— =— the divideni 
6. Divide i?! ^ 28^ Ans. i61xl!^=:a£. 
6. Divide ±ti by ShlL 7. Divide ItzU^ by J-. 

163. When a fraction is divided by an tntojfcr, the denomU 
natar of the fraction is multipUed into the integer* 

Thi*s the quotient of f divided by m, is JL. 
b bm 

For m=^ ; and by the last article, ?^?=?xi=^. 
1 b I b m bm 

^T^ a-b^l ah-bh 4" 24 8 

In fractions, multiplication is made to perform the c^ce 
of division ; because division in the usual fomi often leaves a 
troublesome remainder : but there is no remainder in multi- 
pUcation. In many cases, there are methods of shortening 
the operation. But these will be suggested by prajDtice, 
without the aid of particular rules. 

164 6^ the definition, (art. 49,) ^the rec^mcol of a 
quantity, is the quotient arising from dividing a unit by Aai, 
quantity.'* 

TherefcMTC the reciprocal of 1 is 1-5--= 1 X-=-. That ieu . 

b b a a 



The reciprocal of a JiractUm i$ the fracA>n imferted. 
b 



Thus the recmrocal of — 2. — is ^'^T^ ; the reciprocal of 

L. is 2^ or % ; the reciprocal of t is 4. llence the recip« 
9y 1 

rocal of a fraction whose nxmierator is L is the denominator 
of the fraction. A 

Thus the reciprocal of -. is a ; of — -, is a+(| &c* 

a a+b 
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65. A fraction someUmes occurs in the nxuneratcH* or de- 
nominator of another fraction, as tfL It is often convenient, 

b 

in the course of a calculation, to transfer such a fraction, 
from the numerator to the denominator of the principal frac- 
tion, or the contrary^ That this may be done without alter- 
ing the value, if the fraction transferred be invertedy is evi- 
dent from the following principles : 

First, Dwiding by a fraction, is the same as trndty^ymg by 
the fraction inverted. (Art. 162.) 

Secondly, Dkiding the numerator of a fraction has the 
same effect on 4he value, as midtiplying the denominator; and 
multiplying the numerator has the same effect, as dividing 
the denpmmator. (Art« 139.) 

Thus in the expression I? the numerator of — is multiplied 

into }. But the value will be the same, if, instead oi multi- 
[dying the numeratoi^ we divide the denominator by §, that is, 
multifdy the denominator by f 

Therefore 1^=^. So L=.^. 

a> ix mm 

AndJl= i =_!_ AndiLr5=iizi^. 

166. Multiplying the numetatoTy is in effect multipljong the 
voUue of the fraction. (Art. 137.) On this principle, a frac- 
tion may be cleared of a. fractional co-efficient which occurs 
in its numerator. 

' Thus L»=|-xl=g. Andi?4x«=« 
65656 y5y5y 

And 4*±if=lxte=te. And if=li, 
m 6 m 3m 5a tOa 

On the other hand, 52=ix-=5?- 

ix 7 X X 

And«4>#=i?. And_ifl_=J^. 
oy S y y 6d+5x d-\-x 

167. But multiplying the denommatoTy by another fraction, 
1% in effect dividing ^ value ; (Art. 138.) that is, it is midti" 
plying the value by We fraction inverted. The principal frac- 
tion may therefore be cleared of a fractional co-efficient, 
which occurs in its denominator. 
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On the other hand, —-±. 

Sx ^ 

2m |m y iy 

67. 6. The numerator or the denominator of a fraction, 
may be itself a fraction* The expression may be reduced to 
a more simple form, on the principles which have been applied 
in the preceding cases. 
a 

,^ h a c ad 



And ?-.£-• And-= — 



A=A^- ^^" m-m' 



SECTION VIL 



SIMPLE £aUATIONS. 

Aet. 168. The subjects of the preceding sections are m* 
troductory to what may be considered the peculiar province 
of algebra, the investigation of the values of unknown quan* 
titles, by means of equations. 

An equation is a proposition, expressing in algebraic 
characters, the equality between one quantity or set 
op quantities and another, or between different bx» 

7 
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nCSSIOM FOR THE SAME QUAKT ITT.* Thus «-(-4=ft4^to 

an equation, in which the sum of x and o^ is equal to the sum 
of h and c. The (j^uantities on the two sides of the sign of 
equality, are sometmies called the membert of the equation ; 
the several terms on the Itfi constituting the first member^ 
and those on the righi^ the second m^nber. 

169. The object aimed at, in what is called the resohUion 
or reduction of an equation, is to find the aalue njf the unhmm 
quantity. In the &*st statement of the conditions of a problem, 
the known and unknown quantities are frequently thrown 
promiscuously together* To find the value of that which i9 
required, it is necessary to bring it to stand by itself, while 
all the others are on the opposite side of the equation. But 
in doine this, care must be taken not to destroy the equation, 
by rendering the two members unequal. Many changes 
maj be made in the arrangement of the terms, without af- 
fecting the equaUty of the sides. 

no. The reduction op an equation consists, then, 
IN bringing the unknown quantity by itself, on one 
side, and all the known quantities on the other side^ 

WITHOUT destroying THE EQUATION* 

To effect this, it is evident that one of the members must 
be as much increased or diminished as the other. If a quan- 
tity be added to one, and not to the other, the equality will 
be destroyed. But the members will remain equal ; 

If the same or equal quantities be added to each. Ax, 1. 
If the same or equal quantities be subtracted from each. Ax. 2* * 
If each be mvUiplied by the same or equal quantities* Ax. S. 
If each be divided by the same or equal quantities. Ax. 4. 
171. It may be farther observed that, in general, if the 
tmknown quantity is connected with others by addition, mul- 
tiplication, division, &c. the reduction is made by a contrary 
process. If a known quantity is added to the unknown, the 
equation is reduced by subtraction. If one is multiplied by 
the other, the reduction is effected by dimsUm^ &c. The 
reason of this will be seen, by attending to the several cases 
in the following articles. The fcrwrn^n quantities may be ex- 
pressed either by letters ot figures. The unknown quantity 
is represented by one of the last letters of the alphabet, gen- 
erally or, y, or jr. (Art. 27.) The principal reductions to 
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Im considered in this aection, are those whidi are efikctedby 
ira»^p09iHon^ mmbiplicathnf and dkntiotk These ought to h^ 
made perfectly familiar, as one or more of them w3l be ne* 
cessary, in the resoluticm of almost every equation* 

TRANSPOSITION. 

172. In the equaticm 

the number 7 being connected with the unknown quantity x 
by the sign-, the one is subtracted from the other. To re- 
duce the equation by a contrary process, let 7 be added to 
both sides. It then becomes 

ar^7+7=9+7. 
The equality of the members is preserved, because one ir) 
as much increased as the other. (Axiom 1.) But on one 
«ide, we have - 7 and -(- 7. As these are equal, and have 
contrary i^gns, they balance each others and may be cancel- 
led. (Art. 77.) The equation will then be ' 

a:=9+7. 
Here the value of x is found. It is diown to be equal to 
9^7 y that is to 16. The equation is therefore reduced. 
The unknown quantity is on one side by itself, and all the 
known quantities on the other side. 

In the same manner, if x-bzzza 

Adding b to both sides x - 6+6=04-6 

And cancelling ( - 6+6) a:=a+6. 

Here it will be seen that the last equation is the same as 
the first, except that 6 is on the opposite side, with a contra- 
ry sign. 

Next suppose y+c=d. 

Here c is added to the unknown quantity y. To reduce the 
equation by a contrary process, let c be subtracted from both 
sides, that is, let - c, be applied to both sides. We then have 
y+c-c=d~c. 
The equality of the members is not affected, because one 
is as much diminished as the other. When (+c-c) is can* 
celled, the equation is reduced, and is 

This is the same as y+c=d, except that c has been trans- 
posed, and has received a contrary sign. We hence obtain 
the followii^ general rule : 
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17S. When known quantities are connegtedwituthb 

UNKNOWN QUANTITY BTTHE SIGN + OR-, THE EQUATION III 
EfiDU€ED BT TRANSPOSING THE KNOWN QUANTITIES TO 
THE OTHER SIPE, AND PREFIXING THE CONTRARY SIGN. 

This if called reducing an "^^lation by addition or subtrac- 
Horif because it is, in effect, aekling or subtracting certain 

Juantities, to or from, each of the members. 
5x. 1. Reduce the equation Xr\Sb-'m=h^d 

Transposing+Si, we have ar-m=A-d-S6 

And transposing -m, x=zh-d- S6-f-w*? 

174. When several terms on the same side of an equation 
are cdikej they may be united in one, by the rules for reduo-> 
tion in addition. (Ajrt. 72 and 74.) 

Ex. 2. Reduce the equaticHi x-\-bh - 4A=76 

Transposing Bh - 4h 3n=z7b- 5b-{-4h 

Uniting 76 - 56 in one term a?=26+4A. 

175. The unknown quantity must also be transposed, 
whenever it is on both sides of the equation. It is not mate- 
rial on which side it i3 finally placed. For if a: =3, it is evi- 
dent that S=zx. It may be well, however, to bring it on that 
side, where it will have the affirmative sign, when the equa- 
tion is reduced. 

Ex.3. Reduce the equation 2x+2h=zh+d+3x 

By transposition 2 A - A - d = 3a? - 2a: 

Aiid h-d=:x. 

176. When the same temiy with the same sign, is on ojppo- 
stte sides of the equation, instead of transposing, we may ex- 
punge it from each. For this is only subtracting the same 
quantity from equal quantities. (Ax. 2.) 

Ex. 4. Reduce the equation a?+3A+d= 6+3^+7(1 

Expunging Sh a?-|-rf=6+7d 

And x=zb+6d. 

177. A^ all the terms /)f an equation may be transposed, 
or supposed to be transposed ; and it is immaterial which 
member is written first ; it is evident that the signs of all the 
terms may be changedy without affecting the equality. 

Thus, if we have x-b^d-a 

Then by transposition - c^4-a= - x -(-6 

Or, inverting tne members - x~{-b= - d+a. 

178. If all the terms op one side of an equation be trans* 
posed^ each member will be equal to 
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Thus, if x+b=zdy then x+b - rf=0. 

It is frequently convenient to reduce an equation to this 
form, in which the positive and negative terms bcUcmce each 
other. In the example just given, x-^b is balanced by - d. 
For in the first of the two equations, ar-|-6 is equal to d. 
Ex. 5. Reduce a-\-2x - 8=6 - 4+«+a. 

6. " Reduce y-\-ab -^ hm=a^2y - ab-^hn, 

7. Reduce A+30-f.7ar=8-6)i+6a;-(i+6. 

8. Reduce bh+2l - 4ar+d= 1 2 -'Sar+d - 7bh. 

REDUCTION OF EQUATIONS JBY MULTIPLICATION. 

179. The unknovm quantity, instead of being connected 
with a known quantity by the sign 4- or -, may be dwidud 

by it, as in the equation — =6. 

a ^ 

Here the reduction cannot be made, as in the preceding 
instances, by transposition. But if both members be mvltU^ 
plied by a, (Art. 170,) the equation will become, 

a;=ai. 

jp(w* a fraction U mtdtiplied into iti denominator^ by removing 
the denominator. Thia has been proved from the properties 
of fractions. (Art. 159.) It is also evident from the sixth 
axiom. 

Thus ^^ax_^ Ja+b)xx yx+5x ^^ p^^ j^ ^^^j, 
a"" 3" a+b "" d+d 
of these instances, x is both multiplied and divided by the 
same quantity ; and this makes no alteration in the value. 
Hence, 

180. When the unknown quantitf is DIVIDED tby a 

KNOWN QUANTITY, THE EQUATION IS REDUCED BY MULTU 
PLYING EACH SIDE BY THIS KNOWN QUANTITY. 

The same transpositions are to be made. in this case, as in 
the preceding examples. It must be observed also, that every 
term of the equation is to be multiplied. For the severai 
terms in each member constitute a compound multip'joand, 
which is to b^ multiplied according to Art. 98. 

Ex. 1. Reduce the equation — j-a=6-|-rf 

c 

Multiplying both sides by c 



The product is ar-f.ac=6c4-crf 

And m^ «= bc+cd - ac. 
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2. Reduce the equation — ZlZ-)-5=20 

Multiplying by 6 a? - 4+30= 120 

And ar= 120+4 -30=94. 

3. Reduce the equation ^ +d=A 

a+6 

Multiplying b^o+i (Art, 100.) a?+ad+6d=aA+*A- 
And ' • x=iah\^bh-ai-hd. 

181. When the unknown quantity is in the denominator of 
a fraction, the reduction is made in a similar manner, by mul- 
tipl3ring the equation by this den(»ninator. 

6 
Ex. 4. Reduce the equation _ — 1-7=8 

lO-o; 

Multiplying by 10- ap 6+70-7a?=80-8ar 

And ar=4. 

182. Though it is not generally necesiaryy yet it is often 
convenient, to remove the denominator iicMn a fracticm c(mi- 
sisting of knoton quantities only. This may be done, in the 
same manner, as the denominator is removed from a fraction, 
which contains the imknown quantity. 

Take for example -=r+"* 

a c 

Multiplymgbya 9="^^+^ , 

h c 

Multiplying by 6 hx^ad+^h 

c 

Multiplying by c hcx:=zacd^abh. 

Or we may multiply by the product of all the denomina- 
tors at once. 

X d h 

In the same equation 1=-+" 

a b c 

Multiplying by ak ^^abcd ^abch 

a b c 

Then by cancelling from each term, the letter which is 
common to its numerator and denominator, (Art. 145,) we 
have bcxz=acd-^abhy as before. Hence, 

183. An equation may be cleared of FRACTIONS by 

MULTIPLYING EAQH SIDE INTO ALL THE DENOMINATORS. 
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Thus the equaticm t =L+L - ^. 

a d g m 

is the same as dgmx=abgm+adem - adgh. 

And the equation ?L=-_+--+— 

is the same as 80a?= 40+48+ 1 80. 

In clearing an equation of fractions, it will be necessary 
to observe, that the sign - prefixed to any fraction, denotes 
that the whole value is to be subtracted, (Art. 142,) which is 
done by changing the signs of all the terms in the numerator. 

The equation gzj^,, 86-3ftm-6n 

X r 

is the same as ar-dr^zcrx-- 36x+2Awmp+ Gnx. 

REDUCTION OP EQUATIONS BY DIVISION. 

184. When the unknown qpantity is MULTIPLIED 

INTO ANY KNOWN QUANTITY, THE EQUATION IS REDUCED BY 
DIVIDING BOTH SIDES BY THIS KNOWN QUANTITY. (Ax. 4.) 

Ex. 1. Reduce the equation aa:+6-SA=d 

By transposition aar= cf +Sfc - b 

Dividing by a a?=-i — II — . 

8. Reduce the equation 2ar=— - —+46 

c h 

Clearing of fractions 2cAa;= aA - crf+46cA 
Dividing by 2ch ^^ah-cd+4bc\ 

^ 2ch 

185. If the unknown quantity has co-elBcients in several 
terms^ the equation must be divided by all these co-efiicients, 
connected by their signs, According to Art. 131, 

Ex. 3. Reduce the equation 3a;-6x=a-rf 

That is, (Art. 120.) (3 - 6) xx=a-d 

Dividing by 3-fe ir=f~ 



3-6 

4. Reduce the equation 6Rr+ar=/i-4 

Dividing by o+l >a:=- 



o+l 
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Ex. 5. Reduce the equation a:-^l_=afi£. 

Clearing of fractions 4hx - 4ar = ah+dh - 46 
Dividing by 4/i-4 ^^ah+dh^4b^ 

4A — 4 

186. If any quantity, either known or unknown, is found 
as a factor in every temiy the equation may be divided by it. 
On the other hand, if any quantity is a dimsor in every term, 
the equation may be multiplied by it. In this way, the factor 
or divisor will be removed, so as to reruier the expression more 
dimple. 

Ex. 6. Reduce the equation aX'\-3ab=6ad-\-a 

Dividing by a a:-f36=6d+l 

And x=6d+l-Sb. 

7. Reduce the equation ttl - t=!LlL 

XXX 

Multiplymg by x (Arti 159.) a:-fl - i= A - d 

And ar=A-rf-4-6-l. 

6. Reduce the equation x x (a+6) - a - 6 =d X (^t) 

Dividing by o+ft (Art. 1 18.)a? - 1 =cJ 
And a:=rf+l. 



187. Sometimes the conditions of a problem are at first 
etated, not in an equation, but by means of a proportion. To 
show how this may be reduced to an equation, it will be ne- 
cessary to anticipate the subject of a future section, so far as 
to admit the principle that " when four quantities are in geo- 
metrical proportion, the product of the two extremes is equal 
to the product of the two means :'' a principle which is at 
the foundation of the Rule of Three in arithmetic. See 
Arithmetic. 

Thus, if a : 6 : : c : d, . then arf=6c. 

And if 3 : 4 : : 6 : 8, then 3x8=^=4x6. Hence, 

188. A PROPORTION 18 CONVERTED INTO AN EQUATION BY 
MAKING THE PRODUCT OF THE EXTREMES, ONE SIDE OF THE 
equation; and THE PRODUCT OF THE MEANS, THE OTHER SIDE. 
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Ex. 1. Reduce to an equation ax:b:ich:d» 

The product of the extremes is adx 
The product of the means is bch 
The equation is, therefore adx:=bch. 

2, Reduce to an equation a-f6 :c::h-tn:y. 

The equation is ay+6j/=cA-ctn , 

189. On the other hand, an equation mat be con- 
verted INTO a proportion, BY RESOLVING ONE SIDE OP THE 
EQUATION INTO TWO FACTORS, FOR THE MIDDLE TERMS OP 
THE PROPORTION : AND THE OTHER SIDE INTO TWO FACTORS, 
'•OR THE EXTREMES. 

As a quantity may often be resolved into different pairs of 
factors ; (Art. 42,) a variety of proportions may frequently 
be derived from the same equation. 

Ex. 1. Reduce to a proportion abc=deh. 

The side abc maybe resolved into axbc^ or abxcy ox acxb> 
And deh may be resolved into dx^Kor dex^ ov dh X «• 

Therefore a: d:: eh: be And acidhiie :b 

And (d):de::h: c And acid:: eh: by &c. 

For in each of these instances, the product of the extremes 
is abcy and the product of the means deh, 

2. Reduce to a proportion ax-\-bx^cd - ch 

The first member may be resolved into xx (o-f-ft) 
And the second into c X (^ - h) 

Therefore ar : c : : d - A : o+i And d-h: x:: o+ft * Cy &c. 

190. If for any term or terms in an equation, any other ex- 
pression of the same value be substituted, it i^ manifest that 
the equality of the sides will not be affected. 

Thus, instead of 1 6, we may write 2 x?? or -., or 25 - 9, Sic* 

4 

For these are only different forms of expression for the sam© 
quantity. 

191. It will generally be well to have the several steps, in 
the reduction of equations, succeed each other in the follow- 
ing order. 

First, Clear the equation of fractions. (Art. 183.) 
Secondly, Transpose and unite the terms. (Arts. 173, 4, 6.) 
Thirdly, Divide by the co-efficients of the unknown quan- 
tity. (Arts. 184, 5.) 
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I Reduce the equation l^+Sss^f+T 

4 8 

Clearing of fractions 24ar+192=20x-|-2S4 
Tran^. and uniting terms 4x=32 
Dividing by 4 x=8. 

2. Reduce the eqtution l-f^As^ — ^L^d 
a be 

Clearing of fractions bcx-^-<Ax-aex=::abed-'aibek 
' Dividing ^^abcd-ahch 

bc-\-ah — M 
S. Reduce 40-6x- 16=1^-142. Ans. x=12. 

4. Reduce iZ^+i=20-izl£. Ans. aS=!?. 

2 ^S 2 4 

5. Reduce |+i=20-l. 6. Reduce lzl-4=&. 

3 5 4 « 

7. Reduce -1 — 2=8. 8. Reduce .^=1. 

»4-4 *+4 

9. Reduce i+i+l=ll. 10. Reduce ^+1 -i= I. 
2^3 2^3 4 10 

11. Reduce izi+&r=?!izf. 

12. Reduce 3»+?£+?=6+ll£::^. 

^6 ^2 

13. Reduce ?izi-2=lil±+«. 

3 3 ^ 

14. Reduce gi . 3x-n ^5£-5 , 97-_7x 

^16 8^2 

16. Reduce 3:c-izi-4=^^±lf-i . 
4 3 12 

16. Reduce !f±«-16+ff , 6=3x+9 

3 6^2 

17. Reduce lll!^- 1^:^=6 -6:r+!5±li 

5 3 3 

18. Reduce «-?£z!+4=!2zf -5ll8+li-i , -. ( 

6 2 7 ^^5 ' 
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fO.Reduce^f+i:liz£::7:4. //* ?. 
% 4 



SOLUTION OP PROBLEMS. 

192. In the solution of problems, by means of equation^^ 
two things are necessary: First, to translate the statement of 
the question from cconmon to algebraic language, in such a 
manner as to form an equation: Secondly, to reduce this 
equation to a state in which the unknown quantity will stand 
by itself and its value be given in known terms, on the op- 
posite side. The manner in which the latter is effected, has 
already been considered. The former will probably occasion 
more perplexity to a beginner ; because the conditions of 

Suestions are so various in their nature, that the proper me- 
lod of stating them cannot be easily learned, like the reduc* 
tion of equations, by a system of definite rules. Practice, . 
however, will soon remove a great part of the difficulty. 

193. It is one of the principal peculiarities of an algebralfe 
elation, that the' quantity sought is itself introduced into the 
operation. This enables us to make a statement of the con 
ditions in the same form, as though the problem were already 
served. Nothing then remains to be done^ but to reduce the 
equation^ and to find the aggregate value of the known quan* 
tities. (Art. 53.) As these are equal to the trnXTioum quantity^ 
on the other side of the equation, the value of that also is 
determined, and therefore the problem is solved* 

Problem 1. A man being asked how much he gave for his 
watch, replied ; If you multiply the price by 4, and to the 
product add 70, and from this sum subtract 50, the remain* 
der will be equal to 220 dollars. > 

To solve this, we must first translate the conditions of the 
problem, into such algebraic expressions as will form an equa« 
tion. 

Let the price of the watch be represented by x 

This price is to be mult'd by 4, which makes 4x 

To the product, 70 is to be added, making 4a:+70 

From this, 50 is to be subtracted, making 4x4-70'* 50 



76 ALGEBRA. 

Here we have a number of the conditions, expressed in 
algebraic terms ; but have as yet no equtUion. We must ob- 
serve then, that by the last conditicm of the problem, the pre- 
ceding terms are said to be eqtud to 220. 

We have, therefore, this equation 4a:-f 70-50=220 

Which reduced gives a:=50. 

Here the value of x is foimd to be 50 dollars, which is the 
price of the watclu 

194. To prove whether we have obtained the true value of 
the letter wnich represents the unknown quantity, we have 
only to substitute this value, for the letter itself, in the equa- 
tion which contains the first statement of the conditions of 
the problem ; and to see whether the sides are equal, after 
the substitution is made. For if the answer thus satisfies the 
conditions proposed, it is the quantity sought. Thus, in the 
preceding example. 

The original equation is 4ar+70 - 50=220 

Substituting SO for ar, it becomes 4x50+70-50=220 
That is, 220=220. 

Prob. 2. What number is that, to which, if its half be add- 
ed, and from the sum 20 be subtracted, the remainder will be 
a fourth of the number itself? 

In stating questions of this kind, where fractions are 
concerned, it should be recollected, that ix is the same aa 

1; that far=??, &c. (Art. 161.) 
S 5 

In this problem, let x be put for the numbar required. 
Then by the conditions jn-oposed, *+5' "" 20=^ 
And reducing the equation x=z 16. 

Proof, 16+1? -20=1?. 

^2 4 

Prob. S. A father divides his estate among his three sons, 
in such a manner, that. 

The first has $1000 less than half of the whole ; 

The second has 800 less than one third of the whole ; 

The third has 600 less than one fourth of the whole ; 

What is the value of the estate 1 

If the whole estate be represented by a:, then the severai 

«hare« will be |- -1000, and |- - 800, and j -600. 
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And as these constitute the whole estate, they are together 
equal to x. 

We have then this equation * - 1000+f - 8P0+-- 60a=a:. 

Which reduced gives a:= 28800 

Proof ???22-10004.?5^-80O+!??29-60O=2880O. 

195. To avoid an unnecessary introduction of unknown 
quantities into an equation, it may be well to observe, in this 
place, that when the sum or difference of two quantities is 
given, both of them may be expressed by means of the same 
letter. For if one of the two quantities be subtracted from 
their sum, it is evident the remainder will be equal to the 
other. And if the difference of two quantities be subtracted 
from the greater, the remainder will be the less. 

Thus if the sum of two numbers be 20 

And if one of them be represented by x 

The other will be equal to ^ 20 - x. 

Prob. 4. Divide 48 into two such parts, that if the less be 
divided by 4, and the greater by 6, the sum of the quotients 
will be 9. 

Here, if a; be put for the smaller part, the greater will be 
48 -a:. 

By the conditions of the problem ^.4.- — If =9. 

4 6 

Theref<»e ar= 1 2, the less. 

And . 48 -a?=36, the greater. 

196. Letters may be employed to express the known quan- 
tities in an equation, as well as the imknown. A particular 
value is assigned to the numbers, when they are introduced 
into the calculation : and at the close, the numbers are re- 
stored. (Art. 52.) 

Prob. 5. If to a certain number, 720 be added, and the 
sum be divided by 125 ; the quotient will be equal to 7391? 
divided by 462. What is that number? 

Let ar= the number required. 

a=720 (1=7392 

i=125 A=:462 

8 
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Then by the conditions of the problem fi?=- . 

b h 

Therefore ,_ hd-ah 

h 
P..t»HnctK....^w,-(125x'y392j-(720x462)_^,,, 

197. When the resolution of an equation brings out a 
negative answer, it shows that the value of the unknown 
quantity is contrary to the quantities which, in the statement 
of the question, are considered positive. See Negative Quan« 
tities. (Art. 54, &c.) 

Prob. 6. A merchant gains or loses, in a bargam, a certain 
sum. In a second bargain, he gains 350 dollars, and, in a 
third, loses 60. In the end he finds he has gained 200 dol- 
lars, by the three together. How much did he gain or lose 
bv the first ? 

In this example, as the profit and loss are opposite in their 
nature, th«y must be distinguished by contrary signs. (Art. 
57.) If the'profit is marked +, the loss must be- . 
Let a?= the sum required. 
Then according to the stattement a:-|-3^^* ^^=^00 

And ar=-.90 

The negative sign prefixed to the answer, shows that there 
was a loss in. the Curst bargain ; and therefore that the proper 
sign of ar is negative also. But this being determined by the 
answer, the om^sion of it in the course of the calculation 
can lead to no mistake. 

Prob. 7. A ship sails 4 degrees north, then 13 S. then 17 
N. then 19 S. and has finally 11 degrees of south latitude. 
What was her latitude at starting 1 
Let xz=: the latitude sought. 

Then marking the northings +> ^^^ the southings - ; 

By the statement a?+4 -13+17- 19=-11 

And ap=0. 

The answer here shows that the place fl*om which the ship 
started was on the equator, where tne latitude is nothing. 

Prob. 8. If a certain number is divided by 12, the quo- 
tient, dividend, and divisor, added together, will amount to 
64. What is the number 1 
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Let x=i the number sought. 
Then ^+ar+12=64. 

And x-^=48. 

13 

Prob. 9. An estate is divided among four children, in such 
a manner that 

The first hag 200 dollars more than } of the whole, 
The second has 340 dollars more than 4 of the whole, 
The third has 300 dollars more than ^ of the whole, 
The fourth has 400 dollars more than i of the wiiole, 
What is the value of the estate ] Ans. 4800 dollars. 

Prob. 10. What is that ntmaber which is as much less than 
600, as- a fifth part of it is greater than 40 1 Ans. 450. 

Prob. 11. There are two numbers whose difference is 40. 
and which are to each other as 6 to 5. What are the num- 
bers t Ans. 240 and 200. 

Prob. 12. Three persons, Ji, J5, and C, draw prizes in a 
lottery. A draws 200 doUans : B draws as much as A, to- 
gether wiUi a third of what C oraws ; and C draws as much 
as A and B both. What is the amount of the three prices 1 

Ans. 1200 dollars. 

Prob. 13. What number is that, which is to 12 increased 
by three times the number, as 2 to 9 1 Ans. 8. 

Prob. 14. A ship and a boat are descending a river at the 
same t ime. The ship passes a certain fort, when tjie boat is 
13 miles below. The ship descends five miles, while the 
boat descends three. At what distance below the fort will 
th^y be together 1 Ans. 32^ miles. 

Prob. 15. What number is that, a sixth part of which ex- 
ceeds an eighth part of it by 20 ] Ans. 480. 

Prob. 16. Divide a prize of 2000 dollars into two such 
parts, that one of them shall be to the other, as 9 : 7. 

Ans. The parts are 1125, and 875. 

Prob. 17. What sum of money is that, whose third part, 
fourth part, and fifth part, added together, amount to 94 doJ 
lars 1 Ans, 120 dollars. 
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Prob. 18. Two travellers, A and J9, 360 mfles apart, travel 
towards each other till they meet. A^s progress is 10 miles 
an hour, and B's 8. How far does each travel before they 
meet] . Ans. A goes 200 miles, and B 160. 

Prob. 19. A man spent one third of his life in England, 
one fourth of it in Scotland, and the remainder of it, vhich 
was 20 years, in the United States. To what age d«d he 
hve ] Ans. to the age of 48. 

Prob. 20. What number is that \ of which is greater than 
\ of it by 96 ] 

Prob. 21. A post is I in the earth, ? in the water and 13 
feet above the water. What is the length of the post % 

Ans. 35 feet. 

Prob. 22. What number is that, to which 10 being added, 
§ of the sum will be 66 ? 

Prob. 23. Of the trees m an orchard, I are apple trees, ^i 
pear trees, and the remainder peach trees, which are 20 
more than \ of the whole. What is the whole number in 

the orcha^rd ? Ans. 800. 

# 

Prob. 24. A gentleman boTight several gallons of wine for 
94 dollars; and after using 7 gallons himself, sold J- of the 
remainder for 20 dollars. How many gallons had he at first 1 

Ans. 47. 

Prob. 25. A and B have the same income. A contracts 
an annual debt amounting to ^ of it ; B lives upon | of it ; 
at the end of ten years, B lends to A enough to pay off his 
debts, and has 160 dollars to spare. What is the income of 
each ] Ans. 280 dollars. 

Prob. 26. A gentleman lived single \^ of his whole life ; 
and after having been married 5 years more than \ of his 
Hfe, he had a son who died 4 years before him, and who 
reached only half the age of his father. To what age did 
the father live 1 Ans. 84. 

Prob. 27. What number is that, of which if ^, i, and ? be 
added together the sum will be 73 ? Ans. 84. 

Prob. 28. A person after spending 100 dollars more than j 
of his income, had remaining 35 dollars more than | of it. 
Eeauired his income. 
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Prob. 29. In the composition of a quantity of gunpowder 
The nitre was 1 lbs. more than § of the whole. 
The sulphur 4^ lbs. less than ^ of the whole, 
The charcoal 2 lbs, less than ^ of the nitre* 

What was the amount of gunpowder 1 Ans. 69 lbs. 
Prob. 30. A cask which held 146 gallons,! was filled with 
a mixture of bmndy, wine, and water. There were 15 gal- 
loDs ot ^vine more than of brandy, an4 as much water as the 
brandy and wine togetlier. What quantity was there of 
cachi 

Prob. 81. Four persons purchased a farm in company for 
4755 dollars ; of which B paid three times as much as ^ ; 
C paid as much as Ji and B ; and D paid as much as C and 
B, What did each pay 1 Ans. 317, 951, 1268, 2219. 

Prob. 32. It is required to divide the number 99 into five 
such parts, that i\\e. first may exceed the second by 3, be fess 
than the third by 10, greater than the fourth by 9, and less 
than the fifth by 16. 

Let ar= the first part. 
Then ar- 3= the second, ar - 9= the fourth, 

jr4. 1 0= the third, x+\Q- the fifth. 

Therefore a;+a:- 3+a:+10+r ^ 9-f a?+16=99. 

And a:=17. 
Prob. 33. A father divided a small sum among four sons. 
The third had 9 shillings more than the fourth ; 
The second had 12 shillings more than the third ; 
The first had 18 shillings more than the second ; 
And the whole sum was 6 shillings more than 7 times th« 
sum which the youngest received. 
What was the sum divided ? Ans. 153. 

Prob. 34. A farmer had two flocks of sheep, each contain- 
ing the s£^me number. Having sold from one of these 39, 
and firom the other 93, he finds twice as many remaining in 
the one as in the other. How many did each flock originally 
contain % 

Prob. 35. An express, travelling at the rate of 60 miles a 
day, had been dispatched 5 days, when a second was sent 
after him, travellinff 75 miles a day. In what time will the 
one overtake the other 1 Ans. 20 days. 

Prob. 36. The age of Ji is double that of B, the age of B 
triple that of C, and the sum of all their ages 140. Wliat \m 
the age of each J 
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Prob. 37. Two pieces of cloth, of the same price by th« 
yard, but of different lengths, were bought, the one for five 
pounds, the other for 6^. If 10 be added to the length of 
e^ch, the sums will be as 5 to 6. Required the length of each 
piece. 

Prob. 38. .^^ind B began trade with equal sums of money. 
The first year, j3 gained forty pounds, and B lost 40. The 
second year, A lost \ of what he had at the end of the first, 
and B gained 40 poimds less than twice the sum which A 
had lost. B had then twice as much money as Jl, What 
sum did each begin with 1 Ains. 320 pounds. 

Prob. 39. What number is that, which being severally ad- 
ded to 36 and 52, will make the former sum to the latter, as 
3 to 41 

Prob. 40. A gentleman bought a chaise, horse, and har- 
ness, for 360 doUars. The horse cost twice as much as the 
harness ; and the chaise cost twice as much as the harness 
and horse together. What was the price of each ? 

Prob. 41. Out of a cask of vidne, fircMn which had leaked 
J part, 21 gallons were afterwards drawn ; when the cask was 
found to be half fidl. How much did it hold 1 

Prob. 42. A man has 6 sons, each of whom is 4 years older 
than his next younger brother ; and the eldest is three times 
as old as the youngest. What is the age of each 1 

Prob. 43. Divide the number 49 into two such parts, that 
the greater increased by 6, shall be to the less diminished by 
11, as 9 to 2. 

Prob. 44. What two numbers are as 2 to 3 ; to each of 
which, if 4 be added, the sums will be as 5 to 7 1 

Prob. 45. A person bought two casks of porter, one of 
which held just 3 times as much as the other ; from each of 
these he drew 4 gallons, and then found that there were 4 
times as many gallons remaining in the larger, as in the other. 
How many gallons were there ii; each 1 

Prob. 46. Divide the number 68 into two such parts, that 
the difiercnce between the greater and 84, shall be equal to 
8 times the difference between the less and 40. 

Prob. 47. Four places are situated in the order of the let* 
tens A. B, C. D. The distance from .5 to D is 34 miles. 
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The distance from .^ to JS is to the distance from C to /> as 
2 to 3. And i of the ^distance from Jl to B^ added to half 
the distance from C to D, is three times the distance from 
B to C. What are the respective distances 1 
Ans. From A to jB=12; from B to C=4; from C to D=18. 

Prob. 48. Divide the number 36 into S such parts, that* J 
of the first, ^ of the second, and \ of the third, shall be equal 
to each other. 

Prob, 49. A merchant supported himself 3 years, for SO 
pounds a year, and at the end of each year, added to thai 
part of his stock which was not thus expended, a sum equal 
to one third of this part. At the end of the third year, hi» 
original stock was doubled. What was that stock? 

Ans. 740 pounds. 

Prob. 50. A general having lost a battle, found that he 
had only half of his aimy-f 3600 men left -fit for action ; ^ of 
the army4-600 men being wounded ; and the rest, who were 
t of the whole, either slain, taken prisoners, or missing. Of 
how many men did liis anny consist 1 ' Ans. 24000. 

For the solution of many algebraic pi'oblems, an acquaint- 
ance with the calculations of powers and radical quantities is 
required. It will therefore be necessar}»^ to attend to these 
before finishing the subject of equatioi^s. 



SECTION VIII. 

INVOLUTION AND POWERS. 



Art. 198. WHEN a quantity is multiplied into IT 
SELF, the product is called a POWER. 

Thus 2 x2==4, the square or second power of 9 

2x2x2=8, the cube or third power. 
2x2x2x2=16, the fourth power, &c. 

So 10x10=100, the second power of 10. 

10x10x10=1000, the third power. 
10x10x10x10=10000, the fourth power, &c 
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And ax^»«==«<», the second power of a 

aXflXa=aaa, the third power. 
aX(^XfiXO'=(Ma(h the fourth power, &c. 

' l99. The original quantity itself though not, hke the pow- 
ers proceeding from it, produced by multiplication, is never- 
theless called the first power. It is also called the root of 
the other powers, because it is that from which they are all 
derived. 

200. As it is inconvenient, especially in the case of high 
powers, to write down all the letters or factors of which the 
powers are composed, an abridged method of notation is ge- 
nerally adopted. The root is written only once ; and then a 
number or fetter is placed at the right htod, and a little ele- 
vated, to signify how many times the root is employed as a 
^actOTy to produce the power. This number or letter is called 
the index or exponent of the power. Thus a^ is put for ax<» 
or aOy because the root o, is twice repeated as a factor, to 
produce the power aa. And a^ stands for aaa; for here a 
IS repeated three times as a factor. 

Tne index of the first power is 1 ; but this is. conunonly 
omitted. Thus a^ is the same as a. 

201. Exponents must not be confounded with coefficients. 
A co-efficient shows how often *a quantity is taken as a part 
of a whole. An exponent shows how often a quantity is 
taken as a factor in a product. 

Thus 40=0+0+0+0. But a^:=zaxaX(iXa. 

202. The scheme of notation by exponents has the pecu- 
liar advantage of enabling us to express an unknown power. 
For this purpose the index is a fetter, instead of a numerical 
figure. In the solution of a problem, a quanUty may occur, 
which we know to be some power of anotner quantity. But 
it may not be yel ascertained whether it is a square, a cube, 
or some higher power. Thus in the expression <f^ the index 
X denotes that a is involved to some power, though it does not 
determine what power. So 6"* and cf are powers of 6 and d ; 
and are read the mth power of 6, and the nth power of d. 
When the value of the index is found, a numher is generally 
substituted for the letter. Thus if m=3 then b'^z^iW ; but 
if m=5, them fc-til 

203. The method of expressing powers by exponents isf 
also of great advantage in the case of compound quantities. 
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Thus a+b+d\^ or a+b+d^ or (a+6-fd)% is {a+b+d)x 
(a+b+d) X (a+b+d) that is, the cube of (a+6+d). But 
tnis involved at length would be 
a^+2a^b+Sa'd+Sab^+eabd+Sad'+b^+Sb'd+Sbd^+d\ 

204. If we take a series* of powers whose indices increase 
or decrease by 1, we shall find that the powers themselves 
increase by a common multipliery or decrease by a common di- 
visor; and that this multiplier or divisor is the original quan- 
tity from which the powers are raised. 

Thus in the series aaaaa^ aaaa^ aaa, aa^ a ; 

Or . o* a* a^ a^ a' ; 

the indices counted from right to left are 1, 2, 3, 4, 5 ; and 
the common difierence between them is a unit. If we be- 
gin on the right and multiply by a, we produce the several 
powers, in succession, from right to left. 

Thus aXflt=^^ the second term. And a^x<»=flt^ 
a^ X<»=a^ the third term. a* x«=«% &c 

If we bci^n on the lefty and divide by a, 
We have a^'^a=a* And a^-7-a=a^ 

* 

205. But this division may be carried still farther ; and 

we shall then obtain a new set of quantities. 

Thus a-ha=?L=l. (Art.128.) L^a=L. (Art. 163.) 
a a aa 

l^a=L * ' i^a=J-,&c. 

a ad aaa 

The whole series then 

is aaaaa^ aaaa, (uza^ aa^ a, 1, _ , — , , &c. 

a aa aaa 

Or a% a^ a% a% «,!,-, ~„, -3, &c. 
a a^ a^ 

Here the quantities on the right of 1, are the redprooals of 
those on the left, (Art. 49.) The former, therefore, may be 
properly called reciprocal powers of a ; while the latter may 
be termed, for distinction's sake, direct powers of a. It may 
be added, that the powers on the left are also the reciprocals 
of those on the right. 

♦ Note. — ^The term series is applied to a number of quantities sucoeedine 
each other, in some regular order. It is not confined to any particular law (3 
increase or decrease. r* 
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Pot 1^=1x1=0. (Art. 162.) And l-f-l=a\ 

or I a* 

S06. The same plan of notation is applicable to compound 
quantities. Thus from a+6, we have the series, 

207. For the convenience of calculation, another form of 
notation is given to reciprocal powers. 

According to this, — or — =a~^ And — or --=:a~'. 
a a: aaa a' 

i or J^ =a-?. — or l=a-*, &c. 
oa (T aooa a^ 

And to make the indices a complete series, with 1 for the 

common difference, the term fL or 1, which is considered as 

a 

m 

ne power, is written o°. 
The powers both direct and reciprocal* then, 

Instead of aaaay aaoy aa, a, ?L, -, — , — , , &c. 

a a (M aaa aaaa 

Will be a\ a\ o^, a\ (f, a-\a'\ a'^ a"\ &c. 

Or . tf+^, u-^, a+«, a+S a% a"', a'^ a'^ a'\ &c. 

And the indices taken by themselves will be, 

+4,+3,+2,+ l,0,-l,-2,-3,-4, &c. 

208. The root of a power may be^^xpressed by more let- 
ters than one. 

Thus aax<ia9 or aa? is the second power of aa. 

And aaX<»«Xaa, or aa^ is the third power of aa^ &c. 

Hence a certain power of one quantity, may be a different 
power of another quantity. Thus a* is the second power of 
rt', and the fourth power of a. / 

209. All the powers of 1 aref the same. For IxljOr 
1X1X1, &c. is still 1. 



See Note -^ 
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HnronjTioN 

SIO. Involution is finding anypow«r of a quantity, by 
multiplying it into itself. The reason of the following gene- 
ral rule is manifest, from the nature of powers. 

Multiply the quantity into itself, till it is taken 
as a factor, as many times as there are units in the 
index of the power to which the quantity is to be 

RAISED. 

This rule comprehends all the instances which can occur 
in involution. But it will be proper to give an explanation 
of the maimer in which it is applied to particular cases. 

211. A single letter is involved, by giving it the index of 
the proposed power ; or by repeating it as many times, as there 
are units in that index. 

The 4th power of a, is a* or oocm. (Art, 198.) 

The 6th power of y, is y* or yyyj/yy. 

The nth power of ar, is of* or xxx, . . n times repeated. 

212. The method of involving a quantity which ccmsists 
of several factors^ depends on the principle, that the power of 
the product of several factors is equal to the product of their 
powers. 

Thus {ayy= a« y\ For by Art. 210 ; (ay)«= ay x ay. 

But ayxoy=oy^=^aayy=:(fy\ 

So {hmxy:szhmxxii^X^y^f'^==^^ 

And (arfy)*=arfyx<K^yXa^y«-«»>times2=a''rf"y". 

In finding the power of a {NX)duct, therefore, we may either 
involve the whole at once ; or we may involve each of the 
factors separately, and then multiply their several powers in- 
to each other. 

Ex. 1. The 4th power of %, is (%)*, or d*A*y\ 

2. The Sd power of 46, is (46)^ or 4'^, or 64i'. 

3. The nth power of 6arf, is (Gad)", or 6''a"d". 

4. The 3d power of 3mx2y, is (3mx2y)*, or 27m' xSy*. 

213. A compound quanffcy consisting of terms connected 
by -f and -, is involved by an actual multiplication of its 
icveral parts. Thus, 
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(a-f t)*=a+fc, the first power. 



{a+by=:cf+2ab+b\ the second power of (a+b.) 
a+b ^ 



+ a'b+2ab^+V 



(a+by=z(^+3a'b+aab^+b\ the third power. 
a+ b 



+ f^b+Sd^b^+Sab^'+b' 



(a+by=a'+4(^b+e(fb^+4ab''+b\ the 4th power, &c. 

2. The square of a -6, is a^-2a6+6^. 

3. The cube of a+h » o'+3a^+3a+l. 

4. The square of a+6+A, is d'+2ab+2ah+b''+2bh+lf 
6. Required the cube of a-|-2rf+3. 

6. Required the 4th power of t+2. 

7. Required the 6th power of ar-f-l- 

8. Required the 6th power of 1 -6. 

214. The squares of bmomial and residual quantities occur 
so frequently in algebraic processes, that it is important to 
make them familiar. 

I( we multiply a^h into itself, and also a -A, 

Wehaveo+A Anda-A 

a-f-A a-h 






a«4-2aA+A». (^-.2aA+Al 

Here it will be seen that, in ea^ case, the first and last 
terms are sciuares of a and h ; and that the middle term is 
twice the product of a into h. Hence the squares of bino- 
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mial and residual quantitiess without multiplying each of the 
terms separately, may be found, by the following proposition.* 

The square op a binomial, the terms op which are 

BOTH positive, is EQUAL TO THE SQUARE OF THE FIRST TERM 
-f-TWICE THE PRODUCT OF THE TWO TERMS, -}-THE SQUARE 
OF THE LAST TERM. 

And the square of a residual quantity, is equal to the 
square of the first term, - twice the product of the two terms, 
-|1 the square of the last icrm. 

Ex. 1. The square of 2a-f6, is 4a^+4a6+6^ 
^ The square of A-j-1, is ^=^+2^+1. 
8. The square of a6+crf, is a^fr^-j-2a6o<i-f c«if ,. 

4. The square of 6j/+3, is 36y»+362/+9. 

5. The square of 34 - A, is 9(P -^ 6dA-j-A«. 

6. The square of a - 1, is d^ - 2a+l 

For the method of finding the higher powers ot binomials, 
see one of the succeeding sections. 

2 15. 'For mariy purposes, it will be sufficient to express the 
powers of compounu quantities by txponerUs, without an actual 
multiplication. 

Thus ftfe square of a+b^ is a+b\\ or (a+t)«. Art. 203. 
The nth power of frc+S+x, is (ftc+S+a:)". 

. n cases of this kind, the vinculum must be drawn over aU 
the terms of which the compound quantity consists. . 

216. But if the root consists of several factors^ the vincu- 
lum which is used in expressing the power, may eithcK extend 
»ver the whole ; or may be applied to each of the factors 
separately, as convenience may require. 



Thus the square of a+^X^+^j is either 



=.« .3 -a 



a-{-bxc+d\ or a+b\ xc+d\ 

For, the first of these expressions is the square of the \)ro- 
duct of the two factors, and the last is the product of tneir 
squares. But one of these is equal to the other. (Art. 212.) 

The cube of axb+d, is {axb+dj% or (^x{b+dy. 

* £uclid'i Elements, Book II. pro|K 4 
9 
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SI 7. When a quantity whose power has been expressed bjr 
a vinculum 9ud an index, is afterwards involved hv an actual 
multifdication of the terras, it is saidlo be txpanM. 

Thus (a-}-6)% when expanded, becomes a*+2a44-6*. 
And (o+i+A)*, becomes a*+2a64-2afc+6«+26/^f A«. 

18. With respect to the sign which is to be prefixed to 
quantities involved, it is important to observe, that when thk 

ROOT IS POSITIVE, ALL ITS POWERS ARE POSITIVE ALSO ; BUT 
WHEN THE ROOT IS NEGATIVE, THE ODD POWERS ARE NEGA- 
TIVE, WHILt: THE EVEN POWERS ARE POSITIVE. 

For the proof of this, see Art. 109. 

■ ^ The 2d power of -a is+^i^ 
The 8d power is - o^ 
The 4th power is + a* 
The 5th power is - a*, &c. 

219. Hence any odd power has the same sign as its root. 
But an even power is positive, whether its root is positiye or 
negative. 

Thus+ax+a=a* 
And -ax -«=«*• 

220. A QUANTITY WHICH IS ALREADY A POWER, IS INVOLV^ 
CD BY MULTIPLYING |TS INDEX, INTO THE INDEX OF THE POW- 
ER TO WHICH IT IS TO BE RAISED. 

1. The Sd power of a*, is a» » •=«•. 

For cfzz^aa: and the cube of oa is aaxo^XM^aaaaaa^cf^ 
which is the 6th power of a, but the 8d power of a*. 

For the further illustration pf this rule, see Arts. 2S3, 4. 

2. The 4th power of a^b\ is a'^*6*^*=:a» « h\ 

3. The 3d power of 4 a% is 64 aV. 

4. The 4^h power of 2a'x3a;»rf, is lea^'xSla^d*. 
6. The 6th power of (a+i)', is {a+h) * •. 

6. The nth power of a\ is a'". 

7. The nth power erf (« - y)*, is (ar- y)*". 

8. ?+6«*=a*+2a»6»+6-. (Art. 214.) 

9' ?Xfr1* =a«x6*. 10. (a«6«A*)»=a»6W«. 
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S21. The rule is equally apjdicable to powers whose expo* 
nents are negatwe. 
Ex. 1. The Sa power of ar\ is ar^^=a^. 

For 0-*=—, (Art, 207.) And the 3d power of this is 
aa 

aa aa aa aaaada a' 
2. The 4th power of a'lr^ is cflr^^ or ^. 

S. The cube of 2a:Y^, is 8ar*y"*"- 

4. The square of i'ar^ is h^ar*. 

' 1 

5. The nth power of ar "•, is ar-*~*, or — . 

222. It must be observed here, as in Art. 218, that if the 
sign which is prefixed to the power be -, it must be changed 
to +> whenever the index becomes an even number. 

Ex. 1. The square of - a\ is +^*- For the square of 
- a\ is - a' X - «% which, according to the rules for the signs 
in multiplication, is +a'. 

2. But the cttieof -a* is-c^. For t-<^X -«*X --a^= -<^. 

3. The square of -af*, is +ar*". 

4. The nth power of - a*, is +^* 

Here the power will be positive or negative, according an 
the niunber which n represents is even or odd. 

223. A FRACTION is iicvolved by involving both 

THE NUMERATOR AND THE DENOMINATOR. 

1. The square of ? is —. For, by the rule for the multi<- 

h or 

pUcation of fractions, (Art. 155.) 

8* The 2d, 3d, and nth powers of 1, are hL and JL 

3. The cube of ?^, is ?^'. 

3y 27y» 

4. The nth power of ^is ^^ 
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5. The square of-«'X(rf+< j^ «'X(J+m)« 

6. The cube of Zfl, is ^■! (Art. 221.) 

224. Examples of Vxwmials^ in which one of the terms is 
a fraction. 

1. Find the square of a?4-i and a? -i, as in aft. 214. 

S. The square of a +?, is a'+i?-|-f, 
8. The square of a'+*, is a;'4.6ar4-*l 

4. Thesquareof^-A,ig^^?5?+*l. 
m mm* 



225. It has been shown, (Art. 165,) thai e^ JracHonal co-^ 
efficient may be transferred from the numerator to the de- 
nominator of a fraction, or from the denominator to the nu- 
merator. By recunin^ to the scheme of notation for recip- 
rocal powers, (Art. 207,) it will be seen that any factor may 
also be transferred, if the sign of its index be changed. 

9 

1. Thus, in the fraction — , we may transfer x from the 

y 

numerator to the denominator. 
Forf[r'=fx^=2xl=-^/ 

2. In the fraction ~ we may transfer y from the deno- 

by 
minator to the numerator. 

by* 6^y» 6^* b 
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^' X* ~«V' ay- -^ a * 

226. In the san^e manner, we may transfer a factor which 
has a positive index in the numerator, or a negative index in 
the d^ominator. 

ax^ a 
1. Thus ■T"=r"=r* For «• is the reciprocal of aT*, 

1 ox* n 

(Arts. 205, 207,) that is, s^= -zr* Therefore, -t-= r-rt^ 

^•6p- b • ^' xy^^l^' 

227. Hence the denominator of any fracticm may be en- 
tirely removed, or the numerator may be reduced to a umt, 
without altei:ing the value of the expression. 

I. Thus -rrsr-p, or oft . 
txr* 1 

a?*a-^ 1 
8- W=5= 6V^5=V^ ^' ^^'«^*^- 



ADDITION AND SUBTRACTION OP POWERa 

228. It is obvious that powers may be added, like other 
quantities, by writing them one after another teith their rigns. 
(Art. 69.) 

Thus the sum of a' and feS is a»+6^ 

And the sum of a«-6" and ft'-d*, is o«-6"+A«-*. 



The same powers of the same letters are like quantities; 
(Art. 45,) and their co-efficients may be added or subtracted, 
as in Arts. 72 and 74. 

Thus the sum of 2o' and Sa', is 5a'. 

It is as evident that twice the Square of a, and three times 
the square of a, are five times the square of a, as that twice 
# and three times a, are five times a. 

9» 
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To -3aY 36" , Say -5o%* 8(«+»)" 

Add -Zx'y' 66" -7ay 6oW ^(a+y)- 

Sum -6aY -4«V' '''(<H-y)" 

230. But powers of different letters and different poiiers (rf 
the same letter^ must be added by writing tnem down with 
their signs. 

The sum of a* and a* is a^-\-a\ 

It is evident that the square of a, and the cube of a, are 
neither twice the square of a, nor twice the cube of a; 
The sum of a'i" and 3aV, is a'i"-f^a*6«. 

231. Subtracticm of powers is to be performed in the same 
manner as addition, except that the signs of the subtrahend 
are to be changed according to Art. 82. 
From 2a* -36" 3A«t" a'f S( 



Sub. -6a* 46" 4A«i" a»fr 



,3A» 



5(a-A)* 
Diff. 8^ -fcW 8(a-A)« 



MULTIPUCATION OP POYHERS. 

232. Powers may be multiplied, like other quantities, by 
writing the factors one after another, either with, or without, 
the sign of multiplication between them. (Art. 93.) 

Thus the product of a' into 6*, is a'6*, or aaabb. 
Mult. x-^ h^b-^ Say dfc'a?-- a«6y 

Into a* a* -2a; 4by* ofbh/ 

Prod. oTx-^ -6a«xj/« a^byMh/ 

The product in tlie last' example, may be abridged, by 
bringing together the- letters which are repeated. 

It wiU then become aVt^ 

The reason of this will be evident, by recurring to the se- 
ries of powers in Art. 207, viz. 

a+*, a+^ a+^ a+\ a\ a'^ a-*, a-«, a"*, &c. 

Or, which is the same, 

aaaa, aaa, aa, a, 1, -, -. — , ^^. &c. 
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By comparing the several terms with each other, it will 
be seen that if any two or more of them be multiplied to- 
gether, their product will be a power whose eiqponent is the 
itim (rf the exponents of the factors. 

Thus a?Xo^=aax.aaa=zaaaaa=za?. 

Here 5, the exponent of the product, is equal to 2-|-8, the 
feiim of the exponents of the factors. 

go 0? Xa*=a'*+*. 

For a", is a taken for a factor as many times as there are 
tmits in n ; 

And o*^ is a taken ibr a factor as many times as there are 
units in m ; 

Therefore the product must be a taken for a factor as 
many times as there are utiits in both m and n. Hence, 

233. Powers of the same root uax be multiplied, 
bt adding their exponents. 

ThuB a»xa'=a^=a?. And ar^x«*X*=«*^'=a:". 
/ Mult 4a- 3^* ty o^ty (p+h-^yy 

Into 2a?" 2x^ 6^ a^bS/ b+h-y 

Prod. 8a** ty (fc+fc-y)fi 

Mult, a^+ar^+ay+y^ into«-y. Ans. «*-y*. 
Mult. 4xhf+Sxy-l into2a;^-a;. 
Mult. ix?+x- 5 into 2a;*+ar+l. 

234. The rule is equally applicable to powers whose expo*, 
nents are negative, 

1. Thus a-»xa""'=tt""". That is ix— =- ^ 



aa aaa aaaaa 

2. y-"xy-"'=y-"-"'. That is i.x4=~r 

jT y yy 

3. -a-*xa"'=-a""'. 4. a-'xa'=a'"^=a*. 

6. a"""Xa'"=a"'""". 6. y-'xy'=y"=l. 

* 

235. If a+b be multiplied into a - 6, the product will be 
if-6':<Art. 110,) that is 
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The product of the sum and difference of two 
quantities, is equal to the difference of theul 

SQUAJlEa, , 

This is another instance of the facility with which genera, 
truths are demonstrated in algebra. See Arts. 23 and 77. 

If the sum and difference of the squares be multiplied, 
the product will be equal to the difference of the fourth 
powers, &c. / * 

Thus (a-y)x(a+y)=a«-yl 



DIVISION OF POWERS. 

236. Powers may be divided, like other quantities, by re* 
jecting from the dividend a factor equal to the divisor ; or by 
placing the divisor under the dividend, in the form of a frac- 
tion. 

Thug the quotient of a'fc' divided by 6*, is a*. (Art. 116.) 

Divide 9cfy* 126V tfb+Say dx («-*+»)' 
By .' -3rf W a« (»-*+»)' 

Quot -3y* b+Sy* d 

The quotient of a' divided by a*, is ^ But this is equal 

to a'. For, in the series ^ 

a+^, a^\ 0+*, a+\ a^ a"', a-^ a-\ a-\ &c. 

if any term be divided by another, the index of the quotient 
will be equal to the difference between the inde^ of the divi- 
dend and that of the divisor. 

Thusa»^(^=?!!?5fl2=a«. And (r-f-a-=^=(r-". 

aaa a" 

Hence, 

237. A POWER MAT BE DIVIDED BY ANOTHER POWER OP 
THE SAME ROOT, BT SUBTRACTING THE INDEX OF THE DI- 
VISOR FROM THAT OF THE DIVIDEND. 
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Thus j/'-r-y'=y"=J/^ That is SJ^ =y* 

yy 

Anda-+»^(|=a'+'-^=a\ That is ^^"^tf'. i _ 

Anda;«-i.af=a^^=a!»=l. That is ^-1,' 

if' 

Divide y'"- V Sa*^" a^^^' l-C^'+v)"* -*wi^ 
By y" 6' 4a- ^a^^, ^ 3(trhy) 



V. 



Quot y* 2ar 4(H-y)" 

238. The rule is equauly appUcable to powers who^eteC* 
ponents are negative, ^ 

The quotient of cr* by a'^, is a"^. 

That is — 5.J- = -J_x— =-^^=— . 

oaaaa ' aaa aaaaa 1 aaoaa oa 

2. -ar-«^a?"^=-ar-^. That is * • ^ a;^ 1 



-^•^ »a:« .ic« 






3. K'^h-'=h^'=h\ That is A'^=A«x-=A*. 

h 1 

4. 6a»^2a-^=3a'^. 5. ha?^a=ba\ 

9. (6-Hr)"^(6+a:) = (6+a:r • 

The multiplication and division of powers, by adding and 
subtracting their indices, should be made very famiUar ; as 
thev have numerous and important applications, in the high- 
er branches of algebra. 

/^ 
EXAMPLES OP FRACTIONS CONTAINING POWER& 

239. In the section on fractions, the following examples 
were omitted for the sake of avoiding an anticipation of tho 
subject of powers. • 

1. Reduce -iL to lower terms. Ans. ~. 

3a' S 

For ^=5^=^. (Art. 145.) 
So" Saa S ^ ' 

2. Reduce _y to lower terms. Ans. tl or 2x. 
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8. Reduce ??5!±^ to lower terms. AB8.?2±f2L 
4. Reduce Q^-^^+ Hg to lower terms. 
Ans. - ^ 3fl4^ obtained by dividing eack term by %m^ 



.JandfZ; 



6. Reduce -- and — ^ to a common denominator. 



fl? Xa""* is a-', the first numerator. (Art. 146.) 
o^ Xa"' is a*= 1, the second numerator. 
o^ X'*'"* is a"*, the common denominator. 

The fractions reduced are therefore^— and JL. 

u"^ a-* 

6. Reduce — and — , to a common denominator 

oa^ a* 

Ans. 1^ and f?^ or |?^^ and * . (Art. 146.) 
ba^ So' 5a^ 5a^ 

7. Multiply ^\ into ^. Ans. ¥^=^. 

8. Multiply f^, into fLZ*. 

6* 3 

9. Multiply ti^, into ^. 

«' ar+a 

10. Multiply il into ^ and -^. 

11. Divide J^ by i. Ans. ?V= f . 

12. Divide5^by^z£l\ 

13. Divide *:X:I; by ?^it!' 

y jt 

14. Divide^-Zj.by^lhi. 
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SECTION II, 
EVOLUTION AM> RADICAL OUANTmES.* 



Art. 240. If a quantity is multiplied into itself, the pro- 
duct is a pcnoer. On the contrary, if a quantity is resolved 
into any number of equal factar9f each of these is a root of 
that quantity. • 

Thus b is the root of bbh; because bbb may be resolved 
into the three equal factors, 6, and 6, and b. 

In subtraction, a quantity is resolved into two parts. 

In division, a quantity is resolved into two factors. 

In evolution, a quantity is resolved into eqwd factors. 

241. A BOOT or a quantitt, then, is a factor, which 

MULTIPLIED INTO ITSELF A CERTAIN NUMBER OF TIMES, WILL 
PRODUCE THAT QUANTITY. 

The number of times the root must be Jtaken as a factor, 

lo produce the given quantity, is denoted by the name of the 

root. 

Thus 2 is the 4th root of 16; because 2x2x2x2=16, 

where two is taken four times as a factor, to produce 16. 
So o^ is the square root of cf ; for afx(^=a^. (Art. 2S8.) 
And (f is the cube root of of ; for (^x<^X(^=a^. 
And a is the 6th root of cf; for aXaX(iXaXaxa=a\ 
Powers and roots are correlative terms. If one quantity 

is a power of another, the latter is a root of the former. As 

6' is the cube of 6, b is the cube root of b\ 

242. There are two methods in use, for expressing the 
roots of quantities ; one by means of the radical sign \/, and 
the other by a fractional index. The latter is generally to 
be preferred ; but the former has its uses on particular occa- 
sions. 



* NewUm'f Arithmetic, Maclaurin, £menon, Euler, Savndtnoa^ wmi 
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When a root is expressed by the radical sign, thfe sign is 
placed over the given quantity, in this manner, A^a. 
Thus Jy/a is the 2d or square root of a. 

\/a is the 3d or cube root. 

\/a is the nth root. • 

And VH-y ^3 ^^^ **^ ^^^* ^^ ^M-y- 

243. The figure placed over the radical sign, denotes the 
number of factors into which the given quantity is resolved ; 
in other words, the puraber of times the root must be taken 
as a factor to produce tiie given quantity. 

So that \/aX\/^=^" . 

And V«XV«XV«=.<*- ♦ * 

And \/axV^--""**^™®^ =^^ 

The figure for the square root is commonly omitted ; \/a 
being put for \/a. Whenever, therefore, the radical sign is 
used without a figure, the square root is to be understood. 

244. When a figure or letter is prefixed to the radical sign, 
without any character between them, the two quantities are 
to be considered as multiplied together. 

Thus 2\/o, is 2xV^ ^^^^ is, 2 multiplied into the root of 
Of or, which is the same thing, twice the root of a. 

And x\^b, is a:X V^> ^^ ^ times the root of 6. 

When no co-efiicient is prefixed to the radical sign, 1 is 
always to be understood '; ^a being the same as 1 V^ ^^^^ 
is, once the root of a. 

245. The method of expressing roots by radical signs, has 
no very apparent connection with the other parts of the 
scheme of algebraic notation. But the plan of indicating 
them by fractional indicesy is derived directly fiom the iftode 
of expressing powers by integral indices. To explain this, 
let a^ be a given quantity. If the index be divided into any 
number of equal palrts, each of these will be the index of a 
root of a*. 

Thus the square root of a^ is a'. For, according to the 
definition, (Art. 241,) the square root of a® is a factor, which 
multiplied into itself will produce a*. But a* x «'=«*• (Art. 
233.) Therefore, a^ is the square root of a*. The index of 
the given quantity a®, is here divided into the two equal 
parts, 3 and 3. Of course, the quantity itself is resolved into 
the two equal factors, a^ and a^ 
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The cube root of a* is {f. For (i?Xfl?Xa*=»'- 

' Here the index is divided inta tiiree equal paxts^ and the 
quantity itself resolved into three equal factors. 

The square root otcfiaa^oc a. For «x«t=^. 

By extending the same plan of notation, fractional indiea 
we obtained. 

Thus, in taking the square root of a^ otm^ the index 1 is 

^vided into two equal parts, i and ^ ; and the root is or' 

On the same principle, 

The cube root of a, is ar=z\/a. 

The nth root, is a"=\/<*> &^« 

And the ath root of o+ar, is (a-[-«)"=V^^* 

246. In all these cases, the denominator of the fractional 
indeXy expresses the number of factors into which the given " 
quantity is resolved. 

So that a»xct Xa^=«- And A"Xa"....n times =a, 

247. It follows from this plan of notation, that 

aixa*=a^"*"^. For ai+i=a^ or a. 

a*Xa*Xa*=a"^+'+*=aS &c. 
where the multiplication is performed in the same manner 
as the multiplication of powers, (Art. 233,) tiiat is, by adding 
themdkes. 

248. Every root as well as every power of 1 is 1. ^Art. 
209.) For a root is a factor, which multiplied into itself will 
produce the given quantity. But no factor except 1 can pro- 
duce 1, by being multiplied into itself. ^ 

So that 1", 1, V^> V^> *^^* ^® ^ equal. 

249. Negative indices are used in the notation ot roote^ as 
well as of powers. See Art. 207. 

Thus-rcra-l -^szori — zscri' 
a^ a^ a- 

10 
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POWERS OF ROOTS. 



260. It has been shown in what maimer aaypawer or 
root may be 'expressed by means of an index. Tne index 
of a power is-a whole number. That of a root is a fraction 
whose numerator is,l. There is also another class of quan- 
tities which m^ be considered, either as powers of roots^ 
or roots of powers. 

Suppose a^ is multiplied into itself, so as to be repeated . 
three times as a factor. » ' ' 

The product a^+^+i or a* (Art. 247,) is evidently die 

cube of a*, that is, the cube of the square root of a. This 
fractional index denotes, therefore, a power of a root. The 
denominator expresses the root, and the numerator the power. 
The denominator shows into how many equal factors or roots 
the given quantity is resolved ; and the numerator shows how 
many of these roots are to be multiplied together. 

Thus or is the 4th power of the cube root of a. 

The denominator shows that a is resolved into the three 

factors or roots a , and a , and a^. And the numerator shows 
that four of these are to be multiplied together; which will 

produce the fourth power of a' ; that is, 

251. As a'^is a power of a root, so it is a root of a power. 
Let a be raised to the third power o^. The square root of 

this is a . For the root of a? is a quantity which multiplied 
int« itself will produce a\ 

JBut according to Art. 247, a*=a^Xa^X«^ ; and this 
multiplied into itself, (Art. 103,) is 

a* Xa^ Xa* Xa^ X«^ X« — a'. 
Therefore a* is the square root of the cube of a. 

In the same manner, it may be shown that o^ is the with 
power of the nth root of a; or the nth root of the with pow- 
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er : that is, a rt>ot of a power U equal to the same poioir of the 
$ame root. For instance, the fourth power <rf the cube root of 
n, is the same as the cube root of the fourth power of a* 

252. Roots, as well as powers, of the same letter, may be 
multiplied by adding^ their exponents. (Art. ?47.) It will be 
easy to see, that the same principle may be extended to pow- 
ers of roots, when the exponents have a common denonai- 
nator. 

Thus a^Xa*=a*+*=a*. 

. For the first numerator shows how often a^ is taken as afac 
tor to produce a'» (Ajt 250.) 

Ajid the. second numerator shows how often a^ istakenas 
a factor to produce a . 

The sum of the numerators therefore, shows how often the 
root must be taken, for the product (Art 103.) 

Or thus, a*=:a' Xa • 

Z, X X X 

And a^=a'x«^Xa'. 
Therefore a^ X o^= a' X » X o' X a X a^=(i^. 

253. The value of a quantity is not altered, by applymg 
to it a fractional index whose numerator and denominator 
are equal. 

Thus a=a*=a'=a". For the denominator shows that 
a is resolved into a certain number of factors ; and the nu- 

n 

|nerator shows that all these factors are included in a"^. 

Thus a*=a^X» X«% which is eoual to a. 

^ ^ ^ ^ ^ ^ 
And a»=a"Xa"X(3t"™*» times. 

On the other hand, when the numerator of a fractional 
index becomes equal to the denominator, the expression jnay 
be rendered more simple by rejecting the index, 

n 

Instead of a*, we may write a. 

254. The index of a power or root majr be excbanged| fo? 
tny other index of the same value. 

Instead of a , we mjiy put at 
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For in the latter tif these expreaedonfl, a is 8U]qpo0ed te be 
resolved into knee as many fieu^tore as in the former ; and th^ 
numerator shows that twice as many of these factors are to be 
multiplied together. So that the whole value is not altered 

3L A. A 

Thus srz=zx*=£', &c. that is, the square of the cube root 
is the same, as the fourth power of the sixth root, the sixth 
power of the ninth root, &c. 

So a*=ar=a*=a"ir. For the value of ea<?h erf these in- 
dices is 2. (Art. 135.) 

255, From the preceding article, it will be easily seen, 
that a fractional index may be expressed in dechnali, 

1. Thus or s=a^5 or o* • ' ; that is, the square root is equal to 
the 5th power of the tenth root. 

J. f g 

2. a*=a^^^"^, or rf**'; that is, the fourth root is equal to 
the 25th power of the 100th root 

3. a*=za''* 6. a^^a'-^ 

In many cases, however, the decimal can be only an ap' 
proximation to the true inde^ 

Thus a*=:tf •' nearly. ^r_.^o.8888« ^^^ nearly. 

In this manner, the approximation may be carried to any 
degree df exactness which is required. 

Thus o*=a*""«. a"^=a'-"*". 

These decimal indices form a very important class of num- 
bers, called logarithms. 

It is frequently convenient to vary the notation of powers 
of roots, by making use of a vinculum, or the radical sign \/. 
In doing this, we must keep in mind, that the power of a 
root is the same as the root of a power ; (Art. 251,) and also, 
that the denominator of a fractional exponent expresses a 
rootf and the numerator a power. (Art. 250.) 

Instead, therefore, of a% we may write (a')*, or (a*) t or 



EVOLUTION. 106 

The &8t of thes« three fonns denotcis the square of tlie 
cube root of o; and each of the two last, the cube root of tlio 
squcureof a* 

Soa^=(^l =a"p=^'i?. 

And (6ar)^=(6V)i=^76V; 

And5+^=5+^[i=»^^^ 

EVOLUTION. 

257. Evolution ia the opposite of involution. One is find- 
ing a power of a quantity, by multiplying it into itself. The 
other is finding a root^ by resolving a quantity into equal fac- 
tors. A quantity is resolved into any number of equal fac- 
tors, by dividing its index into as many equal parts ; (Art. 
245.) 

Evolution may be performed, then, by the following gen- 
eral rule; 

Divide the index op the quantity bt the number 

EXPRESSING the ROOT TO BE POUND. 

Or, place over the quantity the radical sign belonging to 
the required root. 

1. Thus the cube root of a? is a*. Fox a*xa*Xa*=z<f, 

Here 6, the index of the givfen quantity, is divided by 8, 
the nmnber expressing the cube root. 

2. The cube root of a or a\ is a* or j^a. 

For a^xa^XaK or \/axK/ax{/a=za. (Arts. 243, 246.) 

3. The 5th root of a6, is (ab) ^ or JS^oi. 
4 The n}h root of c? is a" or ^^. 

5. The 7th root of 2rf- ar, is {2d - a?) '''or ^2d-a:. 
6 The 5th root of a-a;|, is a-xf^ or ^oT-^f. 

7. The cube root of a^, is a*. (Art. 163.) 

8. The 4th root of a"* is a"^' 

9. The cube root of a^ is a*. 

10. The nth root of aT, is a?», 

10» 
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268. According to the rule just given, the cube root of the 
square root is found, by dividing the index | by 3, as in em- 
ample 7th. But instead of dividing by 3, we may mtib^pfy 
by i. For 1-5-3=1^= J xi- (Art. 162.) 

So l-f-n=:2xi Therefore the mth root of the nth 
m m n 

root of a 18 equal to a" *. 

_|i 



Thatis,a"l rra'^-'rrra^. ^ 

Here the two fractional indices are reduced to one by mul- 
tipUcation. 

It is sometimes necessary to reverse this process ; to resolve 
an index into two factors. 



Thus x^ =:x^^^ =a? I That is, the 8th root of x is equal 
to the square root of the 4th root. 






. mi* 



Soa+6| =a+6| =a+b\ 

It may be necessary to observe, that resolving the imdex 
into factors, is not the same as resolving the quantity into 
factors. The latter is effected, by dividing the index into 
parts. 

259. The rule in Art. 257, may be applied to every case 
in evolution. But when the quantity whose root is to be 
found, is composed of several jactors^ there will ftequently 
be an advantage in taking the root of each of the factors 
$q>arately. 

This is done upon the principle that the root of the product 
of several factors^ is equal to the product of their roots. 

Thus \^ab = \^a X \^b. For each member of the equation 

if involved, will give the same power. 
The square of \/ab is ah. (Art. 241.) 
Thesquare of V^XV^isV^XV^XV^X V*-(Art.l02.) 
ButyaxV'»='»- (Art. 241.) AndV*XV*=^- 
Therefore the square of V^XV^=V^XV^XV^XV' 

2=06, wliich is also the square of \/ah. 

On the same principle, {ahy =a"6". 



EVQLtJTION. 107 

WheUi thereffere, atjuantitv consists of several factors, we 
may either extract the root of the whde together; or we may 
ftod the root of the factors separately, and then ujultiply them 
into each other. 

Ex. 1. The cube root of «y, is eitli^ (xyy or ary . 

2. The 6th root of 3y, is 5^% or \/S x Vv- 

3. The 6th root of otA, is (abh)^, or ah^I^. 

4. The cube root of 86, ie (86)* or 26*. 

5. The nth root of rc^, is {(xf*y) " or xy"". 

260. The root op a fraction is equal to the root 

OP THE numerator DITIDED BY THE ROOT OP THE DENO- 
MINATOR. 

h i i 

1. Thus the square root of 5!=1.. For fLx— =i 

* 6* fr2 fci * 

2. So the nth root of ?iz^—. For — X— • •« times =1 

i 6* 6- 6* * 

3. The square root of -1, is J>^. 4. V ZT^TT^/ 

ay \/ay ^ ^^ 

261. For determining what sign to prefix to a root, it is 
important to observe, that 

An odd root op ant quantity has the same ^IQN AS 
THE quantity ITSELF. 

An even root op an affirmative quantity is am- 
biguous. 

An even root op a negative quantity is impossible. 

That the 3d, 5th, 7th, or any other odd root of a quantity 
must have the same sign as the quantity itself, is evident 
from Art. 219. 

262. But an even root of an affirmative quantity may be 
either affirmative or negative. For, the quantity may be 
produced from the one, as well as from the other. (Art. ^19.) 

Thus the square root of a' is +« or -a. 
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An even reot of an affinnative quantity k, therefin*e, said 
to be ambiguow^ and is marked with both + and -. 

Thus the square root of 36, is t\/^b. 

The 4th root of a?, is ±jxK 

The ambiguity does not exist, however, when, from the 
nature of the case, (m* a previous multiplication, it is known 
whether the power has actually been produced from a posi- 
tive or from a negative quantity. See Art. 299. 

263. But no even root of a negative quantity can be found* 
The square root of^cf is neither +a nor •-a. 
For -fax+«=+<3^. And -ax -a=z-{~a^ also. 
An even root of a negative quantity is, therefore, said to be 
impossible or imagmary. 

There are purposes to be answered, however, by applying 
the radical sign to negative quantities. The exjMression 
w-a is often to be found in algebraic processes. For, al- 
though we are unable to assign it a rank, among either po^- 
tive or negative quantities ; yet we know that when nmlti- 
plied into itself, its product is - a, because ^ - a is by notation 
a root of - 0, that is, a quantity which multiplied into itself 
produces -a. 

This may, at first view, seem to be an exception to the 
general rule that the product of two negatives is affirm- 
ative. But it is to be considered, that ^"^ is not itself a 
negative quantity, but the root of a negative quantity. 

The mark of subtraction here, must not be confounded 
with t hat w hich is prefixed to the radical sign. The expres- 
sion ^-a is »ot equivalent to -/y/a. The former is a root 
of - a ; but the latter is a root of -\-a : 

For -^ax -^/a=^aa=za. 

The root of - a, ho weve r, may be ambiguous. It may be 
either 4-\/ - «5 or -V - «• 

One of the uses of imaginary expressions is to indicate 
an impossible or absurd supposition in the statement of a 
probFem. Suppose it be required to divide the number 14 
into two such parts, that their product shall be 60. If one 
of the parts be «, the other will be 14 -;r. And by the sup- 
position, 

a?X(14-a?)=60, or 14x-a;'=60. 
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Thk reduced, l^ the rules in the fi^wiBg secticm, will 

give a?±=YJV^^- 

As the value of x is here found to contain an imaginary 
expression, we infer that there is an inconsistency in the 
statement of the p^oUem : that the number 14 eannot be 
divided into any two parts whose product shall be 60.* 

264. The methods of extracting the roots of compound 
quantities are to be considered in a: future section. But 
there is one class of these, the squares of Mnomial and re- 
sidual quantities, which it will be proper to attend to in this 

Elace. It has been shown (Art. 214,) that the square of a 
inomial quantity consists of three termSf two of which are 
complete powcFs, and the other is a double product of the 
roots of these powers. The square of a+i, for instance, is 

a'^2ab+b\ 
two terms of which, a' and b\ are complete powers, and 2ab 
is twice the product of a into 6, that is, the root of a* into the 
root of 6^. 

Whenever, therefore, we meet with a quantity of this de- 
scription, we may know that its i^quare* root is a binomial ; 
and this may be found, by taking the root of the two terms 
which are complete powers, and connecting them by the 
sign +. The other term disappears in the root. Thus, to 
find the square root of 

take the root of x^^ and the root of j/*, and connect them by 
the si^ +. The binomial root will then be a:+y. 

In a residual quantity, the double product has the sign - 
prefixed, instead of +. The square of a -6, for instance, is 
cl^^2ab+b\ (Art. 214.) And to obtain the root of a quantity 
of this description, we have only to take the roots of the two 
complete powers, and connect them by the sign -. Thus the 
square root of ar*-2a:y+J/* is ^"V- Hence, 

265. To EXTRACT A BINOMIAL.OR RESIDUAL SQtJARE ROOT, 
TAKE THE ROOTS OP THE TWO TERMS WHICH ARE COMPLETE 
POWERS, AND CONNECT THEM BY THE SIGN WHICH IS PREFIX 
ED TO TH£ OTHER TERM. 

Ex. 1 . To find the root of !t^+2x+l. 

The two terms which are complete powers are re* and 1 
The roots are x and 1. (Art. 248.) 
The binomial root is, therefore, x-]-!. 

♦ SeeNoteF.' 



110 JLLGEBRA* 

2. The8quftr6roQtofdl^-Sd^-f-l, i8«-l. {AxUtlA.) 

3. The square root <rf a'+o+J, is o+J. (Art. 224.) 

4. The square root of n^^-^o-f v, is o-f-f 

V b 

5. The square root of (^+ab'{'-7-y is o+F 

2ai i' ft 

6. The square root of <*'+'T'+^> is *H"V 

266. A ROOT WHOSE VALUE CANNOT BE EXACTDT EXPRESS- 
ED IN NUMBERS, IS CALLED A SURD. 

Thus ^2 is a surd, because the square root of 2 cannot be 
expressed in numbers, with perfect exactness. 
In decimals, it is 1.41421356 nearly. 

But though we are unable to assign the value of such a 
quantity when taken aiUme^ yet by miHtipIying it into itself ix 
by combining it with other quantities, we may produce ex- 
pressions whose value can be determined. There is, there- 
fore, a system of rules generally appropriated to surds. But 
as all quantities whatever, when under the same radical sign, 
or having the same index, may be treated in nearly the same 
manner ; it will be most convenient to consider them tcrge- 
ther, under the general name of Radical Quantities ; under- 
standing by this term, every quantity which is found under 
a radical sign, or which has a fractional index. 

267. Every quantity which is not a surd, is said to be 
rational. But for the purpose of distinguishing between ra- 
dicals and other quantities, the term rational will be applied, 
in this section, to those only which do not appear under a 
radical sign, and which have not a fractional index. 

REDUCTION OF RADICAL aUANTITIES. 

268. Before entering on the consideration of the rules for 
the addition, subtraction, multiplication and division of radi- 
cal quantities, it will be necessary to attend to the methods 
of reducing them from one form to another. 

Firstf to reduce a rational quantity to the form of a radi- 
cal; 

Raise the quantity to a power of the same name as 
the given root, and then apply the corresponding 
radical sign or index. 
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Ex. 1. Reduce a to the form of the nth root. 

The nth power of a is o^, (Art 811.) 

Over this, place the radical sign, and it becomes \/cr. 

It is thus reduced to the fonn of a radical quantity, with- 

n 

out any alteration of its value. For \/a*=a" =ra. 

2. Reduce 4 to the form of the cube xooU 

Ans. V64 or (64)* . 
S. Reduce Sa to the form of the 4th root. 
Ans. |/81a*. 

4. Reduce idb to the form of the square root 

Ans. (ia't*)"*. 

5. Reduce Sx^ - a? to the for m of the cube root. 

Ans. ^27xa^\\ See Art. 212. 

6. Reduce a* to the form of the cube root. 

The cube of a* is a*. (Art. 220.) 

± 

And the cube root of a* is ^a*=a*| . 

In cases of this kind, where a power is to be reduced to 
the form of the nth root, it must be raised to the nth power, 
not of the given letter, but of the pouoer of the letter. 

Thus in the example, a* is the cube, not of a, but of a*. 

7. Reduce a^b* to the form of the square root. 

8. Reduce a* to the form of the nth root 

269. Secondly y to reduce quantities which have different 
indices, to others of tlie same value having a common index ; 

1 . Reduce the indices to a common denominator. 

2. Involve each quantity to the power expressed by the 
numerator of its reduced index. 

3. Take the root denoted by. the common denominator. 

X X 

Ex. 1. Reduce a* and 6** to- a conmnon index. 

1st. The indices i and i reduced to a common denomina- 
tor, are ft and ft. (Art. 146.) 

2d. The quantities a and h involved to the powers express- 
ed by the two numerators, are a' and 6*. 
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Sd. The root dmoted by the common deocamnato is A* 

The answer, the®, is o^]^* aBd'Pj^. 
The two quantitieB are thu9- reduced to a ccmmion lodei^ 
without any aiteratiou in their values. 

For by Art. 2fi4, a*=a^, which by Art. 268, ^o^. 

And universally a" =c«r* 5=a* I*". 

2. Reduce a* wad^xj to a common index. 

The indices reduced to a common denominator are i 
and t- 

a 4 X X 

The quantities then, are or and (6ar) , or a'|*, and i***p 

3. Reduce a* and 6". Ans.a'*'^ and 6". 

4. Reduce ar" and y. Ans. aTl""" Andy"!"". 
6. Reduce 2* and 3*. Ans. 8* and 9^. 

6. Reduce (a-|-6)* and (af-y)'. Ans. a4-6 | and^r-y I • 

i A ± X 

7. Reduce or and 6*, 8. Reduce x^ and 5 . 

270. When it is required to reduce a quantity to a gken 
index ; 

Divide the index of the quantity by the given index, place 
the quotient over the quantity, and set the given index ovei 
the whole. 

This is merely resolving the original index into two factors, 
according to Art 268. 

Ex. 1. Reduce a^ to the index J. 

By Art. 162, i-^i=:ixf =*=i. 
This is the index to be placed over a, which then becomes 

X . . "ili 

a* ; and the given index set over this, makes it a^\ , the an- 
swer. 

a 

2. Reduce a* and x^ to the common index i. 
2-f.*i=2x3=6, the first index ) 

|-f-i=f X3=f, the second index ) 

J. 9 X 

Therefore {a*y and {x^) are the quantities required. 
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S. Reduce 4' aad 3^, to the common index ^. 

Answer, (4')*and (3*)* 

ttl. Thirdly f to r^uove a part of a root, from under tha 
radical sign ; 

If the quantity can be resolved into two factors, uuc d 
which is an exact power of the same name with the root ; 

riND THE ROOT OF THIS POWE&, AND PREFIX IT TO THE 
OTHER FACTOR, WITH THE RADICAL SIGN BETWEEN THEM. 

This rule is founded on the principle, that the root of the 
product of two factors is equal to the product of their roots. 
(Art. 259.) 

It will generally be best to resolve the radical quantity into 
such factors, that one of them shall be the greatest power 
which will divide the quantity without a remainder. If 
there is no exact power which wHl divide the quantity, the 
reduction cannot be made. 

Ex. 1. Remove a factor from \/8. 

The greatest square which will divide 8 is 4. 
We may then resolved into the factors 4 and 2. F<» 4x2=8. 

The root of this product is equal to the product of the roots 
of its factors ; that is, V^= V^X V^' 

But a/4=: 2. Instead of V^, therefore, we may substitute 
its equal 2. We then have 2 x V2 or 2/^/2. 

This is commonly called reducing a radical quantity to its 
most simple terms, out the learner may not perhaps at pne« 
perceive, that 2\/2 is a more sunple expression than \/8. 

2. Reduce V^ Ans* \/«*XV*=^XV^^^«- 

3. Reduce V^- Ans. V^x2=V9xV2fi=SV2. 

4. Reduce \/6Wi Ans V646^X V«=«V^- 

* /o'* «* /"*" 

6. Reduce V p^* Ans. e\/ cd' (Art. 260.) 

6. Reduce y^^crt, Ans. aJ^/by or 06". 

7. Reduce ((i»-a«6)*. Ans. a{a--b^. 

6. Reduce (540^6)*. Ans. Sa«(26)^. 

8. Reduce V^SflSc 10. Reduce X/cf-^^afV^, 

11 
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272. By a contrary process, the <:o-efficient of a radical 
quantity may be introduced under the radical sign. 

1. Thus, a;y6=»^rf*r 

Por a=:^flror a-, (Art. 253.) And ^erX\/*= V^ 

Here the co-efficient a is first raised to a power of the same 
name as the Radical part, and is then introduced as a factor 
under the radical sign. 

2. a(a?-6)*=(a*xi^)*=(a^«-a?i)* 

3. 2at(2ak»)*=(l6rt*6»)* 



a/ 5«c U ra'Vc U 



ADDITION AND SUBTRACTION OF RADICAL 
QUANTITIES. 

273. Radical quantities may be added like rational quan« 
titles, by writing them one after another with their signs. (Art. 

690 
Thus the sum of ^a and V*, is ^a+^b. 

And the sum of o^-A" andar -j/", is o» -/r+^^-J** 

But in many cases, several terms may be reduced to one, 
Sim in Arts. 72 and 74. 

The sum of 2^a and S\fa is 2/\^a-{-S\fa=:5^a. 
For it is evident that twice the root of a, and three timet 
the root of a, are five times the root of a. Hence, 

274. When the quantities to be added have the saine radi^ 
cal part, under the same radical sign or index ; add the ra* 
Hanoi partSf and to the sum annex the radical parts. 

If no rational quantity is prefixed to the radical sign^ 1 ur 
always to be understood. (Art. 244.) 

To 2^ay 6^a S{x+hf 66A* OA/THi 

Add J^ay -2V« 4(x+A)* 76A* y^T^ 

Sum SJ^/ay 7(ar+i)^ (a+y)X\/*^ 
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275. If tlwi radical parts are originally different, ihey may 
sometimes be made alike, by the reductions in the precedinsr 
articles. ^ ^ 

1. Add \/8 to V^O. Here the radical parts are not the 
fiame. But by the reduction in Art. 271, V8=2a/2, and 
V50=5V2. The sum then is 7V2. 

2. Add ^lU to V4&. Ans, 4A^b+24^b^6^b. 

S. Add ^a*xU)^/b*x. Aus.a^x+i\/x-{a+b^)xV* 

4. Add (36a»y)* to {25y)K Ans. (6a+5)xy*. 

5. Add Vl8ato3V2a. 

276. But if the radical parts, after reduction, are differeiA ' 
or have different exponents^ they cannot be united in the 

^samc term.; and must be added by writing them one after the 
other. 

The sum of&A^b and %^a, is 3V*+2V«* 

It is manifest that three times the root of ft, and t\vice the 
root of a, are neither five tiilies the root of 6, nor five timea 
the root of a, unless b and a are •iiuaL 

The sura of Xya and ^o, is l/Or^Xya. 

The square root of a, and the cube root of d, are neither 
twice the square root, nor twice the cube root of a. 

277. Subtractim of radical quantities is to be performed iu 
the same manner as addition, except that the sigjis in the sub- 
trahend are to be changed according to Art. 82. ' 

Prom A/ay 4\/^+i Sh* o(ar4-y) -a-» 

Sub. 3Vay S\/^i -5A^ b(x+y) .2a-^ 

Diff. - 2Vay 8A* ' «"i * 

^75 T*^ V50, subtract V8. Ans. 5V2 - 2V2=3V2. (Art 

From ^6 *y, subtract ^6y*. Ans. {b^y)xi/by. 
From \/x, subtract \/ar. 

MULTIPLICATION OP RADICAL QUANTITIES. 
278. Radical quantities may he multiplied, like alher 
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quantities, by writing the factors one after another, eithw 
with of without the sign of multiplication between them. 
(Art. 93.) 
Thus the {nroduct of \/a into \/^, is V^XV*^* 

The product of A^into y* is A'y . 

But it is often expedient to bring the factors under the 
same radical sign. This may be don^, if they are first re- 
duced* to a common index. 

Thus\/4:x^y=\/^* ^^^ ^^® '^^ ^^ ^^^ product of 
several factors is equal to the product of their roots. (Art. 
t69.) Hence, 

879. Quantities under the same radical sign or in- 
dex, MAY be multiplied TOGETHER LIKE RATIONAL QUAN- 
TITIES, THE PRODUCT BEING PLACED UNDER THE COMMON 
RADICAL SIGN OR INI>EX.* 

Multiply \/x into ^y, that i«, ar* into y'. 
The quantities reduced to the same index, (Art. 269.) art 
(ar*) , and (y') and their product is, (a?'t/')*=Jy/a:^y*. 



Mult. 
Into 




A/dx 


xi {b+hy x^ 




(a^x)^ ^ ^a";r")^" 


Prod. 


f^/a^'-m' 









Multiply i\/Sxb into ^2xb. Prod. \/16a:'t*=4ar6. 
In this manner the product of radical quantities often be- 
comes rcUianal 

Thus the product of \/2 into V18=y36=6. 

And the product of (a*y')*into (a'y)"*^=(o*y*)*=^. 

280. Roots op the same letter or quantity may bb 
multiplied, by adding their fractional exponents. 

The exponents, like all other fractions, must be reduced 
to a common denominator, before they can be miited in one 
term. (Art. 148.) 

* The case of an Unaghianf root of a negative quantity may bt contidUrtd 
Ml ttXoeption. (Art. 861) 
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Thus a* xa+=ai**=a***=a» 

The valuea of tlie roots are not altered, by reducing their 
indices to a common denominator. (ArU 254.) 

Therefore the first factor a*=za^} 
And the second a^:=ia } 

But a*:=a' Xa*Xa*. (Art. 250.) 
And a*=a*xa. 
The product therefore is a*Xa^X«*Xa^Xa*=a^ 

And in all instances of this nature, the common denomin* 
ator of the indices denotes a certain root ; and the sum (rf 
the numerators, shows bow often this is to be repeaidl as a 
factor to produce the required product. * 

Thus a"X«"'3:a**'x«'*=a"*'. 
Mult 3y* Jxa* (a+b)^ (a^y)- ^^* 
Into y* a^ , (a+b)^ («-»)" x^* 



.H 



Prod. Sy^ (a+bf ^^A 

The product of y* into y""* is y^-^^y^. 

The product of a" into a" % is a"~ "=d*=3l. 

And /"*Xa:*-"=^/-'^-*=:,o=l. 

Tlie product of (f into (r=za^X(^=a^. 

281. From the las^t example it will be seen, that powen 
and roots may be multiplied by a common rule. This is one 
of the many advantages derived from the notation by frac 
tional mdices. Any quantities whatever may be reduced to 
the fonn of radicals, (Art. 268,) and may then be subjected 
to the same modes of operation. ( 

Thu8y>xy*=y''*=y'^. ^ 

And «x*" =«^=«T-. jj^ 
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The pnxhict will become rational, whenever the numera* 
tor of tne index can be exactly divided by the denominator. 

Thu8 rfx« Xo =o^=tf*- 

And (a+6)*x (a+6) -*=(a+6)*=fl+6. / 

Anda'xa=o=a. 

282. When radical quantities which are reduced to the 
same index, have rational co-efficients, the rational 

PARTS MAT BE MULTIPLIED TOGETHER, AND THEIR PRO- 
DUCT PREFIXED TO THE PRODUCT OF THE RADICAL PARTS. 

1. Multiply a\^b into c^d. 

The product of the rational parts is ac. 
The product of the radical parts is /^bd. 
And the whole product is ac^bd. 
For oV* is axV*- {^^' ^^O And c\/di% cX\/d. 

By Art. 102, axV* i"^ cx^/d, is axV^XcXV^J <>' 
by changing the order of the factors, 

oxcxV*xV^=^xV53=«VS3' 

2. Multiply aa:»- into 6rf . 

When the radical parts are reduced to a common index, 

the factors become a{^y and b(6Py. 

The product then is ab{:fiPy. 

But in cases of this nature we may save the trouble of re- 
ducing to a common index, by multiplying as in Art. 278. 

Thus ao^ into 6rf* is aar-trf*. 

Mult. o(64-ar)* oyy* (ys/x ax"* xXji 

Into y(fr~^) fcv% *V* ^^ yK/^ 

Prod. ay{b^'-x')^ abA^x'=zabx ixy 



283. If the rational quantities, instead of being co^fficienti 
to the radical quantities, are connected with them by the 
agns -}- and - , eacli term in the multiplier must be multi- 
plied into each in the multiplicand, as in ArU 100. 
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Multiply a^^b 
Into c-fV^ 

The product of o-fVy into l-j-rVJ^is 

1. Multiply \/a into i>/6. Ans. J^a^6'. 

2. Multiply 5\/5 into SyS- Ans. SOVIO. 

5. Multiply 2V3 into 3^4. Ans. 6^432. 
4. Multiply yd into i^ot. Ans. f^a^^dF. 

6. Multiply ^^/l^ into v/^- Ans. /8^. 

6. Multiply a(a - a:)^ into (c - d) X (oar)*. 

Ans. (oc - od) X («*« - a«*) ■ . 

DIVISION OF RADICAL QUANTITIES. 

284. The division of radical quantities may be expressed, 
by writing the divisor under the dividend, in the form oi a 
fraction. 

Thus the quotient of l/a divided by \/6, is ^iZ?, 

\/6 

And (o+fc)* divided by {b+xf is (±±^ 

(6+a:)- 

In these instances, the radical sign or index is separately 
applied to the numerator and the denoniiiialor. Rut if the 
divisor and dividend are reduced to the same index or radical 
sign, this may be applied to the whole quotient. 

Thus ;ya-7-^6=5:^= r/-. For the root of a fraction 

is equal to tne root of the ntunerator divided by the root of 
the denominator. (Art. 260.) 
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Again, Sl/ah-^J^hszl^/a. For the product <rf this quoti^t 
into the divisor is equal to the dividend, that is, 

^aX^/^=\/a*. Hence, 
285. Quantities under the same iua>icAL sign or index 

MAT BE divided LIKE RATIONAL QUANTITIES, THE QUaTlENT 
BEING PLACED UNDER THE COMMON RADICAL SIGN OR INDEXr 

Divide («^«)* by y* 

These reduced to the same index are («y) * and (y*)*: 

And the quotient is («*)• =ap*^=ar. 
Divide V6^ V^*** K+ox)* {dKT (aV)* 
By V^ V'*p «* («*)* («y)^ 



Quot. V^«* l^4-«) —-• (ay)i. 



286. A ROOT IS DIVIDED BT ANOTHER ROOT OF THE 
SAME LETTER OR QUANTITY, BT SUBTRACTING THE INDEX 
OF THE DIVISOR FROM THAT OF THE DIVIDEND. 

Thus o^^a*=a^""*=ra*"*3sa*=a*. 

For a» =a*=:a*x» X» and this divided by a* is 

o^Xa'^va* i i i i 
A>* A«* ^g% xa =« =» • 

a* 
In the same manner, it may be ^hown that a^-i-^'^zs o* "" *. 

Divide (3a) ^ (or)* ^ (*+»)* (»y)* 

a* {ax)^ a* (6+y)- (rV)* 

Quot, (3a)i d^ (ry)"* 

Parsers and root* may be brought promiscuously together, 
and divided according to the same rule. See Art 28L 
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Thns a*'i'a^:=za*-i=::a*. For a*xa* =»«*=«'• 

287. When radical quantities which are reduced to the 
same index have rational co-efficients, the raTiohai 

PARTS MAT BE DIVIDED' SEPARATELY, AND THEIR QUOTIENl 
PREFIXED TO THE QUOTIENT OF THE RADICAL PARTS. 

Thus acybd-i-a/^hzrzcx^d. For this quotient multiplied 
into the divisor is equal to the dividend. 

Divide 24x^ay ISdky/bx 6y(a'ar*)" 16V32 6Vay 
By 6 A/a 2hj\/x , y{axy 8V4 VV 



4a;\/y 6(a'a:)" 6\/x 



Divide ab{x^)* by a {x)t 
These reduced to the same index are ab{x^b)* and o(ar')\ 

Tlie quotient then is 6(6)"^= (6»)^. (Art. 272.) 

To save the trouble of reducing to a common index, the 
division may be expressed in the fonn of a fraclioiu 

. The quotient will then be ^!*lf!^. 

a(x)* 

• /b* 

1. Divide 2\/bc by Sa/oc. Ans. | V ^' 

2. Divide 10\/108 by 5^4. Ans. 2|/27=:.-6. ' 
S. Divide 10V27 by 2^3. Ans. 15. 

4. Divide 8V108 by2V6. Ans. 12V2- 

5. Divide (a«6«ci')* by d\ Ans. {ab)t 

6. Divide (16a* - na*x)* by 2a. Ans. (4a- 3ar)* . 

INVOLUTION OP RADICAL QUANTITIES. 



9. Radical ^uantities^ like powers^ are involves 

BT multiplying THE INDEX OF THE ROOT INTO THE INDEX OP 
THE RE(^UIRED POWER. 
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!• The square of a^:=(^^^^(?. For a* xa'^=o». 
«. The cube of a*=a^^'=a* For o*xa*Xa*=A 

S. And universally, the nth power of a^ssa""^ =a . 
For the nth power of (r=a"'x«"'.-«-»<'U^®s,and thesum 

n 

©f the indices will then be m. 

4. The 5th power of or y% is a^y. Or, by reducing the 
roots to a common index, 

(«'y»)*X*=(«V)*. 

5. The cube of a'a^, is a"x" or (a*af)»«», 
*. The square of o^ar*, is a*ar\ 

The cube of a^ is a*^^=:a3 =a. 

X n 

And the nth power of a", is a«3=a. That is, 



A ROOT IS RAISED TO A POWER OP THE SAME NAMK, 
if REMOVING THE INDEX OR RADICAL SIGN. 

Thus ttie cube of lyb-^x^ is b^x. 

And the nth power of (a - y) ", is (a - y.) 

290. Wlien the radical quantities have rational co-efficierUB^ 
these must also be involved. 

1. The square of a\/ar, is a^Jy/x*. 
For aV*XaV^=^' V^'* 

X 1 

2. The nth power of a'^x'^^ is o** a?*. 



S. The square of a^x - y, is a' X (« - y-) 
4. The cube of Sa^y, is 27a'y. 

291. But if the radical quantities are connected with 
others by the signs -j- and -, they must be involved by a 
multiplication of the several temis, as in Ajt. 213. 
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Bz. 1. Required the squares of o-f-VV ^^^ f^-^^* 

aVy+y -aVy+y 



a»+2avy+y «'- 2aVy+y 

S. Required tRe cube of a - \/6. 
S. Required the cube of 2<^-\/^* 



292. It is unnecessary to give a separate rule for the evo* 
tutian of radical quantities^ that is, for finding the root of a 
.quantity which is already a root. The operation is tlie same 
as in other cases of evolution. The fractional index of the 
radical quantity is to be divided, by the number expressing 
the root to be found. Or, the radical sign belonging to the 
required root, may be placed over the given ((uantity. (Art. 
257.) If there are rational co-efficients, the roots of these 
must also be extracted. 

Thus, the Square root of a , is a' • =a*. 

The cube root of a{xyy, is a^{xyy. 

— • / ~ 
The nth root of a\/by, is V a\/by. 

293. It may be proper to observe, that dividing the JraC'- 
Hanoi index of a root is the same in effect, as mmU^b/ing the 
number which is placed over the radical sign. For this 
number corresponds with the denmninator of the fractional 
index ; and a fraction is divided, by rmMplying its denomi- 
nator 

Thus l/a=zaK V*=^* 

On the other hand, multiplying the fractional index ii 
equivalent to dhnding the numoer which is placed over the 
radical sign. 

Thus the square of )^a or a% is V^ or a* ^ =a«. 
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S93. 6. In algebraic calculations, we ha^e aotnedmes 
occasion to eeek for a factor, which multiplied into a given 
radical quantity, will render the product rtUional. In the 
case of a trnple radical, such a factor is easily found. For 
if the nth root of any quantity, be multiplied by the same 
root raised to a power whose index is n ^^ 1, the product will 
be the given quantity. 

Thnn \/xx\/^ OX X xa^*^ =«*=a?. 

JL i^l 

And (ar+y) X{x+y) " =s«4-y. 

SoVaxV^=^' And !^axV^=V^=^* 

And VaxV^=«> &<^- And (a+6)* X (•4-*)*=fl+** 

And («+y)*X(«+y)*««+j. 

293. c. A factor which will produce a Rational product, 
when multiplied into a bmomiai surd containing only the 
9auare rooi^ may be found by applying the principle, that 
the product of the sum and difference of two quantities, is 
equiu to the difference of their squares. (Art. 235.) The 
binomial itself, after the ^gn which connects the terme is 
changed from -f- to--> or fiom-to+i will be the factor 
required. 

Thus (Va+yi)x(V<»--V^)=V^-'^*'=^**> which 
is free from radicals. 

go(l+V2)X{l-V2)s=1^2r=-.l. 
And (3-2V2)x{H-^V2)=:l. 

When the compound aprd consists of mote than two termi^ 
It may be reduced, by successive multiplications, first to a 
hinoniial huicIj and then to a rational quantity. 

Thus (VlO- V2-V3) X(V10+V2+V3)=5-2V6* 

a binomial surd. 

^And (5'*2V6)X(S+2V6) = 1- 
Therefore (Vlt)-y2-V^) multiplied into (ylO+V2+ 

293. d. It IB sometimes desirable to clear from radical signs 
the numerator or denominator of a fraction. This may be 
effected, without altering the value of the fraction, if the 



» 
^ 
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mmerator and daiHmnaior be both mobifitied by a &»tor 
whidi will render either of Aatn lalionalj a» the ewe ffiay 
require. 

1. If both pftxts of the fraction ^be multiplied by \/«> 

it will become V^XV^^J^^ j^ which the fwmerator is a 

rational quantity. - , . ,. j u # 

Or if both parts^f the given fr^ctiontbemi^tipUed by V*» 

it will become ^^, in wMch the denominator is rational. 
J. The fraction—. — r^- ^ TA a±x ' 

8. The ftactioni^^=<y^-)*:^^=-J^ 

4. The fraction iL = -£LZ--—==J^^--rr' 
a:" a; X* " 

^^^ .A. .^ . r .,; . .. 

6_6x55_6, 



7. The fraction ^J-gJ-H" ^^^ 



8. The fraction ' ^ w. in/ ^\ 

«V6+2V2- 

9. Reduce — to a fraction having a rational denominator* 

10. Reduce ^^^^ to a fraction paving a rationail den^iA* 

a+^b 
inator. 

898. e. The arithmetical operation of ffn^gthe prejdnatc 
rriue of a fractional surd, may be shortened, by rendermg 
13 
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eitlMr the numerator or the deoominator ratibmL The rooC 
of a fraction is equal to the root of the numerator ^videdbgr 
the root of the denominator. (ArU 260.) 

Thus • /?=^. But this may be reduced to_- ? 

^V<»xyft'-\ (Art. 293. A) 
b 

The square root of!? is ^ or * or ^. 

Wlien the fraction is thrown into this form, the process of 
extracting the root arithmetically, will be confined either to 
the numerator, or to the denominator. 

Thus the square root of g^Vg^V^Xy?^^, 
7 V^ V^XV' ^ 

ExampU$ for pracHce. 

1. Find the 4th root of 81a«. 

2. Find the 6th root of (a-f6)-'. 

5. Find the nth root of (ar - y )*. 

4. Find the cube root of -12W«». > .^ / 
a. Find the square root of ^ — -• 

6. Find the 6th root of 5!5!i!!. ^v» '• 

243 /^ . .^ 

7. Fmd the square root <rf a;* - 6i»+96" - X' ^ 

8. Find the square root of a^~\^^^. * \. -t" V 

9. Reduce <uf to the form of the 6th root. : c . ^ ^ ^" v 
10. Reduce -Sy to the form of the cube root. — >'^ 7 ^*^ "/ 

il. Reduce c^ and a' to a common index. . V^ ^; . 

12. Reduce 4' and 5^ tp a common index. . ! 

IS. Reduce a* and 6* to the common index . 

14. Redice 2^ and 4* to the common index'. 
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^'^ 



u 



15. Remove a factor from V^94. 

16. Remove a factor from ^x^^e^a^. ^ ^ V - '^ 

17. Find the smn and difference of ^\6a*x and ^4t?k £^j^ 
1«. Find the sum and difference of ^1^ arid J^/3i . ^ 

19. Multiply 7^18 into 5\/4. /- ^ / ^ 

20. Muttiply 4+ev2 into 2 - V«- 4 ^ ^* " 

21. Multiply a(a+V<>)* into 6(a-V0** • 
^2. Multiply 2(i»+fe)* into 3(a+i)*. J . . 

28. Divide isv54 by 3V2. C . i 

24. Divide 4\/7l by 2\/T8. ^ ' / 

25. Divide V7 by V7. / > 

26. Divide 8V5T2 by 4V2- o^ / 

27. Find the cube of 17V2i. / / ' • " . , y 

28. Find the square of 5+>y/2.' i ' . 

29. Find the 4th power of iv6- ; ''\ / . 

80. Find the cube of V^-V*- X ^ ^ 

81. Find a factor which will in&Jce i^y rational j v' 

32. Find a factbr which will make ^5-yar rational. *s/S -f V / 

83 Reduce ^^ to a fraction having a rational numerator 

34. Reduce — ^ — -. to a fraction having a rational de- 
nominator. 
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SECTION X. 



REDCCmOJf OF EQUATIONS BYlNVOLUTiON 
AND EVOLUTION. 

Art. 294. IN an equatiooy the letter which expreeeea the 
unknown quantity is sometimes found ujider a radical sign. 
We may have y/t^a. 

To clear this of the radical sign, let each member of the 
equation be squared, that is, multiplied into itself. We dball 
then have 

Va?XV^=««- Or, (Art. 289,) jr=a*. 

The equality of the sides is not affected by this operation^ 
because each is only multiplied into itself, that is, equal quan- 
tities are multiplied into equal quantities. 

The same principle is applicable to any root whatever.— 
If %yx^a ; then x^cC", For by Art. 289, a root is raised to 
a power of the same name, by removing the index or radical 
sign. Hence, 

295. When the unknown quantity is under a RAnicAL 

SIGN, THE EQUATION IS REDUCED BY INVOLVING BOTH SIDES, 

to a power of the same name, as the root expressed by the 
radical sign. 

It will generally be expedient to make the necessary trans- 
positions, before involving the quantities ; so that all those 
which are not under the radical sign may stand on one ^ide 
of the equation. 

Eel. Reduce the equation ^x-^Asz^ 

Transposing +4 V*=^**4=6. 

Involving both sides ap=5*=25. 

' . Reduce the equation a4-\/x-fr=<l 

By transposition, %/x=iiJ^h - a 

By inY<^ution, x^ (^b - a)* 



Reduce the eiquatioii \/x+i=:4 

Invoiving ixrth sides, x+ 1 = 4*=64 

And «=63. 

ft«^uce ibe equatum 44-S V^ ^ ^ ^^+1 

Clet^nng of fraction^ 84-6V* " 4=13 
And ^ar-4a»#. 

Involving both sides^ x * 4=1^ 

And 9^H+4. 



5. Reduce the equation \/a*-4-V^ 



9+d 



yJ^p^T 



Multiplying by V^'+\/*> if+s^x^zS+d 

And Va:=S-fd-fl? 

Involving both sides, «=b (3-HI - a*)*. 

In the fi rst step i n this example, multiplying the first mem- 
ber into \/^+V*> ^^^^ ^s, into itself, is the same as squar- 
ing it, wliich is done by taking away its radical sign. The 
otner menjber bein^ a fraction, is multiplied into a quantity 
equal to its denommator, by cancelling the denominator. 
(Art. 159.) There remains a radical sign over a:, which 
must be removed by involving both sides of the equation. 

6. Reduce 3+2 y^? - ♦= $. Ans. «= W- 

7. Reduce 4^-=8. Ans. ar=:20. 

8. Reduce (24:4.S)*+4=7. Ans. ar=l«. 

9. Reduce ^\2+x=2+yx, Ans. ;r=4. 

25a 

la Reduce \/a:-a=V^"iV* Ans. ^^-—^ ^ 

16 

11. Reduce \/^XV^+*=*+\/^^* Ans. «=IL. ^ 

18. Reduce iZff=V* * Ans. «=_L. V 

i\/x X 1 -a 

18. Eedoce VH:5?= V^t?. Ans. .=4. 

IS* 
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14 Reduce V«4- Va+x= ■> Am. xc?^ v 

Va+x 

2<f 

16. Reduce g4Va*+ap*=-- : n i - Ans. x=:aV^ "n^ 

-5 — * **-i^ 

16. Reduce «4.a=\/»+*VA*+a;''* Ans.apsr — j^. - 

17. Reduce \/2+x+\/x= - . Ans. «=|. 

18. Reduce Va:-32=16 - V«- Ans. af=91. 

19. Reduce V4x+f7==2V«+l- Ans. «=:16. 

REDUCTION OF EQUATIONS BY EVOLUTION- 

296. In many equations, the letter which expresses the 
unknown quantity is involved to some power. Thus in the 
equation 

we have the value of the square of a?, but not of x itself. K 
the square root of both sides be extracted, we shall have 

a:=4. 
The equality of the members is not affected by this reduc- 
tion. For if two quantities or sets of quantities are equal, 
their roots are also equal. 

If {x+ay=ib+hj thenac-|-a=Jy/6+A. Hence, 

297. When the expression containing the unknown 
qvantity is a power, the equation is reduced by ex- 
TRACTING THE ROOT OF BOTH SIDES, a root of the same n^^e 
as the power. 

Ex.1. Reduce the equation 6-|-a;'-8=:7 

By transposition x^=r.7 -f-8 -6=9 

By evolution a?=i\/9=±3. 

The signs + and - are both placed before \/9, becapse- 
an even root of an affirmative quantity is ambiguous. (Art* 
261.) 
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S. Reduce the equation 5a^* 30=4^-4-34 

Trausposingi &c. o^'^ld 

By evolution, a?=±4. 

3. Reduce the equation^ a-fl.= A- ^ 

6 a 

Clearing of fracUons, &c. ^J^Jhz^ 

By evolution, ^^+/6d/i-a6rf\i 

4. Reduce the equation, 04.^= 10 - 1^ 
Transposing, &c. af = 

By evolution, x=r /l^Hf j • 

298. From the preceding articles, it will be easy to see in 
what manner an equation is to be reduced, when the ex* 
pression containing llie unknown tjuantity is a power, and at 
the same time under a radical sign ; that is, when it is a root 
of a power. Both involution and evolution will be necessary 
in tnis case. 

Ex. 1. Reduce the equation \/:?^^. 

By involution a;^=4*=64 

By evolution ar=J:\/64=±8. 

2. Reduce the equation t^'tx^ - a^zh^-d 

By involution aT - a=h? - 2M+<P 

And a:"=A«-2W+rf'-fa 

By evolution «== V^'- 2hd+d^+a. 

8. Reduce the equation (ar-|-a)' = -.?P" — 



(*-«)* 



Multiplying by (ar-a)* (Art. 279.) (a;'-.a«)i=a+6 
By involution x^ - a^=a*+2a64-6' 

Trans, and uniting terms x^=^^+2ab'\-b* 

By evolution »= (2a''^2ab+b*)K 



Prob. 1. A gentleman being asked bin age^ replkd, **If 
you add to it ten years, and extract the square root of the 
sum, and from this root subtract 2, the remainder will be 6.*^ 
What was his age 1 

By the conditions of the problem /\/*+*^ - 2=6 

By transposition, VH-^=6+*=8 
By involution, a;4-10=:8*=64. 

And c=64- 10=54. 



Proof (Art 194.) ^54+10 ^t=f. 

Prob. 2. If to a certain number 22577 be added, and the 
square root of the sum be extracted, and from this 16S be 
subtracted, the remainder will be 237. What is the num- 
ber? 

Let x=z the number sought. 6=163 

a=22577 c=237. 

By the conditions proposed ^x+a - 6=c 

By transposition, ^x+asszc+b 

By involution, «-|-^= (^+^)* 

And a:=(c+6)«-a 

Restoring the numbers, (Art 52.) ar = (237+ 1 63) « - 22677 
That is ar= 160000 - 22577= 137423. 

Proof V1S7425+22577 - 163=237. 

299. ' When an equation is reduced by extracting an even 
root of a quantity, the solution does not detennine whether 
the answer is positive or negative. (Art 297.) But what 
is thus left ambiguous by the algebraic process, is frequently 
settled by the statement of the problem. 

Prob. 3. A merchant gains in trade a sum, to which 320 
dollars bears the same proportion as five times this sum does 
to 2500. What is the amount gained 1 

Let fl;=the sum required. 
a=320. 
*=2500. 



EQUATION. 18$ 

By the supposition a :.«,r: 5<r : & 

Multiplying the extremes and means da:^ 2=906 

Restoring the numbers, ^=(?!2><£^)*=400. 

Here the answer is not marked as ambiguous, because by 
the statement of the problem it is gam, and not loss. It 
must therefore be positive. This might be determined, in 
the present instance, even from the algebraic process. 
Whenever the root of x' is ambiguous, it is because we are 
i^orant whether the power has been produced by the mul- 
tiplication of -|-x, or of-ar, into itself. (Art. 262.) But 
here we have the multiplication actually performed. By 
turning back to the two first steps of the equation, we find 
diat 5x* was produced by multiplying 5x into a;, that is -{-5a: 
into +«. 

Prob. 4. The distance to a certain place is such, that if 
96 be subtracted from the square of the number of miles, the 
remainder will be 48. What is the distance t 

Let x= the distance required. 
By the supposition x' - 96 =48 

Therefore ar=Vl44=12. 

Prbb. 6. If three times the S(}uare of a certain number be 
divided by four, and if the quotient be diminished by 12, the 
remainder will be 180. What is the number? 

By the supposition zZ - 12=180. 

4 

Therefore «=V^56=:16. 

Prbb. 6. What number is that, the fourth part of whose 
square being subtracted from 8, leaves a remamder equal ta 
four 1 Ans. 4. 

Prob. 7. What two numbers are those, whose sum is to the 
greater as 10 to 7 ; and whose sum multiplied into the lesf 
produces 270 1 : : ^ 

Let 10*= their sum. 
Then 7^= the greater, and Sj^='the less. 
Therefore ar=3, and the numbers required are SI and 9 
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Prbb. 8. What two numbers are those, whose difibrence is 
to the greater as 2 : d, aad the difference of whose squares 
is 128? Ans.l8andl4. 

Prob. 9. It is required to divide the number 18 into two 
such parts, that the squares of those parts may be to each 
other as 25 to 16. 

Let 0?= the greater part Theti 18 - jp=the less. 

By the condition proposed . «■ : (18 - x)' : : 25 : 16. 

Therefore 16a!*=25x(18-ar)*. ^ 
* By evolution 4x=5x(18-ar.) 

And x=z\0. 

Prob. 10. It is required to divide the number 14 into two 
such parts, that the quotient of the greater divided by the 
less, may be to the quotient of the less divided by tte greater, 
as 16 : 9. Ans. The parts are 8 and 6. 

Prob. 11, What two niunbers are as 5 to 4, the sum of 
ivhose cubes is 5103 ? 

Let 5x and 4a:=the two numbers. 

Then a;=3, and the numbers are 15 and 12. 

Prob. 12. Two travellers ^ and B set out to meet each 
other, ^ leaving the jown C, at the same time that B left D. 
They travelled the direct road between Cand D; and on 
meeting, it appeared that *3 had travelled 18 mile» more 
than S, and that j3 could have gone B*& distance in 15? days, 
but B would have been 28 days in going •4's distance. Re- 
quired the distance between C and D. 

Let a:=the number of miles ^ travelled. 

Then » - 1 8 = the number B travelled. * 

«— IS 

— — =w2*s daily progress. 

^=jB's daily progress, 
28 

Therefore a? : a?- 18 : : ^-*4; £.. 
15} 28 

This reduced gives aF=c72, •fl*s distance. 

The w|^le distancej tberefore^frgm C to D=126 mile(k. 
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, Prob. IS. Find twb numbers which are to each other as 8 
to 5, and whose product is 360. Ans: 24 and 15. 

Prob. 14. A gentleman bought two pieces of silk, v/hich 
together measured 36 yards. Each of thefh cost as many 
shillings by the yard, as there wer^ yards in tlie piece, and 
their whole prices were as 4 to 1. What were the lengths 
of the pieces ? Ans. 24 and 12 yards. 

Prob. 15. Find two numbers which are to each other as 
S to 2 ; and the difference of whose fourth p'jwers is to the 
sum of their cubes, as 26 to 7. 

Ans. The numbers cure 6 and 4. 

Prob. 16. Several gentlemen made an excursion, each 
taking tljie same sum of money. Each had as many sei-vants 
attending him as there were gentlemen ; the number of dol- 
lars which each had was double the number of all the ser- 
vants, and the whole sum of money taken out was 3456 dol- 
lars. How many gentlemen were there! Ans. 12. 

Prob. 17. A detachment of soldiers from a regiment being 
ordered to march on a particular service, each company fur- 
niahed four times as many men a^^ th^e wer^. companies, in 
the whole regiment ; but th^se being found insufficient, each 
company furnished three men more ; when their number was 
found to be increased in the ratib of 17 to 16. How many 
eompanies were there in the regiment 1 Ans* 12; 

AFFECT^ED QUADRATIC EQUATIONS. 

300. Equations ^re divided, into classes, which are distin- 
guished from each other by the power of the letter that ex- 
presses the uni^nown quantity. Those which; oootain only 
the first power of the unknown quantity are caUed equations 
of one dimemumy or.equati(msof ^the first degree. ■. .Those in 
which the higher power of the unkno^^n quaic^ity is a square, 
are called quadratic, or equations of the? se(md degree ; 
those in which the highest power is a cube, eouations of the 
Mrd degree, &o. 

Thus x=s4-|-6^ is an equationof the first degree. 

or^^c, and ix^-\-ax=d, are quoAratk equationsi or 
equations of the second degree. 

s?z=ih, and tf-^-ai^J^hx^Ld, are cubic equations^ or 
nations of the third degree^ 
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SOI. Equations, are also divided into pmt and affdrtei 
equations. A pure equation contains only one power of the 
unknown quantity. This may be the first, second, third, or 
any other power. An affected equation contains dij[ereiit 
poioers of the tinknown quantity. Thus, 

Ss^=d - &, is a pure quadratic equation. 
J!^'^'bx =(2, an ei£kcted quadratic equaUcMi. 
C a?^=6 - c, a pure cubic equation. 
( x'-f-<wf*+fra?=^ an affected cubic equation. 

A pure equation is also called a timpk eqiiatton. But this 
tenn has been a^^lied in too vague a manner. By some 
writers, it is extended ^to pure equations of every degree ; by 
others, it is confined to those of the first degree. 

In a pure equation, all the terms which contain the un* 
known quantity may he united in one, (Art. 185,) and the 
equation, however complicated in other respects, may be re- 
duced by the rules which have aheady been given. But in 
an affected equation, as the unknown quantity is raised to dtf* 
ferent potoersy the terms containing these pov^^rs cannot be 
united^ (Art. 230.) There are particular rules for the reduo 
tion of quadratic, cubic, and biquadratic equations. Of tfaese, 
only the first will be considered at present. 

302. A^ AjrPEcrsD quapratic equation i^ on£ which 
GOirrAiNs THE unknown quantity iif one tebM) and tios 

SQUARE OF that QUANTITY IN ANOTHER TERM. 

The u^kriQiyn quantify may be originaUy in wevefol terms 
of the equation. But .all these may be reduced to two, one 
containing the unknown 4i^dntily, and the othei' its square. 

803. It has »lreadybeen d^own that a ^tire quadratic is 
solved by esjtraetmg the ro(^ of both eides of ike equoHon. An 
(1^66'ted quadratic may be solved in the same way, if the 
member which contains the unknowni quantity is bji exact 
square. Thus the equation 

may be reduced by evolution. For the firdt member is the 
square <^ a bmynml quantityi (Art. 264.) And its root is 
»+ii* Tl^eretoce, 

a:-|-a= V^+^ ^^^ ^ transposing Oy 
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804. But it in not often the case, that ft mmnber of an af^ 
fected quadratic equation is an exact square, till an addi^ 
tional term is applied, for the purpose of making the required 
reduction. In the equation 

the side eontakung the unknown quantity is not a complete 
square. The two t^ms of' which it as composed are indeed 
such as might belolig to the square of a binomial quantity. 
(Art. 214.) But one term is vmrUing. We have then to in- 
quiroi in what way this may be supplied* Frmn having tu>o 
terms of the square of a Unomiai given, how shall we find 
tbidthkif 

Of the three terms, two are comfdete powers, and the 
other is twice the product oi the roots of these powers; (Art. 
SI 4,) or which is the same thipg, the product <^ one oi the 
roots into twice the other. In the expression 

«»-{-2ctr, 

the term 2aa; consists ot the factors 2a and ar. The latter is 
the unknown quantity. The other factor 2a may be consid- 
ered the co-effikent of the unknown quantity ; a co-efSeieni 
being another name for a factor. (Art. 41.) As jt is the 
root of the first term «* ; the other factor 2a is twice the root 
pf the third term, which is wanted to complete the square. 
Therefore half 2a is the root of the deficient term, and a* is 
the term itself. The square completed is 

a^-{^2ax+a\ 

where it will be seen that the last term a' is the square of 
half 2a, and 2a is the co-efficient of or, the root of tne first 
term. 

In the same manner, it may be proved, that the last term 
of the square of any binomial quantity, is equal to the square 
of half the co-efficient of the root of the first term. From 
this principle is derived the following rule : 

S05. To COMPLETE THE SQUARE in an affected quadratic 
equation : take the square of half the co-effioibAt op 

THE FIRST POWER OF THE UNKNOWN QUANTITY, AND ADD IT 
TO BOTH SIDES OF THE EQUATION. 

Before completing the square, the known and unknowm 
quantities must be brought on opposite sides of the equation 

13 



1 
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by Cranspotttioit ; and the highest power of the nnknotnt 
auantity muflt liave the afltrmative sign, and be cleared of 
fractione, co-efficients, &c. See Arts. SOS, 9, 10, 1 K 

^fier tlie 8(|uare is completed, (he equation is reduced, by 
extracting the square root of both sides, and transposing the 
known part of the binomial root. (Art. 303.) 

The quantity which is added to one side of the equation, 
Co complete the square, must be added to the other side abiv 
to preserve the equality of the two members. (Ax. 1.) 

306. It will be important for the learner to distinguish be* 
tween what is peculiar in the reduction of quadratic equa* 
tions, and what is common to this and the other kinds which 
have already been considered. The peculiar part, in the 
resolution of affected quadratics, is the ctmjdBtin^ nf ike 
ifttore. The other steps are similar to those by which pure 
equations are reduced. 

For the purpose of rendering the completing of the square 
ftuniliar, there will be an advantage in beginning with exam- 
fries in which the equation is aheady prepared for this step. 

Ex. 1. Reduce the equation a^-^Sax^b 

Completing the square, a?-j-^'*^+9^=9^+* 



Extracting both sides (Art 303.) x+Sa^1y\/9(f+b 

And t=z ^-S(Xt^/9^+f. 

Here the co-efficient of of, in the first step, is 6a ; 

The square of half this is 9a', which being added to both 
sides completes the square. The equation is then reduced 
by extracting the root of each member, in the same manner 
as in Art. i9ty excepting that the square here being that of 
a bmomaly its root is found by the rule in Art. £65. 

S« Reduce the equation s^ - 8bx^h 

Completing the square, a» - 8*ar-f 1 W^= 1 SV+h 

Extracting both sides x - 46 =±\A6^^H^ 

And «=46iVl6PIfX 

tn this example, half the co-efficient of x is 46, the square 
ift which 166^ b to be added to both sides of the equation* 
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3. Reduce the equation j^^-ovci-f &. 

Completing the square, «*-J-aa?-{— =~+6+A 

4 4 

Byevcdiuion «+|=±/^V*+a)* 

4; Reduce the equation r^ - a;= A •* ({ 

Completing the square, a? - 3?+ J = 4+ A - d 

And a::=i±(J+A-rf)*. 

Here thc^co-efficient of a? is 1, tlie square of half which is |J 

5. . Reduce ^he equation «*-f Sar=rf-f6 

Completing the square, a:'+3a:+f 5=|-fd4-6 
And «=-*i(f+rf+6)*. 

6. Reduce the equation a;*-a6x=a6-€d 

Completing tlie square, a;*- odar-f—rs-L-f-ofr-cd 

4 4 

And «=r^(«^+a6 -«/)*. 

7. Reduce tlie equation a:*+f!f =si 
Completing thestiuare, a^+^+^'^^^^^+A 
And «=-±if!^4.A\*. 

By Art. 158, f^="x«. The co-effieient of «, therefore, 



IS J. Half of this i> " (Art. ICS.) the square of which is 
9 
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& Reduce the equation d^-f=A7A» 

CoropletiAg the square, x* - ?+— =—- -+''*• 

Here the fraction f='x». (Art. 158.) ThcrefcH-e the 



co-efficient of x is !• 
b 

307.^ In these and similar instances, the root of the third 
term of the c<»npleted square is easily found, because this 
root is the same half co-efficient from which the term has 
just been derived. (Art. 804.) Thus in the last example, 

half the co-efficient of « is J., and this is the root iji the 

third term — ^ 

808. When the first power of the unknown quantity is in 
several termsy these should be united in one, if they can be 
by the rules for reduction in addition. But if there are /i^- 
ral co-efficients, these may be considered as constituting, to- 
gether, a compound co-efficient or factor, into which the un- 
known quantity is multiplied. 

Thus ax+bx-j'dx=:{a+b+d)xa!' (Art. 120.) The 
square of half this compound co-efficient is to be added to 
both sides of the equation. 

1. Reduce the equation x^ '{-Sx-\-2x-{-xz=d 
Uniting terms x^-\-6x=:d 
Completing the square a;'-|~^*+^=9+^ 
And a;=-.3JV9+5. 

2. Reduce the equation x^^ax'\-bx=r.h 
By Art. 120. x^'+ia+b) Xx^h 

Therefore x^+{a+b) Xx+ (^) ' = (2±*) +* 
^- Byevolution aH-±B=± /TSV-fA . 
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S. Reduce the equation 3f-\-fue - x^h 
By Art. 120 a»+(a - 1) x*=ft 

Therefore ^+{a-\)xx-\- (^) = (^) +* 



309. After becbmin? iaiiuiiar with the method of complete 
ing the square, in alfected quadratic equations, it will be 
proper to attend to the steps which are preparatory to thit^ 
Here, however, little more is necessary, than an application 
'Of rules already given. The known and unknown quanti* 
ties must be brought on opposite sides of the equation by 
transponition. And it will generally be expedient to make 
the square of the unknown quantity the (irst or leading term, 
as in the preceding examples. This indeed is not essential. 
But it will show, to the best advantage, the arrangement of 
the terms in the coiTipleted square. 

1 • Reduce the equation a^Sx - 36 = 3x - o^ 

Transp. and uniting terms ^'^2x=:Sb^a 

, Completing the square «'-4"^^+^ = l4-3&- a 

And t x:=z - 1±^1 4.3* - a. 

t. Reduce the equation - = - 4 

^ 2 x+2 

Clearing of fractions, &c. «*-J- 1 Ox = 56 

Completing the square x*-f 10ar+25= S5-f 56=81 

And a?c5-3V8l=-5±9. 

310. If the highest power of the unknown quantity has 
any eo-efficierU^ or divisor^ it must, before the square is com- 
pleted, by the nile in Art. 305, be freed from these, by multi« 
plication or division, as in Arts. 180 and 184. 

1 . Reduce the equation «*+24a - 6 A= 1 3x - Sop* 
Transp. and uniting terms, 6a: - l2a?=6A - 24a 
Dividing by 6, a? - 2a? = ft - 4(i 

Completing the square, «* - 2x+ 1=1 +h - 4« 

Extracting and transp. «= ll\/^+A ** ^ 
18* 
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t. Reduce theequati<m&-)>-^x=il- — 

Clearing of fractions b:f-{-iax=(id - ah 
Dividing by 6, «»+!ff=?lz«* 

Therefore ^+?ff+^=^^+f^ 

Sll. If the square ot the unknown quantity is in several 
Urmtf the equation must be divided by all the co-efficients 
€f( this square, as in ArU 185. 
1 . Reduce the equation ia^+cfet* - 4*= 6 - i 

Dividing by b+d, (Art. 121.) «• - m=ra 



Therefore • x=-l,+^ / ( « ) +*Z*. 

b+d-W \b+dl ^b+d 

t. Reduce the equation a^-^-x=h^^-Sx-3^ 

Transp. and uniting terras oa^-j-** - 2x=A 

Crn-p. U,. ^u.,. ■•-^+(^)' =(^)'+4 t 
Extracting and transp. »== J-+^(-i^j + * . 

There is another method of completing the square, which, 
ip many cases, particularly those in which the highest power 
of the unknown quc^ntity has a co-efficient, is more simple 
in its application, tnah that given in Art. 305. 
Let aa:*4-fca:r=rf. 

If the equation be multiplied by 4a, and if 6' be added to 
both sides, it will become 

4aV+4a6x+fc'=4(wi4.6» ; 
(he (irst member of which is a complete power of 2as-{-b. 

Hence, 

SI 1*. 6. In a quadratic equation, the square may be com- 
pleted, by multiplying the equation into 4 times the co-effi- 
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eieiit'^of the hi^est power of the unknown (|uantity and ad* 
ding to both sides, the square of the co-e£[icient of the lowest 
power. 

The advantage of this method is, that it avoids the intro- 
ductfon of fractions^ in completing the square. 
Tills will be seen, by solving an equation by both methods. 

Let aa?+cfcr=A. 

Comi^eting the square by the rule just given ; 

4aV+4arfar4-<Pz=4aA+rf* 

Extracting the root 2aa;-f d = i\/4^^+ <^ 

And :r=r^V^«S. 

2a 

Completmg the square of the given equation by Arts. S05 

and 310; x'+^+^=.'l+£ . 

a 4a a 4a* 

Extracting the root x+—:zz±^ /-+?.. 

^ ^2a V a^4u» 

And x=-l± /5^. 

2a V a 4a« 

If a=l, the rule will be reduced to ftiis: "Multiply the 
equation by 4, and add to both sides the square of the co» 
efficient of a?." 

hei a?-^dxz=.h 
Completing the square* 4a;*+4rfaf+cP=4A+eP 

Eji^racting the rool ' 2a;+d=±y4A+? 

And x=Z^'J^. 

I. Reiiuce the equation 3,r'+5t=:42 

Cprnpfeting the square 3G:r+60a:4.25=629 
Thferefore ir=^3. 

8. Reduce the equation ar- 15j;= -54 

Completing the square 4x^- GOx+225 =r 9 

Therefore 2x='. 1 5i3 = 1 8 or 1 2. 

SI 2. In the square of a binomial, the first and last terms 
aie always positive. For each is the square of one Of the 
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terms of the root (Art. 214.) Bui every square is poeitiTe* 
(An 218.) If then •* jr* occurs in an, equation, it cannoC, with 
tnis sign, form a part of the square of a binomial. Bui if 
aU ttie signs in the equation be changed, the equality of the 
■ides will be preserved, (Art. 177,) ilie term - sr will becmne 
positive, and the square may be completed. 

1. Reduce the equation -a;^+2a:=d-A 
Changing ail the signs a^ - 2jr=& - d 
Therefore x^ltA/l+h-^d 

2. Reduce the equation 4»-a;'= - 12 

Ans.ar=2±Vl6* 

313. In a quadratic equation, the first term rr* is the square 
of a single letter. But a binomial quantity may consist of 
terms, one or both of which are already powers. 

Thus afi-j-a is a binomial, and its square is 

-r*-|-2(w'4-a*, 
where the index of x in the first term is twice as great as in 
the second. When the third term is deficient, the square 
may be completed in the same manner as that of any other 
binomial. For the middle term is twice the product of the 
roots of the two others. 

So the square of a"+a, is a;*'-}-2aai*-4-aP. 

And the square of «"+^ *s «"-|-2a«*-f cr. 
Therefore, 

314. Any equation which contains only two dif- 
ferent POWERS OR' BOOTS OP THE UNKNOWN QUANTITY, 
THE INDEX OF ONE OF WHICH IS TWICE THAT OF THE 
OTHER, MAY BE RESOLVEDIN THE SAME MANNER AS A'QUA- 
DRATIC EQUATION, BY COMPLETING THE SQUARE. 

It must be observed, however, that in the binomial root, 
the letter expressing the unknown quantity may stiU have a 
fractional or integral- index, so that a farther extraction, ac- 
cordmg to Art. 297, may be necessary. 

1. Reduce the equation jr^-a'rsfr-a 

Completing the square «*-a;'+i = i+^"-^ 

Extracting and transposing a^=j^J: \/44-fc-a 

Extracting again, (ArU 297,) «=±VjlV(i+* " «) 
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t. Reduce the equation 4^'*-4&c"=s« 

Answer ap=±J^26±V(46'+ a.) 

S. Reduce the equation a?-{-4>y/x=A-n 

Completing the square .S'\-4^/X'\-4^ h - n+4 

Extracting and transp. ^ap= - 2±\/A-n+4 

Involving a:= f - 2i\/*-*>+4)*. 

4. Reduce the eqnatiop . z'^^6x*^€^b 

Completing the square a:"-|-8a?'*+l6=a4-6+16 

Extracting and transp. a:" = - 4i\/a+fr+T6 

Involving x:=x(^4±^/a+bJp[6)\ 

815. Tlie solution of a quadratic equation, whether pure 
or affected, give« two results. For after the equation is re- 
duced, it contains an ambiguous root. In a pure quadratic, 
this root is the whole value of the unknown quantity. (Art. 
997.^ 

Thus the equation ar*=64 

Becomes, when reduced a?a=±\/64. 
That is, the value of x is either -f-8 or -8, for each of 
these is a root of 64. Here both the values of x are the 
same, except that they have contrary signs. This will be 
the case in every pure quadratic equation, because the whole 
jof the second member is under the radical sign. The two 
values of the uiiJcnown quantity will be alike, except that 
one will be positive, and the other negative. 

316. But in affected quadratics, a part only of one side of 
the reduced equation is under the radical sign. When this 
part is added to, or subtracted from, that which is without 
the radical sign ; the two results will diflfer in quantity, and 
will have their signs in some cases alike, and in others un- 
like. 

I. The equation a:*-f-8a:=20 

Becomes when reduced, «= - 4i\/ 16+20. 
That is «=-4J:6. 

Here the first value of 9 is, - 4-f 6=+2 > one positive, and 
► And the second is -4-6=-10J theodier negative. 
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2. The eqiiAtioii «*r8»=--J5 

Becomes when reduced, a:=i4±\/^6-15 
That is ap=:4±l 

Her!B the first value afxk 4+1 =+6 > . .t ,w^;*;„^ 
AuJ the second is 4 1 1=+3 J *^* P^^^^^* 

That these two values of x are correctly fpund, jnay be 
proved, by substituting first one and then the other, for x it- 
self, in the original equation. (Art. 194.) 

Thus6»-8x5=25-40=-15 

AndS'-8x3=9-24=-15. 

317. In the reduction of «an affected quadratic equation, 
the value of the unknown quantity is frequently found to be 
imaginary. 

Thus the equation a? ^ 8ar= - 20 

Becomes, when reduced, * a;=:4J:\ /16" 20 

That is, x=4lV^. 

Here the root of the negative quantity - 4 can not be as- 
sii^ed, (Art. 263,) and therefore the value of x can not be 
found. There will be the same impossibility, in ever}^ m- 
fitance in which the negative part of the quantities under the 
radical sign is greater than the positive part.* 

318. Whenever one of the values of the unknown qiian* 
tity, in a quadratic equatien, is imaginary, the other is so 
also. For both are equally affected by the imaginary root* 

Thus in the example above 

The first value of x is 4-|_,^«4, 

And the second is 4 - ^ - 4 ; each of^^rhich 
contains the imaginary quantity \/ - 4. % ■ 

319. An equation which when reduced contains an ima- 
ginary root, is often of use, to enable us to determine whether 
a proposed question admits of an answer, or involves an ab- 
surdity. 

Suppose it is required to divide 8 into two such parts, that 
the product will be 20. 



* See Nou G« 
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If ap is one of the parts, the other will be 8 -a:. (Art. 195.) 
By the conditions proposed (8 - ar) X ^ = 20 

This becomes, when reduced, jt=4±\/-4. 

Here the imaginary expression \/-4 shows that an ati- 
•wer is impossible ; and tnat there is an absurdity in si ppo- 
edng that 8 may be divided into two such parts, that their 
I^oduct shall be 20. 

820. Although a quadratic equation has two solutions, yet 
both these may not always be applicable to the subject pro- 
posed. The quantity under the radical sign may be produced 
either from a positive or a negative root. But both these roots 
may not, in every instance, belong to the problem to be sol- 
ved. See Art. 2J^9. 

Divide the number 30 into two such parts, that their pro* 
duct may be equal to 8 times their difference. 

If 0?= the lesser part, then SO-a;= the greater. 

By the suppositwn, a: X (30 - a:) =8 X (30 - 2x) 

This reduced, gives ar=23il7=40 or 6= the lesser part. 

But as 40 cannot be a part of 30, the problem can have 
bat one real solution, making the lesser part 6, and the greater 
part 84. 

Examples of Quadratic EqucUioni. 
1. Reduce 3*^- 9ar -4=80. Ans. a?=7, or-4. 

f . Reduce 4x - ?ilf =46. Ajis. a?=12, or- f. 

X 

8. Reduce 4ap- — ZL.=14. Ana. «=4, or --f. 

4. Reduce 6:r-?^=2«+*f^ Ans. ap=4, or - 1. 

6. Reduce l£-122rif=8. Ans. «=4, or i^ 

w 4ar 

6. Reduce ?fzi+l=10-fLL?. Ana :r=12,or6. 

«-4 2 

7. Reduce t^^lzl^i^^l. Ani.«=«Uor6. 

3 x^i 9 
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a Reduce ^:ii^±J=*-*- Ans. «=1, Qr-28. 

^^ 9. Reduce ^+?=8. Ans. «=2. 

10. Reduce Jl--!Lzl=ar--9. Ans. ar=10. 

a?+2 6 

^ 11. Reduce lff!=l Ans. x^I±a/T^ 

a X a 

1«. Reduce «*+aa^=6. Am. «= / .5+^6+?^]* 

13. Reduce ?!-^=-JL Ans. a:=i/i- 

2 4 32 ^^ 

14. Reduce 2x*+3x*= 2. Ans. x=si. 

15. Reduce'lar-iVa:=:22i. Ans. a?=49. 

16. Reduce 2x*-.a;^+96=:99. ' ' Ans. ar= J\/6. 
H; 17. Reduce (l0+a;)*-(10+x)^=2. Ans. x=6. 

18. Reduce 8ar*'-2a;^=8. Ans. a?=^. 

^^ 19. Reduce 2(l+x-«*) - Vl+^^= -i- 

Ans. a;=i+iV4l. 

20. Reduce S^a^-^a^^zx-b. Ans. ar=:|+^ljl^. 

21. Reduce V4x+2^4--Vx ^^^ ^^^ 

44-V^ V* 



/ 



^22. Reduce «*4-a:*=766. Ans. «=243. 

21 

^2i+l 



23. Reduce V2«4-l+2V«=-i--lL-, Ans. a:=4. 



24. Reduce i\/x - o+S \/2a?= Zi^tlif . Ans. xsc 9a. 



'"x-a 



26. Reduce »+16-7Va;4-16=10-4V«+16. Ana.«=9 
96. Reduce V«^4-Va;»=6V^- 

Dividing by V*, a?-f.x=s6. Ans. «=r2: " 
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27. Reduce 'liZ«.?iz2:=??+H Ans. :r=«. 
a? S«4-7. 13a? 

«8. Reduce _! | 5_=1I. Ans. «=8. 

ear-aj* a;«+2a: dx 

29. Reduce (:r-5)'-3(a:-.5)*=:40. Ans. ar=9. 
80. Reduce ar+ya; 4-6=24-3 yar+G. Ans. x=\0. 

PROBLEMS PRODUCING aUADRATIC EaUATIONS. 

Prob. 1. A merchant has a piece of cotton cloth, and a 
piece of silk. The number of yards in both is 110 : and if 
the square of the number of yards of silk be subtracted from 80 
tinges the number of yards of cotton, the difference will be 
400. How many yards are there in each piece 1 

Let xac the yards of silk. 
Then 110-a?= the yards of cotton. 
By supposition 400=80x (1 10 - x) - ar* 
Therefore ar=: - 40±\Aioooo= - 40±1 00. 

The fii-st value of x, is - 404-100=60, the yards of silk; 
And 110-.a;=110-60=50, the yards of cotton. 

The second value of a:, is - 40- 100= - 140 ; but as this 
is a negative quantity, it is not applicable to goods which a 
man has in his possession. 

Prob. 2. The ages of two brothers are such, that their sum 
is 45 years, and their product 500. What is the age of each 1 

Ans. 25 s^d 20 years. 

Prob. 3. To find two numbers such, that their difference 
shall be 4, and their product 117. 

Let a:— one number, and a?4-4 » the other. 

By the conditions (*+4) Xa?=tsl 17. 

This reduced, gives ar *= - 2i\/i2i =s - 2±1 1 . 

One of the numbers therefore is 9, and the other 13. 

Prob. 4. A merchant having sold a piece of cloth which 
cost him 30 dollars, found that if the price for which he sold 
it were multiplied by his e^ain^ the product would be equal t« 
the cube of his gain. What was his gain 1 



Let Xim the gain. 

Then 30-4-^= the price for which the cloth was sold 
By t he statement x^^ (SO+x) x^ 

Therefore «« i±Vl+30-l±V" 

Tlie first value of x is J+V --+6. ? 

The second value is J - V = - 5. > 

As the last answer is negaXwe^ it is to be rejected as incon- 
■istent with the nature of the prd)lem, (Art. 320.) for gak^ 
must be considered positive. 

Prob. 6. To find two numbers whose difference shall be S, 
and the difference of their cubes 117. 

Let xae the less number. 
Then x-^S » the greater. 

By supposition (*+3)' - «•«» 1^7 

Expanding {x+3y (Art. 2170 9x^+27 x^]Vr^t7 ^90 

And a:=-*±VV--*±t. 

The two numbers, therefore, are 2 and 5. 

Prob. 6. To find two numbers whose difference shall be 

15, and the sum of their squares 1424. 

Ans. The numbers are 20 and 32. 

Prob. 7. Two persons draw prizes in a lottery, the differ- 
ence of which is 120 dollars, and the greater is to the less, 
as the less to 10. What are the prizes 1 

Ans. 40 and 160. 

Prob. 8. What two numbers are those whose sum'is6,aBd 
the sum of their cubes 72 ^7 Ans. 2 and 4. 

Prob. 9. Divide the number 56 into two such parts, thai 
their product ediall be 640. 
Putting X for one of the parts, we have, a:«28j:12«40 or 

16. ' 

In this case, the two values of the unknown quantity arc 
the two parts into which the given number was required to 
be divided. 

Prob. 10. A gentleman bought a number of pieces of cloth 
for 675 dollars, which he sold again at 48 dollars by the piece^ 
«nd gained by the bargain as much as one piece cost him« 
What was the number of pieces 1 Ans. 15. 
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Prob. 11^ ,5 and B started together, for a place 160 miles 
distant, .-^rs hourly progress was 3 miles more than B\ and 
he arrived at his journey's end 8 hours and 20 minutes before 
jB. What was the hourly piogress of each 1 

Ans. 9 and 6 miles. 

Prob. 12. The difference of two numbers is 6; and if 47 
be added to twice the square of the less, it will be equal to 
the square of tlie greater. What are the numbers 1 ^n ^ tt i 

Ans. nandll.TJ)/ ^ / 

Prob. \S. ^ and B distributed 1200 dollars each, among 
a certain number of persons. ^ relieved 40 persons nwre 
than J7, and B gave to each individual 5 dollars more than 
•fl. How many were relieved by A dnd B f 

Ans. 120 by A, and 80 by B. 

Prob. 14. Find two munbers whose sum is 10, and the sum 
of their squares 58. Ans. 7 and 8. 

Prob. 15. Several gentlemen made a purchase in company 
for 175 dollars. Two of them having withdrawn, ihe bill 
was paid by the others, each ftimishing 10 dollars more than 
would have been his equal sfiare if the bill had been paid by 
the whole company. What was the number in the company 
at first 1 Ans. 7. 

Prob. 16. A merchant bought several yards of Imen for 
60 dollars, out of which he reserved 15 yards, and sold the 
remainder for 54 dollars, gaining 10 cents a yard. How 
many yards did he buy, and nt what price ? 

Ans. 75 yards, at 80 cents a yard. 

Prob. 17. ^5 and B set out from two towns, which were 
247 miles distant, aiKl travelled the direct road till they meL 
•4 went 9 miles a day ; and the number of days which they 
travelled before meeting, was greater by 3, than the numlier 
of miles which B went in a day. How many mile» did each 
travel 1 Ans. A went 117, arid B 130 miles. 

Prob. 18. A gentlenian bought two pieces of cloth, the 
finer of which cost 4 shillings a yard more than the other. 
The finer piece cost £\S] but the coarser one, which was 2 
yards longer than the finer, cost only £\6. How many 
yards were there in each piece^ and what was the price of a 
yard of each 1 

Ans. There were 18 yards of the finer piece, and 20 of the 
coacser ; and the prices were 20 and 16 shillingf* 
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Prob. 19. A merchant bought 54 gallons of Madeira wine, 
fBLtkd a certain quantity of Teneriffe. For the former, he gave 
half BM many shillings by the gallon, as there were gallons 
of Tenerifle, and for the latter, 4 shillings less by the gallon. 
He sold the mixture at 10 shillings by the gallon, and lost 
£28 16s. by his bargain. Required the price of the Madeira^ 
and the number of gallons of Teneritfe. 

Ans. The Madeira cost 18 shillings a gallon, and there 
were 36 gallons of TenerifTe. 

Prob. 20. If the square of a certain number be taken from 
40, and the square root of this diflerence be increased by 10, 
and the sum be multiplied by 2, and the product divided by 
^e number itself, the quotient will be 4. What is the 
number ? Ans. 6. 

Prob. 21. A person being asked his age, replied. If you 
add the square root of it to half of it, and subtract 12, the 
remainder will be nothing. What was his age 1 

Ans. 16 years. 

Prob. 22. Two casks of wine were purchased for 58 doU 
.ars, one of which contained 5 gallons more than the other, 
and the price by the galion, was 2 dollars less than ^ of the 
number of gallons in the smaller ca^k. Required the num- 
ber of gallons in each, and the price by the gallon. 

Ans. The numbers were 12 and 17, and the price by the 
gallon 2 dollars. 

Prob. 23. In a parcel which contains 24 coins of silver and*^ 
copper, each silver coin is worth as many cents as there are 
copper coins, and each copper coin is worth as manyccn^sas 
there are silver coins ; and the whole are worth 2 dollars and 
16 cents. How many are there of each 1 

Ans. 6 of one, and 18 of the other. 

Prob. 24. A person bought a certain number of oxen for 
80 guineas. If he had received 4 more oxen for the same 
money, he would have paid one guinea less for each. What 
was the number of oxen 1 Ans. 16. 

SUBSTITUTION. 

S21. In tne reduction of Quadratic Equations, as well as 
in other parts of Algebra, a complicated process may be ren- 
kred much more 8im{de, by introducing a new letter w^hich 
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dhall be made to represent several others. This w temied 
nibstitution. A letter may be put for a oompound quantky 
as well as for a single number. Thus in the equatioa 

ar^ - 2ax=i+Js/SQ - 64+-fc, 
we may substitute 6, for i^A^S6^64-\-h. The equation 
will then become a:'-2ax=:6, and when reduced 

¥all be a? = a±\/a^ -r ^• 

After the operation is completed, the compound quantH% 
for which a single letter has been substituted, may be restor 
td. The last equation, by restoring the value of 6, will bt 
come 



ar=a±Va*+i+VS6 - 64-f /t. 
Reduce the equation ax - 2x - d=ba: -^ x'^ - x 
Transposing, &c. «*+ (a - 6 - 1 ) xx=d 

Substituting A for (a- 6 - 1), aj*+Aar=rf 

Therefore x= - 5I \/ 4+^ 



Eestoring the value of A, :r= .!L±li+^lll|lJUlf rf 



SECTION XI. 



SOLUTION OV PROBLEMS WHICIT CONTAIN TWO 
OR MORE UNKNOWN QUANTITIES. 



DEMONSTRATION OF THEOREMS, 

Art. S22. IN the examples which have been given of the 
resohition of equations, in the preceding sections, each pro- 
blem has contained only one unknown quantity. C i^ in . 
some instances, there have been tvoo^ they have been ho re- 
lated (o each other, that they have both been expre* ed by 
means of the same letter. r\rt. 195.) 

14^ 
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ftiit cases frequently occur, in which $€etaral unknown 

rntities are introduced into the same calculation. And if 
problem is of such a nature as to admit of a determinate 
answer, there will arise from tli^ conditions, as niauy equa- 
tions independent of each other, as there are imknown quan- 
tities. 

Ei{uations are said to be independenty when they express 
different conditions; and dependent^ when they express the 
same conditions imder different forms. The former are not 
convertible into each other. But the latter may be changed 
from one form to the other, by the methods of reduction 
which have been considered. Thus 6 -ar=y, and t=:y4"*> 
are dependent equations, because one is formed from the 
other by merely transposing x. 

823. In solving a problem, it it necessary first to find the 
Talue of one of the unknown quantities, and then of the 
others in succession. To do this, we must derive from the 
equations which are, given, a new equation, from which all 
the unknown quantities except one shall be excluded. 

Bu{qpose the following equations are given. 

1. a?+y=14 

2. af-y=2. 

t( yhe transposed in each, they will become 

1. x=14-y 

2. xz=2+y. 

Here the first member of each of the equations is x^ and 
the second member of each is equal to x. But according to 
axiom 11 th, quantities which are respectively equal to any 
Other quantity are equal to each other ; therefore, 
2+y=14-y. 

Here we have a new equation, which contains only the 
■nknown quantity y. Hence, 

824. Rule I. To exterminate one of two unknown quan- 
tfties, and deduce one equation from two ; Find the value 

tfP ONE OP THE UNKNOWN QUANTITIES IN EACH OF THE EQUA- 
TIONS, AND FORM A NEW EQUATION BY MAKING ONE OF THE^ 
VALUES EQUAL TO THE OTHER. 

That quantity which is the least involved should be the 
«ie which is chosen to be exterminated. 
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For the convenience of referring to different parts of a so- 
lution, the several* steps will, in future be numbered. When 
an eqiiation is formed from one immediaUly preceding^ it will 
be unnecessary to specify it.' In other cases, the number of 
the equation or equations from whicli a new one is derived, 
will be referred to. 

Prob. 1. To find two numbers such, that 
Their sum shall be 24 ; and 
The greater shall be equal to five times the less. 
Let a:=the greater; And y=the less. 

1. By the first condition, x+y=24 > 

2. By the second, af=5y > 

3. Transp. y in the first equation, «=24-y 

4. Making the 2d and 3d equal, 5y=24-y 

5. And y=4, the less number. 

Prob. 2. To find one of two quantities. 
Whose sum is equal to h; and 
The diflerence of whose squares is equal to d. 

Let «= the greater quantity ; And y= the less. 

1. By the first condition, a?+y=fc > 

2. ' By the second, a:* - y*= <f J 

3. Transp. y* in the 2d equation, a;*=J-| >y* 

4. By evolution, (Art. 297.) x^^d+y* 

5. Trans, y in the first equation, a?=A -y 

6. Making the 4(h and 5th equal, \/d^y*^k^y " 

7. Therefore y=^—^. 

^ 2A 

Rob. 3. Given ax+by=:h } fr^ a a a A-arf 

And x+y^d ! To find y. Ans. y=.j._. 

325. The rule given above may be generally applied, for 
the extennination of unknown quantities. But there are 
coses in which other methods will be found more expeditious* 



Supoose x=:Ry > 
An(f ax^bx:=zy* ) 
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As in the first of these equations x is equal to hf^ we may 
in the second equation substitute this value of x instead of 
X itself. The second equation will then be converted into 
ahy+bhy=f. 

The equality of the two sides is not affected by this alter- 
ation, because we only change one quantity x for another 
whicli is equal to it. By this means we obtain an equation 
which contains only one unknown quantity. Hence, 

326. Rule II. To exterminate an unknown quantity, find 

THE VALUE OP ONE OP THE UNKNOWN QUANTITIES, IN ONE OP 

THE EQUATIONS ; and then in the other equation SUBSTI- 
TUTE THIS VALi-^E FOR THE UNKNOWN QUANTITY ITSELF. 

Problem 4. A privateer in chase of a ship 20 miles distant, 
sails 8 miles, while the ship sails 7. How far must the pri- 
vateer sail before she overtakes the ship ? 

It is evident that the whole distance which the privateer 
sails during the chase, must be to the distance which the 
•hip sails in the same time, as 8 to 7. 

Let xz= the distance which the privateer sails : 
And y=: the distance which the ship sails. 

1. By the supposition, «=y-[-20 ) 

2. And also, x:y: : 8; 7 ) 

5. Art 188, y=|ar 

4. Substituting t for y, in the 1st equation, af=fa:+20 

6. Therefore, ar= 160. 

Prob. 5. The ages of two persons, ^ and B, are such that 
eeven years ago, ^ was three tunes as old as B; and seven 
years hence, A will be twice as old as B. What is the age 
of Bf 

Let x:= the age of ^; And y=the age of A 
Then x-7 was the age of ^5, 7 years ago ; 
And 1/ - 7 was the age of B, 7 years ago ; * 
Also x-{-7 will be the age of A^ 7 years hence ; 
And 1/4-'^ will be the age of B, 7 years hence. 

I. By the first condition, ac-7=3x(y-7) =Sy - 21 i 

8. By the second, a?+7=2x(y+7)=2y4-14 ) 

8. Transp. 7 in the 1st equa. a:=3y - 14 

4. Subst. 3y - 14 for a?, in the 2d, 3y - 14-f 7=:2y4.14 

6. Therefore, y=21, the age of B. 



Frpb. 6. There are twa nunaberd, erf whieh, 

The greater is to the less as 3 to 2 ; and 
Their sum 'is the 6th part of their product. 

What is the less number t Ans. 10. 

327. There is a third method of extemiinating an unknown 
quantity from an equation, which in many cases, is preferable 
to either of the preceduig. 

Suppose that af+%=a ) 
And a?-3y=fe J 

If we add together the first members of these tw^o equa- 
tions, and also tlie second members, we shall have 

2x=a+b, 

an equation which contains only the unknown quantity x. 
The other, having equal co-efficients with contrary signs, has 
disappeared. (Art. 77.) The equality of the sides Is preserved 
because we have only added equal quantities to equal quan- 
tities. 

Agaui, suppose Sa:-|-y=A ) 
And 2x+y =zd I 

If we subtract the last equation from the first, we shall have 

x=zh-d 

where y is exterminated, without affecting the equality of 
the sides. 

Again, suppose a: - 2y =a ) 

And a:4-4y=:6 J 

Multiplying the 1st by 2, 2a? - 4y =2a 

Then adding the 2d and 3d, 3a:=6+2a. Hence, 

828. Rule III. To exterminate an unknown quantity, 

MULTIPLY OR DIVIDE the equations, if neoessart^ 

IN SUCH A MANNER THAT THE TERM WHICH CONTAINS ONE 
OF THE UNKNOWN QUANTITIES^ SHALL BE THE SAME llff BOTH. 

Then SUBTRACT one equation from the other, 

IF THE SIGNS OP THIS UNKNOWN QUANTlTr ARE ALIK£» 
OR ADD THEM TOGETHER, IF THE SIGNS ARE UNLIKS. 

It must be kept in mind that both members of an e-<|ua« 
tion are always to be increased or diminished, multiplied or 
divided alike. (Art. 170.) 
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Prob. 7. The numbere in two opposing armies are such, 
that, 

Tlie sum of both is SI 1 10 ; and 

Twice the numl>er in the greater army, added to three 
times tlie number in the less, is 52219. 

What is the number in the greater army ? 

Let af= the greater. And y= the less. 

1 . By the first condition, x+y =21110 > 

2. Bv the second, 2x+3y=:r52219 ) 

3. MuUiplying the 1st by 3, 3ar+3i/ -= 63330 

4. Subtracting the 2Afromthe3d,a?=:= 11 111. 

Prob. 8. Given 2ar-fy=16, and 3a:-3t/=6, to find the 
value of X. 

1. By supposition, 2a?+y = 16 ) 

2. And 3x-3y=6J 

3. Multiplying the 1st by 3, 6x-f 3i/=48 

4. Adding the 2d and 3d, 9a:=r54 
6. Dividing by 9, x=z6. 

Prob. 9. Given a:+y= 14, and ar-y=:2, to find the vahie 
of y. Ans. 6. 

In the succeeding problems, either of the tliree rules 
for exlerininaiing luiknowtj quantities will be made use of, as 
will in each case be most convenient 

329. When one of the unknown quantities is determined, the 
other may be easily obtained, by going Iwu-k to an equation 
which contains both, and sijbe«titu{,ing instead of that which 
is already found, its numerical value. 

Prob. 10. The mast of a ship consists of two parts : 

One third of the lower part added to one sixth of the 
upper part, is equal to 28 ; and. 

Five times the lower part, dimmished by six times the 
upper part, is equal to 12. 

What 18 the height of the mast t 
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Let xsz the lower part ; And yss the upper part 

L By the first condition, ix+jy=28 > 

t. By the second, 5f - 6y = 12 ) 

5. Multiplying the Ist by 6, 2x-fy;=:168 
4. Dividing tjie 2d by 6, |a;-y=2 

6. Adding the 3d and 4th, ' 2«+|ar=170 

6. Multiplying by 6, 12af+5«=1020 

7. Uniting terms and dividing by 17, ar=60, the lower part. 

Then by the Sd step, 2ar+y = 1 68 

That is, substituting 60 for x, 120+y= 168 [per part 

Transposing 120, y= 168- 120=48, the up- 

Prob. 11. To find a fraction such that. 

If a unit be added to the numerator, the fraction will be 
equal to i ; but 

If a unit be added to the dencMninator, the fraction will be 
equal to}. 

Let x=s the numerator. And y = the denominator. 



y+l W 



1. By the first condition. 

By the second. 

y+1 

8. Therefore «=:4, the numerator. 

4. And y= 15, the denominator. 

Ptob. 12. What two numbers are those, 

Whose difference is to their sum, as 2 to 3 ; and 
Whose sum is to their product, as 3 to 5 1 

Au8. 10 and 2. 

Prob. 13. To find two numbers such, that 
. The product of their sum and difference shall be 5, and 
The product of the sum of their scjuares and the difier-* 
ence of their squares shall be 65. 

Lei «:= the greater number ; Andy= the less. 



1. By the fint eondiUotv («+y) X(«*y)— ^^ \ 

2. By the second, (V+y*) X («*-»*) =65 * 
S. Muiu the factors in the Ist, (Ait. 2S5,) x* -y*=5 

4. Dividing the 2d by the 3d, (Art. 118,) a?+y*=18 

5. Adding the Sd and 4th, 2a:*=:18 

6. Therefore ap=3, the greater number, 

7. And y=2, the less. 

In the 4th step, the first meniber of the eeciHid equation it 
divided by a;*-jf*, and the second member by 5, which is 
equal to a? - y*. 

Prob. 14. To find two numbers whose difference is 8, and 
pioduct 240. 

Prob. 15. To find two numbers, 

Whose difference shall be 12, and 
The sum of ttieir squares 1424. 

^ Let x=s the greater ; And ys the less* 

1 . By the first condition, a; - y = 1 2 > 

2. By the second, • a;*+y*=1424 > 

3. Transposing y in the first, ' «=y-|.12 

4. Squaring both sides, i'=y*-(.24y-{*144 

5. Transposing!* in the second, 9:*= 1424 -y' 

6. Making the 4ih and 5th equal, y«+24j(4- 144== 1424 ^ y* 

7. Therefore y= - 6iv(676) = - 6+26 

8. And * x=y+12=20+12=82* 

EaUATIOKS WHICH CONTAIN THREB OR MOItE 
UNKNOWN aUANTITIES. 

330. In the examples hitherto given, each has contaued 
no more than hoc unknown quantities. And two indepen- 
dent equations have been sufficient to express the conditions 
of the question. But problems may involve three or more 
wknown quantities ; and may require for their solution as 
many independent equations. 

Suppose x-4-y+z= 12 ^ 

And «+2y - 2z=r 10 > are given to find, «, y, and x. 

And ap+y-«=r4 ) 
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From 4hese three equations, two others maybe derived 
which shall contain only t^& unknown quantities. One of 
the three in the ori^nal equations may be exterminated, in 
the same manner as when there are, at first, only two, by the 
rules in Arts. 334, 6, 8. 

In the equations given above, if we tran^fK)i9e.y and z, we 
■hall have. 

In the first, «=12-y-z 
In the secpnd, x=\0- 2y-|-2;r ] 
In the third, x= 4 - y-fz 

From these we may deduce two new equations, firom which 
9 shall be excluded. 

By making the 1st and 2d equal, 12 -y-z=10-2y-4-2jr > 
By making the 2d and 3d equal, 10- 2y+22:is4-y-f ir J 
Reducing the first of these two, y =3z - 2 > 
Reducing the second, y=z-f 6, ) 

From these two equations one may be derived containing^ 
only one unknow:] quantity 

Making one equal to the other, 3z- 2=^4-6 
And zz=z4. Hence, 

331. To solve a problem containmg three unknown quan- 
tities, and producing three independent equations. 

First, from the three equatioi^ deduce two coif-> 
tainin6 only two unknown quantities. 

Then, from these two deduce one, containing only 

ONE unknown quantity. 

For making these reductions, the rules already given are 
sufficient. (Art. 324, 6, 8.) 
Prob. 16. Let there be given, 

1. The equation «-f5y4-6z=53 ^ 

2. And a:-f3y-[-3z=30> To find x, y, and z, 
8. And a;+y+z=12 ) 

From these three equations to derive two, containing only 
t#o unknown quantities, 

4. Subtract the 2d from the Ist, 2y4-32r=:2S > 

5. Subtract the 3d firom the 2d, 2y4.2r=18 5 
From these two, to derive one, 

6. Subtract the 5th firom the 4th, x=5. 

15 



12 ) 

=20 > 
=6 ) 
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To find X atid y, we haye only to take their values from 
the third and fifth equations* {Art. 329.) 

.7. Reducmg the fifth, y=9-z=9-S=4 

8. Transposing in the third, «=12-z-y5=12-6-4==8L 

Prob. 17. To find x^ y^ and Zj firom 

I. The equation ap+y4-^=12 
t. And x+2y+Sz 
8. And ix+iy+z 

4. Multiplymg the Ist by 3, 3a:+3y+3z=S6 

5. Subtracting the 2d from the 4th, 2a:4-y=16 

6. Subtracting the 3d from the Ist, x-ia:-f y-^=6 
7^ Clearing the 6th of fractions, 4a:+3y=36 > 

8. Multiplying the 5th by 3, 6a:+3y=48 ) 

9. Subtracting the 7th from the 8th, 2a:=12. And x=6. 

10. Reduchig the 7th, y=?6j^if ^5^=4. 

3 3 

II. Reducing the 1st, 3r=l2-ar-y=:12-6-4=2. 

In this example all the reductions have been made accor« 
ding to the third rule for exterminating unknown quantities.— 
(Art 328.) But either of the three may be used at pleasure. 

332. A calculation may often be very much abridged, by 
the exercise of judgment in stating the question, in selecting 
the equations from which others are to be deduced, in simpli- 
fying fractional expressions, in avoiding radical quantities, 
ic. The skill which is necessary for this purpose, however, 
is to be acquired, not from a system of rules, but from prac- 
tice, and a habit of attention to the peculiarities in the con- 
ditions of different problems, the variety of ways in which 
the same quantity may be expressed, the numerous forms 
which equations may assume, &c. In many of the examples 
in this and the preceding sections, the processes might have 
been shortened. But the object has been to illustrate gen- 
eral principles rather than to furnish specimens of expeditious 
solutions. The learner will do well, as he passes along, to 
•Kercise his skill in abridging the calculations which are 
kere given, or substituting others in their stead. 
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Ifrchu IS. Giyen < 2. s+z=ib > To find x^ y and t. 
( 3. y+^=c ) 

o+fe-c a-fc-& ft+g-** 
Am. fl?= 2 — And 9= 1 — And3r= g — • 

Prob. 19. Three persons .d, B, and C, purchase a horse 
for 100 dollars, but neither is able to pay for the whole. 
The payment would require, 

The whole of .^s money, together with half of j^s ; or 

The whole of JJ's, with one third of Cs ; or 

The whole of Cs, with one fourth of «fl*8. 
How much money had each 1 



Let x^JPs z=z Cs 

y=^s a=100 

By the finst condition, a:+iy=^ 

By the second, i/+ ^z 

By the third, ^+i^' 

Therefore a:=64. y=72. z=84 



=za} 



3SS. The iearner must exercise his own judgment, as to 
the choice of the quantity to be first exterminated. It will 
generally be best to begin with that which is most free from 
coefficients, fractions, radical signs, &c. 

Prob. 20. The sum of the distances which three persons^ 
Jlf By and C, have travelled, is 62 miles ; 
•^8 distance is equal to 4 times Cs, added to twice J?*s ; and 
Twice •5's added to 3 times JB's, is equal to 17 times Cs. , 

What are the respective distances? 

Ans. JfBy 46 miles ; JB's, 9 ; Cs 7* 

Prob. 21. To find ar, y, and z, from 

The equation ix-{-^-{-\z:=zi 

And ixJr{y+iz 

And ixJ^iy+iz 

Ana xz=.2A y=60. r=120. 



b=62N 
iz=Al [ 
h=38) 



Prob. 28. Given I xtzt 300 S To find ar, y, and g. 

<y«=200) 
Ana. jp=:SO. y=:20. irslO, 
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SS4. The fame method which is employed for the reduc- 
tion of three equations, may be extended to 4, 3, or any num* 
ber of equations, containing as many unknown quantities 

The unknown quantities may be exterminated, one after 
another, and the number of equations may be reduced by 
successive steps from five to four, from four to three, from 
ihree to two, &c. 

Prob. 23. To find tc, a?, y, and z, from 
1. The equation ^^.^r-f ii«=8 \ 

4. And x+w+z=\0 ) 

5. Clear, the 1st of frac. y+2z+w— 16 ^ 

6. Subtract. 2d from 3d, z^v>=:^S> Three equations 

7. Subtract. 4th from 3d, y - w=2 ) 

8. Adding 5th and 6th y+Sz=19 > ^ equations. 

9. Subtract. 7th frdhi 6th, -y+z^zX J '"^^ t34uauit«. 

10. AddJng 8th and 9th, 4z=20. Or z=5 \ 

11. Transp. in the 8th, y=19-3z=:4 f Quantities 

12. Tranep. in the 3d, a:=l2-y-z=3 ( required. 
IS. Transp. in the 2d, tf=9-a?-y=2 ) 

Sw+50=zx \ 
Jii2o=2^ [ '^^ ^^ "** *' y^ ^^ ^ 
z+196=3w ) 
Answer, to =100 y=r90 

a:=150 - z=105. 

Prob. 25. There is a certain number consisting of two 
digits. The left-hand digit is equal to 3 times the right- 
hand digit ; and if twelve be subtracted from the number 
itself, the remainder will be equal to the square of the left- 
hand digit. What is the number ? 

Let x=z the left-hand digit, and y=r the right hand digit. 

As the local value of figures increases in a tJen-fold ratio 
irom right to left ; the number required = lOor-fy 

By the conditions of the problem x=3y > 

And 10«+y-12=;/J 

The required number is, tb^efore, 93. 
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Prob. 28. If a certain number be divided b^ the product 
of its two dig^ the quotient will be 2 ; and if 27 be added 
to the number, the digits will be inverted. What is the 
number? Ans. S6. 

troh. 47, There are two numbers, Buch,that if the less be 
taken from three times the greater, the i>emaiftder will be 35 ; 
tund if 4 times the greater te divided by S thnes the less -i-l> 
the quotient will be equal to the less. What arc the numbenr ? 
, . , Ane. 13 and 4. 

Prob. J8. There is a cei;tain fraction, such; that if 3 be 
added to the numerator, the value of the fraction will be i ; 
but if I be subtracted from the denominator, the value will 
be i. What is the fraction t j^^ 4^ 

* 21- 

Prob. 29. A gentleman has two horses, and a saddle wliich 
iflC worth ten guineas. If the saddle be put on iho first horse, 
the value of both will be double that of the second norse ; but 
If the saddle be put on the second horse, the value of both 
wfll be less than that of the^^ horse by 13 guineas. IVhat 
ii the value of each horse 1 

Ans. 56 and 33 guineas. 

Prob. 30. Divide the number 90 into 4 such parts, that the 
first incre'ased by 2, the second diminished by 2, the third muU 
^Ued by 2, and the fourth ditddad by 2, shall all be equal 

If :r, y, and z^ be three of the parts, the fourth will be 
•0 - X - y - z. Aind by the conditions, 

a:-f2=y-2 

ar+2=2« 

The parts required are 18, 22^ 10, and 40. 

Prob. ^1. Find three numbers, such that the first with i 
the sum of the second and tkiri shall be 123 ; the second with 
I the difference of the third and first shall be 70 ; and I the 
sum of the three numbers shall^be 95. 

Prob. 9i, What two numbers are those, whose difference, 
9um and product, are as the numbers 2, 3, and 5 1 

|j.^ Ans« 10 and t. 
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Prob $8. A vintner 86ld al one time, 80 dozen of port 
wine, and SO dozen of sherry ; and for the whole received 
180 guineas. At another time, he sold 30 dozen of port and 
85 dozen of sherry, at J;he same prices as before ; ana for the 
whole received 1 40 guineas. ^ hat was the price ef a dozen 
«f each sort of wine 1 

Ans. The port was S guineas, and the sherry i guineas, a 



Prob. 34. A merchant having mixed a certain number of 
gallons of brandy and water, found that, if be had mixed 6 
gallons more of each, he would have |mt into the mixture 7 
gallons of brandy for every 6 of water. But if he had mixed 
6 less of eacl^ he would have put in 6 gall(m8 of brandy for 
every 5 of water. How many gallons of each did he mix? 
Ans. 78 gallons of brandy and 66 of water. 

Prob. 35. What fractioii is that, whose numerator being 
doubled, and the denominator increased by 7, ihe value be- 
comes f ; but the denominator being doubled, and the nume- 
rator increased by 2, the value becomes f 1 An§. i. 

Prob. 36. A person i&xpends 30 cents in apples and pears^ 
giving a cent for 4 apples and a cent for 5 pears. He after- 
wards parts with half his apples and one third of his pears, 
the cost of wliich was 13 cents. How many did he buy of 
each t * Ans. 72 apples and 60 pears.* 



335% If in the algebraic statement of the conditions of a 
problem, the original equations arc more niunerous than the 
unknown quantities ; these equations wUf either be contfti' 
dictaryy or one or more of them will be superfluous. 

c "^T— fin i 
Thus the-equations ) » Zon i ^^^ contradictory. 

For by the first a?=20, while by the second, ar=:40. 
But if the latter be altered, so as to give to x the same value 
M the former, it will be useless, in the statement of a 



♦ For more examples of the solution of problems by ecjuaAion^see fiulervs 
Algebra, Part I, See 4 ; Simpson's Algebra, Sec II ; SimpsonVBxercises ; 
Iffadaurin^s AU:ebrs^ Part I, Chap. 2 and 13 : Emerson's Algebra, Book II, 
Sec I ; Saunderson*s Algebra, Bonk If and III ; Dodson's M^ematical Re 
poMlorf, and Bland's Algebraical Problems. 



problem. For nothing can be detehilin^d fttfrU the one, 
which cannot be from the other. 

Thtis of the equations K ^in ( ^^^ ^® Btq[)erfluous; 

*Por either of them is suflSci^t to determine the value of itk 
They are not independent equations. (Art. 322.) Oq€ is 
convertible into the other. For if we divide the Ist by 6^ it 
will become the same as the second. ^ 

Or if we multiply the second by 6, it will become the same 
as the first. 

336. But if the number of independent Equations produc- 
ed from the conditions of a problem, is less than the number 
of unknown quantities, the subject is not sufficiently liittited 
to admit of a definite ar^wer. For each equation can Ibnit 
but one quantity. And to enable us to find this quantity, all 
the others connected with it, must either be previously known, 
or be determined from other equations. If this is not the 
case, there will be a variety of answers which will equally 
satisfy the conditions of the question^ If, for instance, in 
the equation 

«+y;^100, 
X and y Efe required, there may be fifty difierent' answers. 
The values of x and y may be either 99 and 1, or 98 and 2, 
or 97 and 3, &c. For the sum of each of these pairs of 
numbers is equal to 100. But if there isu second equation 
which determines one of these quantities, the other maj then 
be found from the equation already given. As a:-j-y=100, 
if :r=:46, y must be such a number as added to 46 will make 
100, that is, it must be 54. No other number will answer 
this condition. 

337. For the sake of abridging the solution of a problem, 
however, the number of independent equations actually put 
upon paper is frequently less, than the number of unknown 
quantities. Suppose we are required to divide 100 into two 
such parts, that the greater shall be equal to three times the 
less. If we put x for the greater, the less will be 100 - x. 
(Art. 195.) 

Then by the supposition, x=300 - 3a?. 

Transposing and dividing, a:=75, the greater. 

And 100 - 75=26, the less. 
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Here, two unknowii quantities are feund, although there 
appears to be but. one independent equation. The reason of 
this Is, that a part a( the solution has been omitted, because 
it is so simple, as to be easily supplied by the mind. To 
have a view of the whole, without abridging, let «= the 
greater number, and yxs. the less* 

1. Then by the supposition, x-^y^lOQ} 

2. And Syzsx ) 

5. Transp(»ing x in the 1st, jfi;=, 100 - x 
4. Dividing the 2d by S, »=i« 

6. Making the Sd and 4th equal, |:r= 100 - x 

6. Multiplying by 3, ar=S00-3x 

7. Transposing and divicUngj «=:75, the greater. 

8. By the Sd step, y=: 100 -;r=25, the less. 

By comparing these two solutions with each other, it will 
be seen that the first begins at the 6th step of the latter, all 
the preceding partd being omitted, because they are too sim- 
ple to require the formality of writing dowiL 

Prob. To find two numbeis whose sum is SO, and the dif- 
ference of their squares 120. 

Leta=30 6rzl20 

;r= the less number required. 
Then a^x=z the greater. (Art. 196.) 
And a'- 2aa:-f-a:*r= the square of the greater. (Art* l8l4.) 
From this subtract a;*, the square of the lees, and we shall 
have a* - 2ax= the difieren<^ of their squares. 

Th'Ufore.«=^=i«2)ll^0=lS. 
2a 2xS0 

S38. In most cases also, the soluticm of a problem which 
contains many unknown quantities, may be abridged, by par- 
ticular artifices in subsHitUh^ a single letter for several 
(Art. 321.) 

• Suppose four numbers, ti, x, y and r,ture re<piired, of which 
The sum of the three first is IS 

The sum of the two first and last 17 

The sum of the first and two last 18 

The sum of the three last 21 



« Ludlam*s AlgeUa, Art. 161. «. 
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Then 1. tt-f(r+y=lS 

2. u+x+z=z\7 
8. u+y+z=\S 
4. x+y+z=z2\. 

Let S be substituted for the sum of the four numbers, that 
is, for ti-|-ap-j-y-j-r. It will be seen that of these four equa« 
ticms, 

The first contains all the letters except z, that is. S-«= 1$ 
The second contains all except y, diat is, iS-y=17 

The third contains all except x, that is, S- x=i 18 

The fourth contains all except t*, that is iS- u=21. 

Adding all these equations together, we have 

4iS-z-y-a:-u=69 
Or 4iS- (2r-fy4-ar+w) = 69 (Art. 88. c.) 
But 5= («+y+^4"**) *^y substitution. 
Therefore, 45-5=69, tliat is, 35=69, and 5=23. 

Then putting 23 for 5, in the four equations in which it 
18 first introduced, we have 



1-5=131 

Slii-llpherefore. 
23-u=21J 



z=23 -13=10 
y=23-17=6 
a:=23-18=5 
tt=23-21=2. 



Contrivances of this sort for facilitating the polution of 
particular problems, must be left to be furnished for tlie occa- 
sion, by the ingenuity of the learner. They are of a nature 
not to be taught by a system of rules. 

839. In the resolution of equations containing several un- 
known quantities, there ^nll often be an advantage in adopt- 
ing the following method of notation. 

The co-efficients of one of the unknown quantities are 
represented, 

In the first equation, by a single letter> as a. 

In the second^ by the same letter marked with an accent, as of. 

In the thirst by the «ame letter with a double accent, as a^^,&c« 

The co-efHeients of the other unknown quantities, are re- 
presented by other letters marked in a similar manner ; as are 
also the terms which consist of fcmnm quantities only. 
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Two equations containing the two unknown quantitiei 9 
and y may be written thus, 

ITiree equations containing ar, y, and z, thu8| 

ax-^by'^cz=:d 

a'x+b'y+c'z-df 

af'x+l/'yJ^cf'z^df\ 

Four equations containing x^ y, z^ and u, ihua, 

ax-\'by'\-cz^du=:e 
a'x+b'y+c'z+d'u^e" 
a''x+b''y+(/'z+d''u=:e'' 
a'''x+b'''y+(/''z+d'''u=ze''', 

The same letter is made the co-efficient of the same un- 
known quantity, in different equations, that the co-efficients 
of the several unknown quantities may be distinguished, in 
any part of the calculation. But the letter is marked with 
different accents^ because it actually stands for different quan- 
tities. 

Thus we may put a=4, a'=:6, a'' = 10, a'^^=JO, &c. 

To find the value of x and y. • 

1. In the equation, aar-|-6y=c > 

2. And a'x+b'yz^c'\ 

3. Multiplying the Ist by i',(Art. 328.)a6'a:-f 6ft'y=cfc' 

4. Multiplying the 2d by 6, ba^x-\-bb'y=b(/ 

5. Subtracting the 4th from the 3d, aVx - ba^x^cb^ - bcf 

6. Dividing by ab' - ba', ('Art. 121.) ar=^*' " ^^ 



By a similar process. 



ab'^ba' 
'aV^ba' 



The symmetry of these expressions is well calculated to fix 
them in the memory. The denominators are the same in 
both ; and the numerators are like the denominators, except 
a change of one of the letters in each term. But the par- 
ticular advantage of this method is, that the expressions here 
obtained may be considered as general solutions^ which give 
the values of the unknown quantities, in other equations, of * 
% similar nature* 
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Thua if lOap+ey = 100 > 
And 40jr4-4y:ir200 ) 
Then putting a= 10 6=6 e=slOO 

a'=40 b'=z4 0^=200 

We have x=^.^=^^X^-^X^QQ=4. 
a6^-6a' 10x4-6x40 

And flc^-ca^ _ 10x200- 100X40 _^^ 

^ ab'^ba\ 10x4-6x40 

The equations to be resolved may, originally, consist of 
more than three terms. But if they are of the first degree, 
and have only two unknown quantities, each may be reduced 
to three terms by substitution. 
Thus the equation dx - 4ar-f % - 6y =m-(-8 

Is the same, by Art. 120, as (rf-4)a:4-(A - 6)j/=m4-8. 
And putting a=ci-4, fc=A-6, c=m-f8 

It becomes ax-\-hy=zc.* 

I 
DEMONSTRATION OF THEOREMS. 

340. Equations have been applied, in this and the preced- 
ing sections, to the solution of probleiM. They may be cm- 
{doyed with equal advan^ge, m the demonstration of theo- 
rems. The principal difference, in the two cases, is in the 
order in whicn the steps are arranged. The operations them- 
selves are substantially the same. It is essential to a demon- 
stration, that complete certainty be carried through every 
part of the process. (Art. 11.) This is effected, in the re 
duction of equation^ by adhering to the general rule, to make 
no alteration which shall affect the value of one of the mem- 
bers, without equally increasing or diminishing the other. 
In applying this principle, we are guided by the axioms laid 
down in Art. 63. These axioms are as applicable to the de- 
monstration of theorems, as to the solution of problems. 

But the order of the steps will generally be different. In 
solving a problem, the object is to find the value of the im- 
known quantityj by disengaging it from all other quantities. 
But, in conducting a demonstration, it is necessary to bring 

* For the application of this plan of notation to the solution of equationji 
which contain more than two unluiown quantities, see LaCroix's Algubra, Art. 
95 ; Maclaurin'8 Algebra, Part. I. Chap. 12 ; Fenn's Algebra, p. 57 ; and a 
paper of hap\mat, in the Memoirs of the Academy of Sciencea for 1778, 
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the equation to that particular fi>rni wUch wil esqpress, ia 
algebraic) terms, the proposition to be proved. 

Ex. 1. Theorem. Four times the product of any two 
numbers, is equal to the square of their sum, diminished by 
the square of their difference. 

Let «=r the greater number, «= their sum, 

V=z the less, d= their difference. 

DenumstratiofL 

1. By the notaftion ar-4-y=:t ) 

8. And a:-y=rf J 

S. Adding the two, (Ax. 1.) 2x=«-|-{| 

4. Subtracting the 2d from the 1st, 2y=»- d 

5. Mult. 8d and 4th, (Ax. S.) 4a?y = (s+i) X (» -i) 

6. That is, (Art. 235.) 4a!y=^-(P 

The last equation expressed in words is the proposition 
which was to be demonstrated. It will be easily seen that 
it is equally q^licable to any two numbers whatever. For 
the particular values of x and y will make no difference in 
the nature of the proof. 

Thus 4x8x6^(8+6)*- (8-6)«=192. 

And4xlOx6=(10+6)»-(10-6)*=240. 

And4xl2xl0=(12+10)*-(12-10)»=480. 

Theorem 2. The sum of the squares of any two numb^is is 
equal to the square of their difference, added to twice their 
product. 

Let x=z the greater, dsz their difference. 

y=: the less, />= their product. 

Demomlnaum. 

1. By the notation a:-y=rf> 

2. And ^=p 5 

8. Squaring the first a:'-2a:y-[-y*^rf* 

4. Multiplying the second by 2 2xy=z2p 

5. Adding the third and fourth a:'-f-y'=(P4-2i). 

Thus 10*+8«=(10-8)»+2xl0x8=164. 

341. General propositions are also discovered^ in an expedi- 
tious manner, by means of equations. The relations of 
quantities may be presenUd to our view, in a great variety 
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of ways by the several chmig^thK»rghi^teh'a gtren ecpia* 
tion may be made to pass. Each step in the process will 
oontain a distinct propodtjon. 

Let 9 and d be the sum and diflference of two quantitiei 9 
and y, as be/ore. 

1. Theu ^^x+y) 

«• And dzzx-^yl 

S. Dividing the iSrat by 2, }»=ia?+|y 

4. Dividing the 2d by 2, ^d^^x-^y 

5. Adding the 3d and 4th, isr\-id=:lx+ix=:X 
«. Sab. the 4th from the Sd, ii-^^zziy-^r^^y. 

That is, 

Half the difference oftm quantities^ added tohalfthebr etm, i$ 
equal to the greater ; qnd 

Haijthfik difference sulftractedfivm haff their sum, is equal t0 
Ae less. 



SECTION XII. 

RATIO AND PROPORTKMf.* 



Art. 342. THE design of mathematical investigf^tions, if 
to arrive at the knowledge of particular quantities, by com* 
paring them with other quantities, either equal to, or greater 
or less than those which are the objects of inquiry. The end 



♦ Euclid's Elements, Book 5, 7, 8. Eulei's Algebra, Part I. See. S. Emenoa 
on Proportion. Camus* Geometry, Book IIL Ludlam*8 Mathematics. Walbe* 
Algebim, Chap. 19, 20. Saunderson's Algebra, Book 7. Barrow's Mathemi^ 
ttcai Lectures. Analyst for March, 1814. Port Royal Art of Thinking^ Past 
IV. Ch. ir. |g 
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is most oort^moiUiy^ atuimed by totmm of a series oC eqwttiom 
and pr&porUom* When we make uae of equation^ we deter- 
mine the quantity sought, by diaoovering its eqtutUty witli 
■ome other quantity or quantities already known. 

We have frequent occasion, however, to compare the un- 
known quantity with others which are not equal to it, but 
either greater or less.' Here a different mode of proceeding 
becomes necessa/y. We may inqufae, either kow nmeh one 
of the quantities is greater ttian the other ; or how many^ tmes 
the one contains the other. In finding ihe answer to either 
of these inquiries, we discover what is termed a ratio of the 
two quantities. One is called arithnUtkd and the other geo* 
metrical ratio. It Bhould be observecl, however, that birth 
these terms have been adopted arbitrarily, merely for dis^ 
tinction's sake. Arithmetical ratio, and geometrical ratio are 
both of theih applicaWe to arithmetic, and both to geometry. 

As the whole of the extensive and important subject of pro* 
portion depends upon r^tias, it is necessary that these should 
be clearly and fully miderstood. 

S43. Arithmetical ratio it the difference between two 
fuantities or sets of quantities. The quantities themselves are 
caUed the terms of tlie ratio, that is^ the terms between which 
the ratio, exists. 'Thus 2 is the arithmetical ratio of 5 tjo S. 
This is sometimes expressed, by placing two points between 
the.quantities thus, 5 . . 3, which is the same as 5 -3. Indeed 
the tenn arithmetical ratio, and its notation by points, are 
almost needless* For the one is only a substitute for the word 
difference^ and the other for tbe sign *-« . 

844. If both the terms of an arithmetical ratio be multiplied 
or dmded by the same quantity, the ratio will, in effect, be 
i)aulti{)lied or divided by that quantity. 

Thus if a-6=:r 

Then mult, both sides by A, (Ax. S.) ha^-hh-zzhr 

a b r 
And dividing by A, (Ax. 4.) r - r =^ 

8454 If the terms of one arithmetical rdtio be added to, of 
ttibtracted from, the corresponding terms of another, the ratio 
of their sum or difference will be equal to the sum or difier« 
ttice of the two ratios. 



If' d^h^Y' - ' -* 

A id rf A V ^'^^ ^^® ^^^ ratios, \ 
nien(rt-f-dP(64-fc)=x(a-6)4-((f-fc). Forcftch =ra4*rf-6^ 
And (fl^-d) - (i-A) rr (ar^)^(d^A). For, each a=«-<i-4+A, 
•Thii» Uw ftoit). ratio of U ..4 is 7 /. . 
Arnl the aiiih. raiioof .6. .2 isS) 
The ratio of the ewm d* the tenns 1 6 «. 6 is 10, the sum ot 

the ratios. 
The i-atio of the differem^e of the t^njis 6. .2 is 4^ the differ- 
ence of the ratioe. 
' 846. GEOMETRICAL RATIO is that relation be- 

TWEEN QUANTITIES WHiCtt 49 ^JfrHESSED BY THE QUO- 
TIENT OF THE ONE DIVIDED BY THE OTHER.* 

Thus the ratio of 8 to 4, is ^ or 2. For this is the quotient 
of 8 divided by 4. lii otjier word3, it shows how often 4 is * 
contained in 8. v 

In tlie sanijB manner, the ratio of any quantity to another 
ffnay foe €Xpre«eed by dividing ifce foiwer by t}ie latter, or, 
which is the same thing, making the former the numerator 
of a fraction, and the tatter the, (feiiominator. 

a 
Thus the ratio of a to J is r- 

The ratio of d^h to 6-|-c, is TT7* 

847. Geometrical ratio is also expressed by placing two 
points, otte over the otlier, between the gnantiiies compared. 

Thus a : b expresses the ratiojof a to b; and 12 : 4 the ratio 
-of 12 to 4. The two quantities together are called a cauflet^ 
of which the first teim k the antuedeniy aiv] the last, the 
consequent. 

348. This notation by points, and die other in the form of 
a fraction, may be excbiuiged the one for the otiier, as con- 
venience may require ; obsernng to make the antecedent of 
the couplet, the numerator of tiie fraction, and the consequent 
the denominator. 

Thus 10 : 5 is the saipe as V:, Q^nd fr : d, the same as ^^ 

349. Of these three, the antecedent^ the consequent, aiii 
Ihe ratio, any two being given, the other may be found. 



rW ALOBBKA. 

Let a=s the miiecedefit, esp the ccmsectueol, r^ the mtb. 
a 
Bjr definitioii rss- ; that ie, the ratio is equal to the qintece- 

dent divided by the consequeftt. 

Multiplying by e, aszcr^ that is, the antecedent is equal to 

the consequent multi|^ed into the ratio. 

a 
Dividing by r, 0=-, that is, the consequent k equal to the 

antecedent divided by the ratio. 

Cor« 1. If two couplets have tlmr nxitecedents equalt ^i^d 
their consetiuents equal, their ratios must be equal. ^ 

Cor. 2. If, in two coupletSi the ratios are equal, and the i| 

antecedents euual, the consequents are equal ; and if the \ 

ratios are equal and the consequents equal, the antecedents 
are equal.t 

S50. If the two quantJtieti compared are ffiidl, the ratio is 
a unit, or a ratio of equality. The ra^o of 3x6 : 18 is ^ 
^ unit, for the quotient of any quantity divided by itself is 1. 

If the antecedent of a couplet is greater thai^ the conse- 
quent, the ratio is greater than a unit. For if a dividend is 
? eater than its divisor, the quotient is greater than a unit, 
hus the ratio of Id : 6 is 3. (Art. 128. cor.) This is called 
a ratio of greater inequality. 

On the other hand, if the antecedent is k$8 than the con- 
sequent, the ratio is less than a unit, and is called a ratio of 
less mequdity. Thus the ratio of 2:3, is less than a unil^ 
fa^Bcause the dividend is less than the diviscnr. 

351. INVERSE or RECIPROCAL ratio is the ratio 
OF THE REOii^RocAiiS OF TWO ^UANTiTfES. See Aft. 49. 
Thus the reciprocal ratio of 6 to 3, is i to i, that is i-f-i. 

a 
The direct ratio of a to & is ^, that is, the antecedent divided 

by the oon^uent. 
W , ..111116* 

The reciprecal ratio IS •: jor -^^=x-Xy «-^- 

riMi is tkd conseqisent i divided by the antecedent ^ 



^EwM7,iSi, f£uc9.ff. 



fton which etprnmss tbfi dir«)ct r^tio; or» wbm Uie ficftattw 
ia by points, hy ifwerting the ord$f qf the /«f»w. 
Thus <i is to 6, inversely, as 6 to a. 

852. COMPOUND RATIO is the ratio of the PRO- 

PUCTS, of the COIiUESPONpmG TERMS OP TWO OR MORE 
.SIMPLE RATIOS.* 

Thus the ratio of § : ^, is 2 

And the ratio of , IS : 4, is 8 



The ratio compounded oi* these is 72 : 12=6. 

Here the ccffnpo^md ra^io is obtained by multiplying 
together the two antecedents, and also the two consequents, 
4)f the simple ratios. 

So the ratio compounded. 

Of the ratio of a: b 

And the ratio of c : d 

And the ratio of ' h: y 

Is the ratio of aeh: hdy—— 

^ bdy 

Compound ratio is not diflferent in Its noftire from any other 
ratio. The term is used^ to denote the origin of the ratio, in 
particular cases. 

Cor. The compound ratio is equal to the product pf tiic 
r^imple ratios. 

The ratio of a : fc, is * 

The ratio of « : rf, is ^ 

The ratio of A:w, isi 

* A . . 
And the ratio compounded of these is ~-^ which is tile 

bdfi 

prodtict of the fractions expressing the simple ratios. (Art. 
155.) 

353. If, in a series of ratios, the consequent of each pre- 
ceding couplet, is the antecedent of the following one^ th$ 



^SeeNojtel. 
I6» 



'wkkkUemnpmriided^f iMtheinlerv^^ 

Thus, in the series of Ratios <r : fr - 

c rrf 

the ratio of a : A is eq^al to that which is compounded of (he 
ratios of a : 6, of 6 : c, of e : c^, of (i : A. For the compound 

ratio by the last article is f!lfr=f! or a : fc, (Art. 14^.) 

bcdh h 

In the same manner, all the quantities which are both 
antecedents and consequents wilf disappear when the frac- 
tional product is reduced to its lowest terms, and will leave 
the compound ratio to be expressed by the first antecedent 
and the last consequent. 

354. A particular class of compoutad ratios is produced, by 
multiplying a simple ratio into itself^ or into another equal 
ratio. These are termed dvpUcate^ tripUc(Uey quadmg[>lkatei 
Ac. according to the number of multiplications. 

A ratio compounded of two equal ratios, that is, the sqware 
of the simple ratio, is called a dvpliccUe ratio. 

One compounded of three, that is, the cvbe of the simple 
mtio, is called trijdicate, &c. 

In a similar manner, the ratio of the square roeU of two 
quantities, is called a 9ubdupKcaU ratio ; that of the cube 
roots a subtriplicate ratio, &c. 

Thus the simple ratio of a to 6, is a : 4 

The duplicate ratio of a to 6, is a* : 6* 

The triplicate ratio of a to 6, is a? : f 

The subduplioate ratio of a to 6, is ^a : j\^b 

The subtriplicate of a to 6, is J^a : ^6, &c. 

The terms duplicate, triplicate, &c. ought not to be 6on- 
tmnded with double, triple, kc.j 

The ratio of 6 to 2 is 6 : 2=8 

Double this ratio, that is, twice the ratio, is 12 : 2 = 6 > 

Triple the ratio, i, e. three times the ratio, is 18:2 = 9) 



* Tbi* if the partteular case of compound ratio which is treated of in thft 
Hi book of EucUd* See the «ditloQB of Simson and Piai^ar* 
t 8m Note K. 



^lind the tmplkaU caii<M.eahe cufce ef tbf ratio, b 6^ : S'sS? ) 

355. That quantkies may have a ratio to each other, it la 
pceessary thai they shoMd be so far of the same^ nature^ tm 
thv^ one can properly be said to be either equal lo, or greater, 
or less than the, othera A foot hasa ratio to an inch, for one 
ifi twelve times as great as the other. But it cannot be said 
that an hour is either slHxrter or. longer than a rod ; or that 
an acre is greater or less than a degree. Still if these quan- 
tities are expressed by numbersy there may be a ratio between 
the numbers. There is a ratio between the number of rain- 
Btes in an hour, and the number of rods in a mile. y 

856. Having attended to t he naivre of ratios, we have next 
JLo consider in what manner tliey will be aifected, by varying 
one or both of the terms between which the comparisori is 
made. It must be kept in mind that, >yhen a direct ratio is 
expressed by a fraction, the antecedent of the couplet is always 
the numerator^ and the consequmt the denmninator. It will 
be easy, then, to derive from the properties of fractions, the 
changes produced in ratios by variations in the quantities 
compared. For the ratio of the two quantities is the same as 
• the value of the fractions, each being the quotient of the 
numerator divided by the denominator. (Arts. 135, 346.)' 
Now it has-been shown, (Art. 137,) that multiplying the 
numerator of a fraction by any quantity, is multiplying the 
value by that quantity ; and that dividii>g the numerator is 
dividing the vakie. Hence, 

357. Multiplying the antecedent of a couplet by any quantity^ 
U multiplying the raHo by that quantity ; md dmdmg the ante'- 
cedent i8 dividing the ratio. 

Thus the ratio of 6 : 2 is 3 
And the ratio of 24 : 2 is 12. 

Here the antecedent and the ratio, in' the last coujdet^ arc 
each four times as great as in the first. 

The ratio of a : 6 is ^ 
And the ratio of na : 6 is ^ 



Con With a gireti conaequent, the froaitt ike'teMfttoedini^ 
th^ greater the raiio ; and ontlw other hahd, the greater tbt 
ratio, tlie greater the antecedent.* See Art. 137. «or, 

3d6. MuUtphiff^ the eennquent of a eoapht by any ^ftunUHy 

,%$, in effect, dhicUng the roHo by that q^kmtUy ; tmd dividmg the 

cmisequeiU U multiplymg the ratio. For multiplying the denom- 

' inator of a fraetioti, is di^vidjng tlie value ; and dividing the 

denominator is nmitiplyiug tL^ valvie. (Art. 138.) 

Thus the ratio of 12 : 2, is 6 

And tlie ratio of 12 : 4, is 3. [ 

if Here the consequent in the second couplet, is twke as great, 
tnd the ratio only half as great, as in the first. 

The ratio of a : 6 is - 
6 

And the ratio of a : n6, is -£-^ 

no 

Cor, With a given antecedent, the greater the consequent, 
the less the ratio ; and the greater the ratio, the less the con- 
fiequent.t See Art. 138. cor. 

359. From the two last articles, it is evident that multiply' 
kig the antecedent of a couplet, by any quantity, will have the 
same effect on the ratio, as dividing the consequent by that 
quantity; and dividing the antecedent, will have the same 
effect as multiplying the consequent. See Art. 139. 

Thus the ratio of 8 : 4, is 2 

Mult, the antecedent by 2, the ratio of 16 : 4, is 4 
Divid, the consequent by 2, the ratio of 8 : 2, is 4. 

Cor. Any factor or divisor may be transferred, from the 
antecedent of a couplet to the consequent, or from the conse- 
quent to the anteceaeirt, without altering the ratio. 

It must be observed that, when a factor is thus transferred 
ficm one term to the other, it becomes a divisor ; and when 
:k divisor is transferred, it becomes a factor. 

Thus the ratio of 3x6 ; 9=2 ) ,, 

Transferring the factor 3, 6 : *=8 5 the same ratio. 



* EuHid 8 and 10. 5. The fiist part of the propositioni. 
t £uciiil 8 and 10. 5. Thd last part of tbe propositionB. 
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The ratio of ~ : 6=— • ^6="^- 

"Transferring y mo: Sy=ina-7-%=iTr 

«« .. . *y by ma 

Transfenrmg w* a: '^=«-t-^=3; 



j; 360. h Is farther evident, from Arts. 867 and 858, that » 

^^Wfi ANTECEDENT AND CONSEQUENT BE BOTH B^ULTIPLIED, 
^Oa^ BOTH DIVIDED, BY THE SAME QUANTITV, THE RATIO WILL 

*;w»T WE ALTERteDi* SioArt. 140. * 

I Thus the ratio of 8 : 4^t V 

J Mult both tenns by 2, 16 : 8=2 > the same ratio. 

^ Divid. both terms by 2, 4 : 2=2 ) 

i a 

I The ratio rf o : tt±r 

ma a 
Multipljring both terms by t^ wio : *h6=--^=t 



Dividing both terms by w, 



a^k an a\ 
n'n'^bn'^bJ 



Cor. I. The ratio of two fractions which have a commcni 
denominator, is the same as the ratio of their numerators. 

a b 
Tlius the ratio of - : -, is the same as that of a : 6. 

Cor. 2. Tlie direct tatio of two fractions which liave a 
common numerator, is the same as the reciprocal ratio of 
* their denamvnater9. ^ 

a a 11 

' Thus the ratio of— • -, is the sanie as --• ::, or n:ik 
* m w m n 

861. From the last article, it will be easy to determine the 
ratio of any two fractions. ' If each term he «iultipljed by 
the two dencwninators, the ratio will be assigned in integral 
expressions. Thus multiplying the tei^ms of (he cpuplet 
a c abd oed 

r • 2 by id, we hc^ve -r- • -j, which becomes od : 6c, by ^an- 

eelUng equal quanlities ^rom tbe.nuUKMratois ^ui denomi- 
naioTB. 
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S61. b. A mcio of greaier tMfuaUtyf compounded with 
another ratio, increasei it 

Let the ratio of greater inequality be that of l-f« : i" 

And any given ratio, that of a :!* 5^ 

— ' ». ' 

The ratio compounded of these, (Art. 852,) is a'\-nai I 
Which is ^eater than that of a ; 6 (Art. 356. cor.) . •'; 
But a ratio o( leeser inequcUUif, compounded with anothef 
TfAtio, dmvmhes it. . : ^ 

Let the ratio of lesser inei|uality be that of I -i»( t 

And any given ratio, that of «i I 

The ratio compounded of these is a *- na : ^ 

Wliich is less tlian that of a : 6. \ ' 

362. If to or from the terms &f any cottpUty there be ADDieM>r 
SUBTRACTED two Other ouantitki having the same rcttio^ the sume^ 
or remainders toill also have the same nMg,* . 
Let the ratio of a : 6 ) 

Be the same as that of ^•dy 

Then tlie ratio of the 5ttm.of the antecedent^ to the sum. 
of the couHequents, viz. of o-f-tf to 6-^c(, is also the same. 

a+c c a 



Tliatis 



b+d-d^b^ 

DmonstratiofL 



a e 
L By supposition, 4^5 

2. Multiplying by b and d, ad:=zbc 

3. Adding cd to both sides, ad^cd=zbc+cd 

bc^cd 

4. Dividing by d^ a+c= — j— 

a4-c c a 

5. Dividing by fc+d, j-prxj:^ j- 

The ratio of the difference of the antecedents, to the diflTciw 
mice of the ccmsecttief Its, is also ihe same. - 

Tliatis?Zf^^^l ' ' ' 

"i-rf-d-6 



• fiiielid,0«ad«.i» 
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# 1. By supposition, as before. 






'2. Multiplying by 6 and rf, ad=:bc^ 

•5 *• 8. Subtracting cd from both sides, ad^ - crf= 6c - cd| 
i \ 4. Dividing by rf, a^c^tllL 

2 .s 5. Dividing by 6 - d ^ =^^?L 

- S ' Thus the ratio of * 15 : 5 is 3 



!» . Thus the ratio of 15 : 5 is 3 > 

; And the ratio of 9 : 3 is 3 J 

flfen adding and subtracting the termi^of the two couf^ts, 

J The ratio of 1 5+9 : 5+3 is 3 > 

f And the ratio of 15-- 9 : 5- 3 is 3 ) 

\ Here the terms of only two couplets have been added to- 
gether. But the proof cnay be extended to any number of 
couplets where the ratios are equal. For, by the addition of 
> the two first, a new couplet is fonned, to which, upon the 
'.same principle, a third may be added, a fourth, &c. Hence, 

. / 363. If, in several couplets, the ratios are equal, the sum 

'OF ALL THE AI^TECEDENTS HAS THE SAME BATIO TO THE 
JSUlf OF AI.L THE CONSEQUEI«TS, WHICH ANT ONE OF THE 
AKTECEDENTS HAS TO ITS CONSEQUENT.^ 

{12 5 6=2 
6:3=2 
Therefore the ratio of (12+10+8+6) : (6+6+4+3) =2. 

365. h. A ratio of greater inequality is dmmehed^ by adding 
Uie $ame quantity to both the terms. 

Let the given ratio bo that of o-f S * « or fSlt. 

a 

Adding x to both terms, it becomes a+6+« : a+« or ^ "^* 

a+x 

« EacH 1 and IS, 5. 



t«4 JdASt^lkk, 

Beducing them to a ooBinnM tdeadnuoator, 
The first becomes £+fH:f^* 

Andthe^latter ttfl^. T^ 

As the latter numerator is manifestly less than the other, f ^ 
the ratio must be iess. (ArU 356. cor.) '1 

But a ratia of lesser meqnality is incrtaud^ by adding the^ ^' 

same quantity to both terms. ; f: « 

% ft-* ft 2 " 

Let the given ratio be that of a- 6 : a, or —1- ^; 

Adding « to both terms, it becomes «- t+x ro^-cor tl-i? 

Reducing them to a G(»maion denominatai^ * 

The first becomes "" . ^T^ — — -— ' 

^ a(«+ar) 

And the lattery ■ . . .■ *. 

a(a+«) 

As the latter numerator is greater than the other, the raHio 
is greater. 

If the same quantity, instead of being added, is svbirnetei ; 
from both terms, it is evident the effect upon the ratio must 
be reversed. 

ExampUi. 

1. Which is the greatest, the latio of 11 : d, or Uiat <^ 
44:35? . , 

«. Which is the greatest, the ratio of o+S litk o^ "^^^ o' 
ia+Tiia'l . . ^^ 

3. If the antecedent of a couplet be 65, and the ratio 13, 
what is the consequent 1 

4. If the consequent of a couplet be 7, and the ratio 18, 
what 18 the antecedent. ' 

5. What is the ratio compounded of the ratios of 3 : 7, and 
U : 56, and 7a:+l : 8y - 21 ^ ", 

6. What is the ratio compounded of x+y : o, and 
m^y : a+b, and a+b : ht Ans. i^-y* : bh. 



pounded, win they produce a mtio of greater inequality, or of 
/ ' icBBer inequality 1 Jlns. A ratio of greater inequality. 

f { . 8, What is the ratio compounded erf x-\-y : Oj and x - jf : t, 
■ ■■'«« 

^ h und 6 : 1 Ans. A ratio of equality. ; 

ij V a 

5 I ' 9. Wliat i« the ratio eompounded of 7 : 5, and the dupli- 

f I ^te ratio of 4 : 9, and the triplicate ratio of 9 : 2 1 

\ 7t Ans. 14 : 15. 

* >/ ^ 

* 10. What is the ratio compounded of 3 : 7, and the tripli* 
eate ratio of x : y^ and the subduplicate ratio of 49 : 9 7 
I Ans. «• : y'. 

f PROPORTION. 

If 

f 363. An accurate and familiar acquaintance with the doc- 
I trine of ratios, is necessary to a ready understanding of the 
\ principles of proportion^ one of the most important of all the 
i Drancnes of the mathematics. In considering ratios, we 
^ eomi^are two quarditie9f for the purpose of finding either thdr 
; difference, or the quotient of the one divided by the other. 
> But in proportion, the comparison is between two rcUios, 
\ And this comparison is limited to such ratios as are equal. 
We do not inquire how much one ratio is gj^^r or less than 

* another, but whether they are the ^ome. Thus the numbers 
12^ 6, 8, 4, are said to be proportional, because the ratio of 

* 12 : 6 is the same as that of 8 : 4. 

■• 364. Propohtion, then, is an equality of roHps. It is ei- 

* ther arithmetical or geometrical, Aritlmietical proportion is 
an equality of arithmetical ratios, and geometrical proportion 
is an equality of geomemcal ratios.* Thus the numbers 6, 
4, 10, 8, are in anthmticd proportion, because the difference 
between 6 and 4 is the same as the difference between 10 and 
8. And the numbers 6, 2, 12, 4, are in gemnetrical propor- 
tion, because the quotient of 6 divided by 2, is the same at 
the quotient of 12 divided by 4. 

365. Care must be taken not to confound proportion with 
ratio. This caution is the rm>re necessary, as in c(mimon 
discourse,, the two terms are used indiscriminately, or ratbei^ 

♦ Sm Note L. 
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pnopoKicAi k teed for both: The eicpetiMt irf^one maa aie 
•akl to bear a greater proportioa to 4u8 incoine^ thatt thoes^ of 
another. Bui according. to the de&iition which tias just been , 

flven, one proportion is neither greater nor less than anoiiier./ | 
or eipudity does not admit of degrees. One ratio may be* ' 
greater or less than . another. The ratio of 12 : 2 is greater * 
than that of 6 : 2, and less than that of 20 : 2. But these dif- ^ 
ferences are not applicakile to. propattian, when the terip is ] 
used in its technical gi/ense. The loose signification wjiich i^ ;' 
•o IVequently attached to this word, may be proper enough in ^ 
familiar language.: for it is sajactioned by a general usage, j^ 
But for scientific purposes, the distinction between proportion > 
and ratio should be clearly diawn, and cautiously observed ) 

'i 

866. The equality between two radios, as h€is been statedy < 
m called proportion. The word is sometimes applied also to j 
the series of terms among which this equality of ratios exists. ^ 
Thus the two couplets 15:5 and 6:2 are, when taken to- > 
gether, called a proportion. 

867. Proportion may be expressed, either by the common ■ 
«gn of equality, or by four points between the two couplets. 

Thus 5^-6==4-2,or8-t6;:4-2>arearithmetical i 
(a '* b=sC'*d, or a*- b::c -'d I proportions. ; 

. , ( 12 ; 6=8 : 4, or 12 : 6 : : 8 : 4 > are geometrical 
i a : i=(f : A, or a: biidih) proportions. 

The latter is read, * the ratio of a to & equate the ratio (rf J 
to A;* or more concisely, *a is to ft, as df ta A.* ' 

868. The first and last tenins are called the extremes^ and . 
the other two the means. Homologous terms are (either the 
two antecedents or the two consequents. Analogous termt 
are the antecedent and consequent of the same couplet. 

869. A 9 the ratios are equal, it is manifestly imtnaterial 
which of the two couplets is placed first. , *^ 

If o • ft : : c : d, then c : d : r a : ft. For if ?=£then ^=5?. 

ft a d b 

870. The number of terms must be, at least, four. For 
tfie equality is between the ratios of iv>o couplets ; and each 
couplet must have an antecedent and a consequent. There 
may be a proportion, howei?3er, among three quantities. For 



one of the qnantkfes may b^ repedUd^ a^ tts to fdrm two 

' J ferrhs; In this ctise the q^ntity r6^peafed is called the tmifc 

. i^dU term, or a mean proportional betrn^ecn the two other quan* 

I >titiesr, especially if the proportion is geometrical. 

k Thus the numbers 8, 4, 2, are proportional. That is, 8 : 

^' i 4 : ; 4 : 2. Here 4 is both the consequetu in the first couplet, 

^ <ind the antecedent in the( last, K is therefore a iiieau pro* 

l^tional betwe^ii8 and'3. 

> I The loit term is called a tktrd preportioncd to the ti^o otbur 
^ I ^antities. Tkv^2 is a third proporuoual to § find 4. 

/ J 371. Inverse or reciprocal proportion is an equality between 
' t a dkect ratio, and a reciprocal ratio. 

I i Thus 4 : 2 : : i : i ; that is, 4 is to 2, redproeidhfy as 3 to 6. 
jBo^aetimes also, the order of the terms in one of the couplets, 
• ts inverted^' without writing them iu the form of a fraction. 
' —(Art. 351.) 

Thus 4 : ^ : : 3 : 6 inversely. In this case, the Jlr»( term 
13 to the second, us the fourth to the third ; that is, the first 
' divided by the second, is eq.ual«ta the, fourth divided by the 
'^ third. ' 

372. When thei-e is a series of. (juwititle«, .sueh that the 
ratios of the first to the second, of the second to the third, of 
the third to the fourth, 8lc, are aU equal; the quantities are 
said to be in coniinfued proportimi. . The consetpient of each 
preceding ratio is, then, tJie antecedent of the following 
one. — Continued proportion is also called progression, as wiu 
t)e seon in a following section* 

- Thus the numbers 10, 8, 6, 4, 2, are in continued ori/Ame- 
Ooal proportion. For 1 - 8 = 8 - 6 = 6 - 4;= 4 - 2. . 

The numbers 64, 32, 16, 8, 4, are in continued geometrical 
proportion. For 64 : 32 : : 32 : 16 : : 16 : 8 : : 8 : 4. 

If a, 6, €, rf. A, &c. are in continued geometrical propor- 
tion ; then a: b: : b:c.::c :d: :d: h, &c. 

One case of continued proportion is that of ihreA propor* 
tiohal quantities. (Art. 870.) 

373. As an arithmetical proportion is, generally, nothing 
more than a v^ry simple, equation, it is scai^ely necessary to 
give the subject a separate consideration. 

The proportion a • . ^: : c, » 4 

Is thtt same as the equation •-fr=c-d 



tSS JILOXBRA. 

It wiU be proper, bowerer, to oboerve t^at^if ^mr qoar^ 
ties are in arithmeiical pooportioD, the mm of the extremm t# 
§fmd to the mem of the meame. 

Thus if a..fr::4..fiH then a-fm=i4-A 

For by supposition^ a - b^h - m 

And transposing - ( and - m, a-^m=b+h 

So in theproportion, 12 . . 10 : : H . • 9, we have 12-f 9cr lO-^-l U 

Again if three quantities are in arithmetical proportion, i&» 
emm of the extremal i$ eqwil $o douhU the mean. 

If a. .fr::6,.e, then, m^h^b^e . 

And tjranspo6ing-6and-c, 04^=26. 

GEOMETRICAL PROPORTION. 

S74. But if four quantities are in gtometrkal proportion^ 
the PRODUCT of the extremes k equd to the product of the 
wuane. 

l(a:b::c:d^ ad=ih€ 

For by supposition, (Arts. 846, 864.) ^=^ 

a 

Multiplymg by M, (Ax. 8.) ^='M 

b d 

Reducing the fractions, ad=:bc 

Thus 12:8:: 15: 10, therefore 12x10=8x15. 
Cor. Any factor may be transferred from one mean to the 
other, or from one extreme to the other, without affecting the 
proportion. If aimbiixiy^ then aibiimxiy. For the 
product of the means is, in both cases the same. And if 
na:b::x:y^ then a:b'/:x: ny. 

875. On the other hand, if the product of two quantities 
is equal to the product of two others, the four quantifies will 
fonn a proportion, when they are so arranged, thai those on 
one side of the equation shall constitute the means, and those 
on the other side, the extremes. 

If my=:nA, then m : n: : A : y, .that is. 
For by dividing my^nh by ny, we have 
And reducing the fractions. 



m_ 
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"■ Cor. The game mu^ be trufe <rf auy fmtoiri vhich iotm the 
two sides o( aii equation, - 

If (a4-6) xc=(^-m) xy> then a+t ; rf -m : : jf : e. 

• 376; If thret qnantitiea are proportional, thejpixxluctof the 
extremes is equal to the square of t lie mean. For this mean ' 
proportional is, at the sanie time, tlie cimsequent of the first 
couplet, a*i(l the antecedent of the last. (Art. 370.) It is 
therefore to be multiplied into Hself^ thatis^ it is to be aquaretL 

l( a :h::b : Cf then mult, extremes And means, ac=:lf. 

Hence, a niean proportional between two quantities may be 
Ibund, by extracting the square root of their product. 

If a : x:: x: c^ then (x^=ac^ and a:=V^' {^^^* 297.) 

.' 377. It follows, from Xxi. 374, that in a proportion, eithei 
extreme is equal to the product o/ the means, divided by the 
other extreme ; and either of the means is equal to the pro- 
duct of the extremes, divided by the other mean. 

1. If a ; 6 : :c : i,tten ad=ibc 

% Dividing by d, ^ ^""T 

A Dividing the first by 1^ " *=^2- * *^ • 

c 

4. Dividing it by A, ^^-r- 

6. Dividing it by «, 4=—; that is, tbB 

fourth term is equal to the prodiict of the second and Akd 
Hmded by the first. 

On this principle is founded the rule of siinplc proportion 
in arithmetic, commonly called the Ruk of Three. Three 
numbers are given to find a fourth, which is obtained by 
multiplying together the second and third, and dividing by 
the first. 

378. The propositions respecting the products of the 
means, and of the extremes, furnish a very simple and con- 
venient criterion for determining whether any four quantities 
are proportional. We have only to multiply the means 
together, and also the extremes. If the products are equal, 
the quantities are proportional. If the products are not equal, 
the quantities are not proportionaT. ^^ ^ 



liO Al/^BIWA. 

379 In nuUbematical invoBtig^iiions, when the relatiorw 
of several quantities are given, they aie frequently stated in 
the form of a proportioiL But it is connmonly necessary that 
ihis first proportion should pass through a ntnnber of trans- 
formations before it brings out distinctly the uikknown quan- 
tity, or the proposition which we wish to demonstrate. It 
may undergo any cliange which will not affect the equality 
of the ratios ; or which will leare the product of the means 
equal to the product of the extremes. 

It is evident, in the first place, that any alteration in the 
arrangement^ which will not affect the equality of these two 
products, will not destroy the proportion. Thus, if a : 6 : : c : J, 
the order of these four quantities may be varied, in any way 
which will leave ad=zbc. Hence, 

380. If four quantities are proportional, thb order of 

THE ME4NS, OR OF THE EXTREMES, OR OP THE TERMS OF 
BOTH COUPLETS, MAY BE INVERTED WITHOUT DESTROYING 
THE PROPORTION. 

If a:b::c : d} ,, ^^ 

And 12:8::6:4 5"^^°' 

1, Inverting ike fMom^'^ 

a: c\\b\d\ .1 ♦. . ( The fir*/ is to the tlwrd^ 
12:6::8:4r'^^^ ^^^ J AstheteconrftotheyoiirriL 
In other words, the ratio of the aniecedenis vr equal to the 
ratio of the c&Mequente. 

This inversion of the means is frequently referred to by 
geometers, under the name of MtemaiUm,^ 
%, bwerting the ewtremeij 

d: b::c : a > ., . C The fourth is to the second^ 
4:8::6:12i^'^''^ ^^ ^ As the rtird to the ^ir^f. 
3. Inverting the terms of each couplet^ 

b : a :: d : c ) . . C The second is to the firsts 
8 : 12 : : 4 : 6 J "^^^ ^^» I As the fourth to the third. 

This is technically called Inversion, 
Each of these may also be varied, by changing the order 
of the tivo couplets. (Art. 369.) 

Cor. The order of the whole proportion may be inverted. 
If a : 6 : : c : (i, then d: c::m a. 



♦ See Note M. t Euclid, 16. 5. 



In each of these cases, it will be at once seen that, by 
taking the products of the meansyand of the extremes, .we 
have iMt=6€, and 12x4=8x6. 

If the terms of only one of the couplets are inverted, the 
proportion becomes fec^ocol (Art 371.) 

If ai b::c : d, then a is to 6, reciprocally, as d io e. 

381. A difference of arrangement is not the only alteration 
which we have occasion to produce, in the terms of a pro- 
portion. It Is frequently necessary to multiply, divide, involve, 
&©• In all cases, the art of conducting the investigation 
consists in so ordering the several changes, as to maintain a 
constant equality, between the ratio of the two first terms, 
and that of the two last. As in resolving an equation, we 
must see that the sides remain equal ; so in varying a pro- 
portion, the equality of the ratios must be preserved. And 
this is effected either by keeping the ratios the same, while 
the terms are altered ; or by increasing or diminishing one of 
the ratios (is much as the other. Most of the succeeding proofir 
are intended to bring this principle distinctly into view, and 
to make it familiar. Some of the propositions might be de- 
monstrated, in a more simple manner, perhaps, by multiplying 
the extremes and means. But this would not give so clear 
a view of the nature of the several changes in the proportions. 

It has been shown that, if both the terms of a couplet be 
multiplied or divided by the same quantity, the ratio will re- 
main the same ; (Art. 360.) that multiplying the antecedent 
is, in elfect, multiplying the ratio, and dividing the antece- 
dent, is dividing tiie ratio ; (Art. 357.) and farther, that mul- 
tiplying the consequent, is, in effect, dividing the ratio, and 
dividing the consequent is multiplying the ratio. (Art. 358.) 
As the ratios in a proportion are equal, if they are both 
multiplied, or both divided, by the same quantity, they will 
still be equal. (Ax. 3.) One will be increased or diminished 
as much as the other. Hence, 

332. If four quantities are proportional, two analogous 
OR two homologous terms may be multiplied or ni- 

TIDED BY the SAME QUANTITY, WITHOUT DESTROYING IHE 

proportion. 

If analogous terms be multiplied or divided, the ratios will 
not be altered. (Ai1. 300.) If Iwmologous terms be multi- 
plied or divided, both ratios will be equally increased or 
dimmished. (Arts. 357, 8.) 



i«l ALGKBIIA. 

If a : b::c : di then, 

1. Multiplying the two first terma, maimbiic: d 

t. MuUiplyiBg the two last tenuoi a : 6 : : me : mi 

3. Multiplying the two antecedents,* mazhwiuc \ d 

4. Multiplying the two consequents, UinAxxcimd 

5. Dividing the two first terrn^ i? : ~ : : c : i 



m m 
6. Dividing the two last terms, a : i : 



c d 



m m 

7. Dividing the two antecedents, SL : 6 : : £ : ^ 

m m 

8. Dividing the two consequents, a : — : : c ; £. 

m m 

Cor. 1. JiU the terms may be multiplied.or divided by tbe 
same quantity.f 

ma : mi : : me : mi, ~ : — :: i. : 1. 
m %n vi m 

Cor. 2. In any of the cases m this article, multiplication 
of tbe consequttit may be substituted for division of the ante-^ 
cedent in the same poufdet, and division of the consequent, 
for multiplication of the antecedent, (Art. 359, cor.) 

a : - : : mc : d1 \ma : i : : c : if 
m 1^1 m 

I - : 6 : : Ji. : d I "d ] a : mt : : — : d I I ft : i : : c : mrf 
Lm m J ^ L m J Lm 

383. It is ofl^n necessary not only to alter the terms of a 
proportion, and to vary the arrangement, but to compart one 
proportion teilh another. JProm this comparison will frequently 
ariwe a new proportion, which may be requisite in solving a 
problem, or in carrying tbrward a demonstratioiL One of 
the most important cases is that in which two of the terms 
in one of the proportions compared, are the eame with two in 
the other. The similar t^rms may be made to disappear, 
and a new proportion may be formed of the four remaining 
terms. For, 



♦ £uclid3.S. t£u<^lid4fi. 



fma:b::mc:d\ § 



PROK>KTK»C. 198 

" ' S84. If two ratios ark Rssi»ECTiTEirriquALT» athuo^ 

THE7 ARE EQtJAL tO EACH OTHER.* 

This 18 oothkig more than the 1 Itb aziom-^ppUed to i^tiqt. 

'•AL:ii;;:;;|^tena:6::c:4.ora:c::J:i 

For if the ratio of mm is greater than that of € : rf, it b 
mamfest that the r^tio of a : 6» which is eqml to thiA of m : i^ 
is also greater than that of e : d. 

885* In these tnslances, the termswhich are alike in the 
two proportions are the two fir^ and the two laH. But this 
arrangement is not essential. The order of the tenns niaj 
be ckanged, in various ways^ without affectmg the equality 

ojf the ratios. 

• 
' 1. The similar tenns may be the two antecederUi^ or th# 
two cangeqventf^ in each proportion. Thus, 

If m : a ; : ft : 6 > u^ ( By alternation, min::a:b 
Andm:e::ni-d) (And m:n::c:d 

Therefore a : ( : : c : d, or a : c : : 6 : d, by the last article. 

2. The antecedents in one of the proportions, may be tho 
same as the consequents in the other. 



If m:a::n:b) ^^^^ ( By inver. and altem. a:b::mi\ 
And c:m::d:ni ( tiy alternation, c : d : : m : i 



If a : m : : 6 : n > ^.^ ( By alternation, a:b::m:\ 
Andc:d::m:nr^®^ i And .c:d::m:i 



Therefore a : 6, &c. as before. 

3. Two homologous terms, in one of the proportions, may 
be the same, as two analogous terms in the lUfaer. 

:ii 

Therefore, a : fc, &c. * 

All these are instances of an equality ^ between the ratios in 
otie proportion, and those in teiother.. In geometry, the 



♦EudidU.5. *tEudidl3.«. 



.pmpoeitko to which ibey belor^ is usuaUy-xk^ by the 
words " ex aequo^^ or ** far Ofsqutdu^^* The aecond itaae in 
this article is thai which in its form, most obviously answers 
to the exfdanattom in Euclid* But they are all upon, the 
same princij^e, and are frequently referred, to, without dis- 
crimination. 

S86. Any number of proportions may be pompar^ m ihm 
same manner, if the two first or the two {oai tern>s in oach 
preceding proportion, are the same with th^ two first or thf 
two last in the foUowing one** * 

-TIniaif a:b:ic:d^ 

And C'd::h:l\^^^ k. ^.^ , 

A 1 f J > inen a : o : : :r : v. 

And h: l::m:n ( ^ 

And m:n: :x :yj 

That is, the two first terms of the first proporvtioii hare the 

•ati^e ratio, as the two last terms of the last pr(^)ortioii. For 

k> i» manifest that the ratio of all the couplets is the same^ 

And if the terms do not stand in the same or^er ashercj 
yet if they can be rakiced to this form, the same principle U 
^pplicablQ* 



Thus if a : c : 
And" m: x\ 




c;d:ih:l 

h:l::m:n\ 

m:n::x:y 



Therefore a : 6 : : a: : y, as before. 



In all the examples in this, and the preceding articles, the 
two terms in one proportion which have equals in another, 
are neither the two raeans^ nor the two extremes, but one <rf 
the means, and one of the extremes ; and the resultuig pro- 
portion is uniformly direct 

887. But if the two means, or the two eirtremes, in one 
proportion, be the same with the means, or the extremes, m 
another, the four remaining terms will be reciprocally prt^^» 
tianal. . 

And ?J=mn j (Art.3T4.) Therefore o6=«d, and o:*r:<l!te 

»•• ' ■ ■■. ' III - i . ni i ' ' I ■ . I I . I . I I ■ ■ ■ J > 

♦ Euclid 22,5, 



In thif e]cpin|de« the ^wo xn^aiis lir'one proportion," ate Mk« 
thoRe in tlie other. But the principle will be the same, if the 
JM^tmB^ um Alcks, or if |h^ e^ctremes iii><m9.fyE#iKtf(ioii w^ 
Ukirtii9n)e9tttiQ the, other. - 

If m:a::6:n> ^^^n a:c: ;(I:6. ^ 

• Orifa:ni::n:6Kj^^ ^ ^ J 

And m: c ::d:n) 
The proposition in georaetrjrwhieh applies to this^ase; i* 
tKmially cited by the words ^* ex aequo perturbate.^^ 

888. Another way in which the terms of a proportion niay 
he TwA^y is hy odditiariGr eublra^imn. ' '■ • 

If to or FitOM TWO AKAI.CI60tJS OR TWO HOMOLOGOUS 
TKRM8 OF A PROPORTION, TWO OTHER QUANTITIES HiiVINO 
THE SAMS RATIO BE ADDED QR SUBTRACTED^ THE PROPORTION 
WILL BE PRESERYED.f 

For a ratio is not altered, by adding to it, or subt^i^ting 
from it, the terms of another equal ratio. (Art. 362.) 

If a:bt: c :d) 
And a:b::min) 

Then by adding to, «r subtracting from a and 6, the terme 
of the equal ratio m : n, we have, 

a^m:b+n::e:dj and a-m:fr-n::e:c(. 
And by adding and subtracting m andu, to and from c and 
d we have, 

a;btic^!^:d-^fh and a:fc::c-m:rf-».^ ^ 
Here the addition and subtraction are to and from analo* 
gous terms. But by alternation, (Art. 380,) these terms will 
become homologous^ and we shall have, 

a^m:c: : 6-fn: d, and a-m: c: : 6-n: A 

Cor. 1. This addition may, evidently, be extended to an^ 
mmJberoi equal ratios^ 



Thusifa:&::^ 



c:rf 
h:l 
min 
x:y 
Then a : 6 : : e+h+m+x : d+l+n+y. 

«fiuclidS3^5. tEuclidi,S. tfitteUdt,S. Cor. 



IM ALQBBRA. ; 

For by alternation a:€Uh:i> ihere- C A-f m :i>4-ii c : ( : 4 
And m:fi::i:c() fore lixa-^m:b:ic-^n;d. 

S89. Fro^ the last article it fe erident thata^ in any pro» 
portion, the tenns be added to, or subtracted from aocA otJWr, 
that it, 

Ir TWO ANALOGOUS OH VOMOLOOOUa TEEMS BE ADPSH'TO, 
OR SUBTRACTED FROM THE TWO. OTHERS, THE PROPORTIO|l 
WILL BE PRESERVED. 

Thus, itaibiicid, and 12 :4: :6:S, then^ 

1. Jiddh^ the two loft terms, to the two frtl. 

a+c:b+d::atb 12+6: 4+2 :t 12: 4 

wada+c:b+d::e:d 12+6: 4+2:: 6:2 

or a+c;a::b+d:b 12+6 ; 12: :4+ 2: 4 

anda+c:t:::6+^:i 12+6: 6:: 4+ 2:2. 

2. Adding the two aniecedentSf to the two comequerUs. 

a+b:b::e+d:d 12+4: 4::6+2:2 

0+6 : a : : c+d : c, &c. 12+4 : 12 : : 6+2 : 6, Aw. 
This is called Corhposition,'^ 

S. SuWactmg the two jEr«l terms, from the two iot t 

. c-<i:a: :iJ-i:6 
c-a: c : :i2-6:d^ &c. 

4L Subtracting the two lo^t terms from the twofnL 
a-c: 6~d: :a: 6:^ 
' a-e:6-d: : c: d, &c. 

5. Subtracting the consequents from the antecedents. 

a-6:6::c-d:d 

a : a-6 : :c : c-d, Slc. 

The alteration expressed by the last of these forms is called 
Chnoersion. 

6. Subtracting the antecedents from the conteftcents. 

fc-a : a: : d- c: c 
6 : 6-a: : d : d-c, &c, 

*filicUdH& tEucUdl8,5. {EucIidlS^i. 



PROPORTION. 191 

.. 7,, A^ijag.and.8ubtmctittgi 

a-^6 ; art- :c4-cJ ; c-rf. y.^ 

That is, ibfi sumof the two first tenne, is totbe^r 4iffer- 
ence, as the sum of tlie two last^ to their dilference, ^ 

Cor. If any compound (juantitie^ arranged ds in ftie precc* 
ding «3cainpl«s, are proportionaJ, Ae simple (quantities ef which 
the^ ace conipQuaokd are proportional abo. / . 

Tiius, if a+6 ; fc : : c-f-d : cf, then a : 6 : : c ; d» 
t l^is is jcalled JMdaim** . ^ . . 

890. If ths c^ftkESFi^lrDme t^rms of two on mou 

lUNKS OF PROPORTIONAL aUi.N%ITlE3 BE MULTIPLIED 
TOGI^THER, THE PRODUCT WILL BE PROPORTIONAL. 

This i& compounding ratios, (Art. 352,) or compoiindinff 
proportions. It should be distinguisht?d from, what is called 
€0mfimtm^ which is.an addition qi the tern>s of a ratio. (Art. 
S89» 2 ) 

*If a:b::e:dl 13:4::6:2> 

And h:l::m:ni ^ 10:5::8:45 . 

ThenaA: W;:m:d» . 12bi 20: :48 : 8. 

^ For from the nature of proportion, the two ratios in the 
first rank are equal, and also the ratios in the^ second rank. 
And multiplying the corresponding terms is multiplying the 
raHoSi (Art. Sd7. cor.) that is, multiplying eqv4d8 by equdU ; 
^ (Ax. S. ) so that the ratios will still be equal, and therefoie 
tbe four products must be proportional. 
The same proof is applicable to any number of proportions. 



Ca:b::c:d 

If }h:l::m:n 

ip:q::x:y 



Then at^ : blqi: cmx : dny* 

From this it is evident, that if the terms of a proportion be 
multiplied, each into itself^ that is, if they be raised to any 
pwfery they will still be prc^rtiimal. 

U a:b::c:d fi : 4 : : 6 : 13 

a:b::c:d 2:4::$: 13 



Then a' : 6« : :(r» : d« 4 : 16 : : 36 : 144 



)g * Euclid 17. 5. Sm Note IV. 



Proportionals will also be cdbCaiiiea, by rei^enkg H^ pto^ 
MSS| tnat 18, by extraeting th6 roots of the terms. 

if a:h:tc :dy tWn V* • V* • * V^ ' V^ 

l^or takiog the product (^ exlr. and means, ad=rbe 
And ejctractiug both elides^ V<^?== V^ 

That is, (Arts. 96% SW.) V^ * V^ • • V^^ V^ 

IleiKie, 
391. If several quantities ai^ pioporlionai, Tjusiit Ltsj^ 

tOWCRS -on UKK ROOTS AEK. PftOFOKiTidlfAU* 

Ifa:fr;:^:d 
Tbena*:i"t:c*: rf", arid S^a : ^^/t ::^c : SJ/rf. 

MM in R 

S92. If the terms in one rank of proportionals be ^Mied 
by the corresponding terms in another rank, the quotientli 
will be proportional. ^ 

This is sometimes called the resolution of ratios. 

12 : 6 : : 18 : 9 > 

6:2:: 9:35 

12 . 6 , . 18 , 9 

6 2" 9 'S 

Thk is merely reversinff the process in Art. 390, and naay 
be demonstrated in a mniiiar manner. 

This should be distinguished from what geometers caH 
dkisumj which is r mbtraeHon of the terms of a ralia (Art. 
389. cor.) ' 

When proportions are compounded by multiplication, it 
will often be the case, that the same factor wUl be found in 
two analogous or two homologous terms. 



If a: 
And A: 


I: 


:c:d 
m: n 


Thenfl 

A 


.b 
l 


m H 



Thus if o : 6 : : c : rf 
And m : ai:n: c 



I 



am : ab ::cn : eeL 

Di>r 



Here a is ip the two first terms, and c in the two last 
tiding by these, (Art. 382,) the proportion becomes 



m; b::n:d. Hence, 



♦ It nrnst not be inferred from this, that quantities have the same ratw »s 
Hieir like powen or like roots. See Art. 3S4. 



^ S98. Fu ooiifipeUfidiag pfopc^tiontiy efHf^ fcHitofm or dm^ort 
Ai two aimlog^ous Of hoiBoLogous teri»s^ itoy be rejecie4* 

d : U : 4 : : 9 : ? 

I 4:8::3:6 

8:20::e:15\ , 



Ca: b:ic : 
(Arm::/: 



Thena:«i::c:7t . ,. i2':20::9:l5 

This riii^ may be applied to -the cases, to which the termi 
' ** ex aeqwT and " &x aeqtw perturbate^ refer. See Arts: 365 and 
387. One of the methods may serve to verify the otlier. 

894. The changes whfch may be made in proportions, 
without disturbing th^ equality of t^ie ra.tip#i are so .nil^ie- 
rous, that they Would become burde»8Qme to the memor\', if 
tbey were not reducible to a few general principles^ They 
are mostly produced, 

1. B^ inverting the arrfer of the terms, Art;,38ft — - 

S. By multiplying or dividing by the tcSne quantity^ Art, 382. 

8. By comparing proportiohs which have Ukt krmsj Art. SS4f 
5,6,7. / ^ 

4. By ^Mii^ or mtktradia^ %h» tenns of &^\\9l ir^tips^ ^^rt. 

388, 9. 

5. By multiplying or dimding one proportion by another, Art 

390, 2, 3. 

6. By involving or extracting the roots of the terms. Art. 391. 

395^: When four quf»ntitie& are proportional, if t)kt fimf be 
ffreater than the ^econd^ the* third will be greater thna the 
jourth ; if equal, equal : if les% l^ss. , 

For, the ratios of the two eouplets bewig the same^ ifon^Js 
a ratio of equality^ the other in also, and therefore the ^i:t6r 
cedent in each is e^lual to its consequent ; ^Art 3^) if oae 
18 a ratio of greater inequaUhfy the other is alsOf wd therefore 
the antecedent in each is greater than its consequent ; and 
if one is a ratio of lesser tnequaHtyy the other is ^Iso, and 
iherefore the ai^tecedent in each is less than it^ consequent. 

Ca=;:k^,c=:d 
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Cor. 1, If the first be g:reatcr thun the fAtrrf, the setxmi 
will be greater than the fimih ; if equal, equal ; if le8% lees.* 

For by altei-nation, a r 6 : : c : cf becomes a : € : : 6 : rf, with- 
out any aitertition of the quantities. Therefore, if a=A, 
c= J, &c. as before. 

Cor, 3. If a : m : : c : n > .1 . - , . © j. 

For, by equality of ratios, (Art. 885. 2.) or cdhipoundiiig 
ratify (Arts, 30Q, 393.) 

a : 6 : : c : d Therefore, if a=6, c=d, &c, as before. 

Cor. 3. If « : m : . 9 : rf ? then if 0=6, c=i, &c4 ' 
and m:6;:c:n5 * 

For, by com|X)unding ratios, (Arts. 390, 393,) 

a\h::c : d. Therefore, if a=fc, c=d, &c. 

895. b. If four quantities are proportional, their reciprocals 
are proportional ; ajid v. v. 

If a:6::c:(i,theni:i::l: * 
abed 

For in each of these proportion^ we have, by roducticn^ 
ad=:bc. 

CONTINUED PROPORTION. 

896. When quantities are in continued proportion, all the 
ratios are equal. (Art. 372.) If 

a: b::b :c::e : d: :d : Cf 
the ratio of a : 6 is the same, as that of 6 : c, of € : d, or of 
d : e. The ratio of the first of these quantities to the hist, is 
equal to the product of all the interveumg ratios ; (Art. 353,) 
that is, the ratio of a : e is equal io 

abed 

b e d e 
But as the intervening ratios are all equaly instead of multi- 
plying them into each other, we may multiply any one of 
them into itsey^; observing to matse the number of factors 



* Eudid 14. 5, t Euclid SO. 6. | Euclid 21. 5. 
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«qual to the number of intervening ratios. T1\U8 the ratio 
of a : €9 in the example just given, is equal to 
a a a a a* 

When several quantities are in continued proportion, the 
number of couplets, and of course the number of ratios, is 
one less than the number of quatitities. Thus the five pro- 
portional quantities a, 6, c, d, c, form four couplets containing 
four ratiosi ; and the ratio of a : c is equal to the ratio of 
a* : b*y that is, the ratio of the fourth power of the first quan^ 
tity, to the fourth power of the second. Hence, 

S97. If three quantities are proportional, the first is to the 
thxrdy as the square of ike. firsts to the square of the second; or 
as the square of the second, to the square of the third. In 
other words, the first has to the third, a duplicate ratio of the 
first to the second. And conversely, if the first of the three 
quantities is to the third, as the square of the first to the 
square of the second, the three quantities are proportional 

If a : i : : 6 : c, then a : c : : a* : 6'. Universally, 

898. If several quantities are in continued proportion, the 
ratio of the first to the last is equal to one of the intervening 
ratios raised to a power whose index is one less than the num- 
ber of quantities. 

If there are four proportionals a, fe, c, d, then a: d::a* : b* 

If there are five a^b^Cydy e; a: e::a^ :b\ &c. 

S99. If several quantities are in continued proportion, they 
will be proportional when the order of the whole is innoerted. 
This has already been proved with respect io four proportional 
quantities. (Art. 380. cor.) It may be extended to any num^ 
ber of quantities. 



Between the numbers. 


64, 32, 16, 8, 4, 


The ratios are 


2,2,2,2, 


Between the same inverted 


4, 8, 16, 32, 64, 


The ratios are 


I 1 1 I 

^> V ^> T* 



So if the order of any proportional quantities be inverted, 
the ratios in one series will be the reciprocals of those in the 
other. For by the inversion, each antecedent becomes a con- 
sequent, and v. V. and the ratio of a consequent to its antece- 
dent is the reciprocal of the ratio of the antecedent to the 

18. 
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consequent (Art. S5I.) That tbe reciprocals of equal quan- 
tities are themselves equal, is evident from AiX. 4. 

400. Harmonical or Musical Proportion may be con- 
ttdered as a'species of geometrical proportion. It consists in 
an equality of geometrical ratios ; but one or more of the 
terms is the difference between two quantities. 

Three or four quantities are said to be in harmoniccU propor^ 
Hon^ when the nrst is to the last^ as the difference between 
the two firsts to the difference between the (too last. 

If the three quantities a, i, and c, are in harmonical pro* 
portion, then a: ci: a-6 : 6-c. 

If the four quantities a, by c, andd, are in harmonical pro- 
portion, then a: d::a^b : c-d. 

Thus the three numbers 12, 8, 6, are in harmonical pro- 
portion. 

And the four numbers 20. 16, 12, 10, are in harmonical 
proportion. 

401. If, of four quantities in harmonical proportion, any 
three be given, the other may be found. For from the pro- 
portion« 

aid:: a-6 : c-d, 

by taking the product of the extremes and the means, we 
have a<:-ad=od-6d. 

And this equation may be reduced, so as to give the value 
of either of the four letters. 

Thus by transposing - ad^ and dividing by o, 

2ad''bd 
c= . 

a 

Examples^ in u)hich the principles of proportion are applied to the 
solution of problems. 

1. Divide the number 49 into two such parts, that the 
greater increased by 6, may be to the less diminished by 11 ; 
as 9 to 2. 

Let a?= the greater, and 49 -x= the less. 
By the conditions proposed, x-^-Q : 38 - a: : : 9 : 2 

Adding terms, (Art. 389, 2.) «+6 : 44 : : 9 : 11 

Dividing the consequents, (Art. 382, 8.) x+6 : 4 : : 9 : 1 
Multiplying the extremes and means, 0:4-6= 36. And a:=S0. 
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S. What number is tha^o which if 1, 6, and 13, be seve- 
rally added, the first sum shall be to the second, as the sec- 
ond to the third '^ 

Let x= the number required. 

By the conditions, ar+1 : x+5 : : x+5 : a:+13 

Subtracting terms, (Art. 389, 6.) a^-l : 4 : : x+5 : 8 
Therefore ar+8=4a?+20. And or =3. 

3. Find two numbers, the greater of which shall be to the 
less, as their sum to 42 ; and as their difference to 6. 

Let X and y=z the nmnbers. 



By the conditions, x:y:: x+y 

And ar : y : : a: - y 

By equality of ratios, x+y : 42 : : a: -y 

Inverting the means, x+y : a:-y : : 42 

Adding and subtracting terms, (Art, 389, 7,) 2x:2y::4S 
Divi*ng terms, (Art. 382,) ar : y : : 4 



42 
6 
6 
6 

36 
3 



Therefore 3a?=4v. Anda:=-J{ 

3 
From the second proportion, ^ 6a:=y X (a? - y) 

Substituting ^ forar, y-=24. And a:=:32. 

o 

4. Di\ide the number 18 into two such parts, that the 
squares of those parts may be in the ratio of 25 to 16. 

Let ar= the greater pait, and 18- ar= the less. 
By the conditions, a?' : (18- a:)' : : 25 : 16 

Extracting, (Art. 391,) x : 18-a: : : 5 : 4 

Adding terms, a? : 18 : : 5 : 9 

Dividing terms, x : 2 : : 5 : 1 

Therefore, ar=10. 

5. Divide the number 14 into two such parts, that the quo- 
tient of the greater divided by the lens, shall be to the quotient 
of the less divided by tiie greater, as 16 to 9. 

Let x=: the greater part, and 14 -x= the less. 



/ 
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By the conditions, 




* :li-if:: 16: 9 

14- « X 


Multiplying terms, 




a«:(14-ic)»::l6:9 


Extracting, 




«:14-*::4:S 


Adding terms, 




«:14::4:7 


Dividirig terms, 




«: 2::4:1 


Therefore, 




«=8. 



6. If the number SO be divided into two pArtSy which 
are to each other in the duplicate ratio of 3 to 1, what num- 
ber is a mean proportional between those parts 1 

Let a?= the greater part, and 20-^ a: = the less. 

By the conditions, a: : 20 - ar : : 3' : 1* : : $: i 

Adding terms, ar : 20 : : 9 : 10 ' 

Therefore, a:= 18. And 20 - x= 2 

A mean propor. between 18 and 2 (Art. 376.) =^2x18=6. 

7. There are two numbers whose product is 24, and the 
difference of their bubes, is to the cube of their difference, at 
19 to 1. What are the numbers 1 

Let X and y be equal to the two numbers. 

1. By supposition, a:y=24> 

2. And a^-i/*- (a?-y)'::19: IJ 

3. Or, (Art. 217.) t^-%^ : s^^Sx)i+Sx^-y^:: 19 : 1 

4. Therefore, (Art. 389, 5,) Sah)-Sxf : (a:-y)' : : 18 . 1 

5. Dividing by a?-y (Art. 382, 5,) 3ai( : (a?- j/)»: : 18 : 1 

6. Or, as 3a:y =3x24=72, 72 : (x-yY : : 18 : 1 

7. Multiplying extremes.and means, (ar-y)*=4 

8. Extracting, a:-y= 2> 

9. By the first condition, we have ^ a:y =24 ) 
Reducing these two equations,' we have a; =6, and y=4w 

8. It is required to prove that a: x:: ^2a-y : ^y 
on supposition that (M-*)' • (o - Jj)' : : ar-f y : a? - y.* 
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1. ExpjiiHrrng, a'4-2aar-f x* : a* - 2ax+^ : : »+» * * -y 

&, Adding arid subtracting tervos^ 2a'4~^^ • ^^ ::^x:2y 

3. Dtviding t6nn8, a*-f .*»*^: tax : : x:y 

4. Tidnaf. the factor a:, (Art. 374. cor.) a^+i^ : 3a : : «* : y 

5. Inverting the means, . a'-4-«^: ar* : : 3A : j( 

6. Subtracting terms, * a^ix^ ::2a-y',y 

7. Extracting, d:x:: y/^n -1 y : >y/y 

9. It is required to prove that dar=cy, if y is to y in the 
*jiplicate ratio of a : 6, and a : 6 : : \/o-\-x ; : V^+J* 

1. Involving term^ a' : 6' : : c-f-* : rf+y 

2. Ry the first snpposition, a* : 6' : : ar ; y 

3. By equality of ratios^ . c-\'X : i^y : : x:y 
4.. Inverthig the means, c-^x : x:: d-\-y : y 

5, Subtracting tenne, c: x: : d:y 

6. Therefore, dx^cy, 

10. There are two numbers whose product is 135, and the 
difference of tlieir squfites, is (crihe scjuare of their dilference, 
as 4 to t. What are tlie numbers? Ans. 15 and 9. 

11. What two niuYiber^ are those, whose difference, sum, 
and product, are as the numbers 2^ 3, and 5, respectively 1 

Ans. 10 and 2. 

12. Divide the number 24 into two such parts, tliat their 
product shall be to the sum of their squares, as 3 to 10. 

Ans. lb and 6. 

13. In a mixture of rum and orandy, (he difference be- 
tween the quantities of eacli, is to the q\iantity of brandy, as 
100 is to the mnnber of gallons of rum ; and tiie same dif 
ferent/e is to the quantity of rum, as 4 to the number of 
gallons of brandy. How many gallons ar* there of each % 

Ans. 25 of rum, and 5 of brandy. 

14. There are two numbers which are to each other as 3 
to 2. If 6 be added to ihe greater and subtracted from the 
less, the smn and remainder will be to each other, as 3 to 1, 
What are the numbers? Ans. 24 and 16. 

15. There are two numbers whose product is 320 ; and the 
difference of their cubes, is to the cube of their difference, a.s 
61 to 1. What are the numbers! Ans. 20 and 16« 
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16. There are Iwd numbers, which are to each other, in 
the duplicate ratio of 4 to 8 ; and 24 is a mean proportional 
between them. What are the numbers ] Ans. S% and 18, 

4(®. A list of the articles in this section which contain tl>e 
propositions in the 5th book of Euclid.* 



Prop, i. 


Art. 363. 




XIII. 


384, cor. 


II. 


388. 




XIV. 


395, cor. I 


IIL 


382. 




XV. 


360. 


ir. 


382, cor. 1. 




XVI. 


S80. 


V. 


362. 




XVII. 


389, c»r. 


VI. 


362. 




XVIIL 


^9,2- 


VII. 


349, cor. 1. 




XIX. 


389, 4. ■ 


vriL 


357, cor. 358; 


cor. 


XX. 


395,' cor. «, 


IX. 


349, cor. 2. 




XXI. 


39^ cor. 8. 


X. 


357, cor, 358, 


cor. 


XXII. 


386. 


XI. 


884. 




XXIII. 


387. 



XII 363* XXIV. 388. cor. 8. 



SECTION XIII. 

VARIATION OR GENERAL PROPORTlON-t 

AnT. 403. THE quantities which constitute the terms of 
a proportion are, frequently, so related to each other, that, if 
one of tUem be either increased or diminished, another de- 
pending on it will also be increased or diminished, in such n- 
manner, that the proportion will still be preserved. If the 
value of 50 yards of cloth is 100 dollars, and the quajitity 
be reduced to 40 yards ; the value will, of course^ be reduced 
to 80 dollars ; if the quantity be reduced to 30 yari^s, the 
value will be reduced to 60 dollars, &c. 



♦See'tioteO. 

t^ewt<Hs*B PriRcip. Bciok L See* I. Lemma 10,:8chal. Grmrion.on Pr0r 
ponioii, Wood's Algebra, Ludlam's MaUr , Si^imdervon'i Al|f bra, ArU S0(i^ 
Paricin8an*8 Meehania!, p. 24. 



i"' :t " ^ .,• -^ y^; ^ dAi M. ^ ' .'•-'-■ 
r-, Th*ti% 60:40:: 100:80 ' 

50:30:il00t^«> . 

-60;2!O;:J00r40,*c; 
. JiA €he eensequent of the )trfl coaf^i 4s yanedy the OcMe- 
<Ilieut 9^tbe <e(^ i»varied» M^ 9^«fa a ii^aiia«r» t^ iWpfO*^ 

If the two antecedents are A and J? ; and if a lepreaents ar 
quBintity of the same kind with 4# hut either greaiet or less ; 
iad 6, a qnafltitjrof the same kind ^tti B, bnt as matjy timef 
greater at less, as a is greater ht less than Jl ; then 

that is, if Jl by varying becomes cf, then B becomes Jb* This 
is expressed i?^ore concisely, by saying,that ^ foiic^ (w JD^ or 
A is as B, Thus the wages of a laboring man vary as the 
iHnu 0f his service. We say tH&t the interest of money whicb 
M loai^ for a given tir^e, is pr<fpw^ned to the principal. 
But a propOTtion .c<»itains fmr terpM. tiefe are only two^ 
the interest and the priticipaL This then is , an ohriiged 
sUxtemmt^ in which two terms are mentioned mstead of four. 
The proportion in form ^s^ottld be : 

As any given prtncJpal, is to any other principal '; 

So is the interest of the former, to the interest of the latter* 

. .404. In many tnathenHitical and phikeophical investiga- 
tioos, we have, occasion to determine (he general relations 
of certain classes^ of quantities to each other, without Uniting 
tjie inquiry to ajiy partijcular values of those quantities, Jn 
such cases, it is frequently sufficient to mention only two of 
the terms of a proportion. It must be kept in mind, how- 
ever, that four are always iniplied. When it it said, for in- 
stance, that the weight of water is prc^portionod to its bulk, 
we are to understand. 

That one gallon, is to any number of gallons; 
As the teeieht of one gallon, is to the weight of the given 
number of gallons. 

405. Tlie character cj) is used to express the proportion of, 
variable quantities. 

Thus A cj) B signifies that A varies as J5, that is, that 
A:a::B;b. 

TU' expression A c/>B may be called a general proportion^ 
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406. One quantityii^Baidiovilry dftgcUy &8 another, when 
the one increases as the other increases, or kdunini^ed as 
the other is diminishec!^ m chat 

•S c/) i?, that ky A:a:z P:h. 
Thp interest on a lodn is increased or diminished, m pro- 
portion to the principal. If the principal is doaWed, thein-r 
terest is doubled ; if the principal is trebled, th<i interest 19 
tjrebled, &c . » v . . 

407. One quantity is said to vary moendy qv reciprocal^ 
as another, when the one is pr<4)ortioned to the reciprocal 
of the ethtrr ; that is, wheu the one in diminished, as the other 
is increased, so tha$ . 

B ^ B V 

In this case, if \A is greater than a, j^ is lens than b. (Art \ 
S96.) The time required for a man to raise a given «mn, by 
his labor, is inversely es his wages. The higher his wages, 
the less the time. 

408. One quantity is said to vary as two others jointly , when 
the one i» incre^iaed or diiuinished, as the product of the othei ' 
tw'o, 60 that I ' 

^ OD J8C, that is ^ : a ; : jBC : ic. 
The interest of money varies as the product of the pHnci- 
pal and time. If the time be doubled, and the pnncipal 
doubled, the interest will be four tbues as great. 

409. One quantity is said to vary directly as a second^ and 
inversely as a third, when the first is always proportioned to 
the second divided by the third, so that 

^ CO— , that iswJ : a : : ^ : -. 
C C e 

410. To understand the methods by which the statements 
of the relations of variable quantities are dianged from one 
form to another, little more is necessary, than to make an 
application of the principles of cornmon proportion ; bearing 
constantly in mind, that a general proportion is only an 
abridged expression, in which two terms are mentioned in- 
stead of four. . When the deficient terms are supplied, the 
reason of the several operations will, in most casesj be appa- 
rent 
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411. It is evident, in the first place, th,at the urder of Hu 
Urms in a general |)ropQrtioh may be inverted. (Art 369.) 

.If *Sia'.:B:hiiiAi9^\8^if Jlc/iB; 
Then;^:6::d3:a, thetts, Bca^. 

412. If oiie or both of the terfns m a general proportion, 
;De trndtipli^ or divided by a constant quantity, the proportion 

will be preserved>^ 

For multiplying or diriding one or both of the terms is the 
sctme, as multiplying oi^(tividing analogous i&caiii in the prOi> 
portion expressed M length. '(Art. 382. and cor. 1.) 

, If ^: a::B :by that is, if Jj as -B, 

/ Tlien mA :ma::B : &, that is, $n^ c/) B^ 

i And nut :ma:: mB : rhb, that is, nuS en mB^ &c. 

413. If both the terms be mulUplied or divided even by 
a variable quantity, the proportion will be pieserved. For 
this is equivalent to mujtiplyin;^ the two antecedents hy on^ 
quantity, and the two consequents by anoilier. (Art. 382.) 

If A: a::B: b,ilmlh,i{ Jlc^B; 

Then MA: ma : : J\IB : mb, that is MA crMB^ &c. 

Cor, 1. If one quantity varies as another, the quotient of 
the one divided by the other is constant In other words, if 
the numerator of a fraction varies as the denominator, th« 
value remains the same. 

If •« : a : ; J5 : *, that is, if j9 en 5, 
Then|:«::|>-::l:l. (Art. 128.) 

Here the third and fourth terms are equal, because each is 
equal to 1. Of course the two first terms aife equal ; (Art 
395.) so that if A be incredlbed or diminished as many timet 
as J?, the quotient will be invariably the same. 

Cor. 2. If the product of two quantities is cohstanty ont 
varies reciprocally as the other. 

If.4J?:a6::l:l,then!^:^::J: : j,or,4:a: : 1 I 
B b B V B b 

Cor. 3. Any factor in one term of a general proportion, 
may be transferred^ so as to become a divisor in the other ; 
and V. V. 

If A (j)BCy then dividing by J?, ^ c/) C. (Art. 118 ) 

B 
19 



ItJi <r Jjn then mult, by C, ^C cd i. (Art. 159.) 

414. If two quantities vaxy respectirdly as a third, thes 
me ot the two varies as ifae other, {kit 884.) 

And C:c::5:*r*^*^^^'^ Je(^S; 
Then Jl:a::C:c, that is AinC*- 

415. If two quantities vary rvspeotivfiy as a Untdi tlnnf 
Mm ix differenci will vary in the same manner. (Art. 388.^ 

If JlxaiiBib},.,. .fi^cuB 
And C:c::5:6r^^^*«^*MCc/>5; 
' ThtnJl+C:a+c::B:hy^ba,i\B,a+C(»J^ 
And *9- C ; a-c :: fit 6, thatis, •*«€(/>& 

Cor. The addition here may be extended to <my numb^ of 
quantities all varying alike. (Art. 386. cor. 1.) 

If .fl c/» JB, and C J» B, and J5 c/) 5, and JEoQ Jff^ then 

(Ji+C+D+E) ij) B. 

415. h. tf the aqryore of th^ turn of two quantities, varies 
Hf the square of their d^erence; then the mm of t&ejr «Qiiares 
varies as their product. 

If (w«4^5>' ^(Ji - B)«; then wJ'+jB^ c« dB. 
For by the suppcraition, 

(Jl+By t l^-BY : : («+*)* : (n- fr)«. 
Expanding, addiBg» and subtracting terms. (Arts. 217, 
and 38^, 7.) 

«w3»+2jy : 448: : *i*+26? : 4ab. 
Or, (Art. 382.) 

^+jy :AB.\ (f+V : afr,4hat is, J^+B* cjbAB. 

416. The terms of one general proportion may be nmiti* 
filed or divided by the correepondinip terms of another.— « 
(Art. 390.) 

Then AC :ae::BD:bdthdii is, .iCcj>BD. 

Cor. If two quantities vary respectively as a third, the pf& 
inet of the two will vary as the square of the others 
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417. If tey quantity vary tta aitother, any fmoer or r^U ct 
tbe former will Tary, as a like power or root of the lattei; 
<Art.391.) 

If Jiia::B:b, Aat i%if •flc» JB, 

Then •*•: a"::B":6» thatiq, Jtc^B^^ 

Airi J*: cT : : JB* : i*, that is, •*• cr> fi". 

■418. In compounding geoercd proportions^ equal /odort or 
dmsorSf in the two terms, may be rejected. (Art. 393.) 

r If A:a:^B:b} . C^cj^B 

/ And 5: 6 :.: C:c 5 that is,^ if {B^C 
^: And C:c: :X):(i) (Cc/>D 



Then.fl: a: :Jp:ii, thatis, ActiD. 

Got. If olie q^iantity varies as a second, the second, as a 
^.third, the third, as a fourth, Sic then the first varbs as the 

If Ji(»B»CcMfBjihenJl<yiD. 

If ^fl O) JJ CO i , then A co -i; that is, if the first varies <& 
C/ G 

. rcctly as the second, and the second varies reeiprocMy ais the 
thira ; the first varies reeiprocaliy as the third. 

419. If any quantity vary as the produd of two otliers^ 
and if one of the latter be considered canstantf the first will 
vary as the other. 

If WcfiLB^ and if J? be constant, then WctoL. 

Here it must be observed that there are two conditions ; 
First, tliat FT varies nsthe product of the two other quantities; 
Secondly, that one of these quantities B is constant. 

Then, by tlie conditions^ Witoi : LB :IB; S being th* 
same in both terms. 

Divid. by the constant quantity B^WitoitLil^ that is Wcnij, 
And if JL be considered constant, W(J)B. 

Thus the weight of a board, <rf uniform thickness and den* 
•hy, varies as its length and breadth. If the length is given^ 
the weight varies as the breadth. And if the brsadth isipivei^ 
the weight varies as the le^gtk 



Cor. The avne principle n^y be extend^ to afiy tiiuBb^ 
of quantities^ The weight of a stick of timber, of given 
density, depends on the length, breadtli, and thickness. ^ If 
the length is given, the weight vaiies as the breadth and 
thickness. If the length and breadth are given, the weight 
raries as the thickness, &e. -. 

If . ^ WtipLBT; 

Then ipaking L constant, W<j> BT^ 

And making L and B con^ahl, ^ W<^ T; ' 

420. On the other hand, if one quantity depends on tijiro 
others ; so that when the second is given, the first vanes its 
the third, and when tFie third is givjen, the first varies as tie 
second ; then the first varies as the product of the other twci 

If the weight of a board varies as the length, when thd 
breadth is given, and as the breadth when the length is giv- 
en : then if the length aiul breadth both vary, the wei^t va- : 
ries as their product. e 

If W(f>L, when B is constant, ( ^t ^ nr or 
And Wcj>B, when L l^temumk I "^ ^"^ ^^' 

In demonstrating this, we have to consider, tvM varlabh vo- 
lues of W; one, when L only varies, and the other, wliea L : 
and B both vary. 

Let tD^=z the first of these variable values, 

And w = the other ; 

So that W will be changed to tD\ by the varying of L; 

And to' will be farther changed to w, by the varying of B. 
Then by the supposition, fViw' :: L:l, when B is constant. 
And t lo' tw:*, B:by when B varies. 



Mult, correspond, terms, Ww' : ww^ : : BL : bh (Art. 390.) 
Divid. by v/ (Art. 382.) W:'w:^ BL:bl,le.W u^ BU 

The proof may be extended to any number of quantities. 

The weight of a piece of timber, depends on its length, 
breadth, thickness and density. If any three of these are 
given, the weight varies as the other. 

This case must not be confoundeil with that in Art. 416, 
oor. In that, B is supposed to vary as A and as C, aJt the 
fuine limt. In this, B varies as .5, only when C is constant, 
and as C, only when A is constant. It cannot therefore vary 
ttfl Ji and 08 C separately, at the same tim«. 
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Art. 480, b. K one' quantity varies as another, the ibrnier 10 
equal to the product o# the latter into «oine oomtocU qoanti^. 

tf,S:B::a:b; then, whatever be thci value (rf a, its ratio 
to b must be constant, viz. that of A : B. Let this ratio "be 
Ibat^f m: 1. 

Then ^:J?::a:6::?»:l, Thercfore«4=s:mB; And a=;:mfc. 

Hence, if the ratio between the two quantities be /ound 
for any given value, it will be known for any other period of 
their iacmase or decrease. If the interest of 100 dollars be 
io the principal as 1 : 20 ; the interest^ 1000 or 10,000 will 
have the same ratio to the principaL 

421. Many writers, in expressing a general proportion^, cto 
not use the term ran/, or the character which Jaas here Iteen 
put for it. Instead of Jl(rB^ they say simply that ^is oiB. 
See Enfield's Philosophy. It naay be proper to observe, al- 
so, that the word gieen is frequently used to distingirish eon- 
starU quantities, from those which are variable ; as well as 
to distinguish knoten quantities from those which are un- 
kupwn. (Art, 17.) 



SECTION XIV. 

ARITHMETICAL AND GEOMETRIC AL JPROGRESSION. 

Art. 422. QUANTITIES which decrease by a common 
difference, as the numbers 10, 8, 6, 4, 2, are in contintied 
arithmetical proportion, f Art. 372.) Such a scries is also 
call^ a progression^ wluch is only another name for continued 
proportion. 

It is evident that tlic proportion will not be destroyed, if 
the order of the quantities be inverted. Thus the numbers 
2, 4, 6, 8, 10, are in arithmetical proporticm. 



QumUkks^ Chen, are ia arkhmiHeal progreasim, tthm Iftey 
mcrea$e w4tortau bff a-fimnmon difference. 

Wlien they increcmt tliey fprm what is called att ascending 
■eriea, as 3, 5, 7, 9, 1 1, &c. 

When they decrtassy they form a descending series, as H^ 
9, 7, 5, &c. 

The natural numbers, I, 2, 3, 4, 5, 6, &c. are in arithmet- 
ical progrcKsioti ascending. 

423. FTona the definition it is evident that, in an astendir^ 
«eries» each succeeding term is found, by addmg ihs cmMium 
difference to the preceding temk 

If the first term is 3, and the comnK)n difference 2 ; 
Tlie series is 3, 6, 7, 9, It, 13, &c. 
If the first term is a, and the comtnon difierence d ; 
Tlien a+d is the second teiro, a4.2d4-rf=«-f 3(i, the fourth, 
a+d-\^d=za+2d the 3d, a^3d+d^a+4d the 5th, &c, 

1 3 t, 4 ft 

And the series is ft, a-{-dy a-\'2d, a+Sd, a-f-4d, &c. 

If the first term and the common difference are the samey 
the series becomes more simple. Thus if a is the first term, 
and the conmion difierence, and n the number of terms. 
Then a4-a=3 2a is the second term, 
2a4-a= 3a the third, &c. 
And the series is 6, 2at 3a, 4a, • . . . . na. 

424. In a descending series, each succeeding term is found, 
by svhtracHng the coramon difference from the preceding term. 

If a is the first terra, and d the common difference, the 

18 8 4 5 

series is a, a - (f, a - 2({, a ~ 3rf, a - 4rf, &c. 

Or the common difference in this case may be considered 
as-d, a negative quantity,*by the addition of which to any 
preceding term, we obtain the following term. 

In this manner, we may obtain any term, by continued 
addition or subtraction. But in a long series, this process 
would become tedious. There is a method much more ex- 
peditious. By attending to the series 
r i «» 4 « 

0, a-f rf, 34-2(/, rt-f3d, a+4jti, &c. 
it will be seen, that the number of times d is added to a is out 
less than the number of the term* 
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The 96€mfid teFm is o-f^, L e» a added to once df . 
The third is a-f 2^^ a added to twke d; 

Thefourlk is a+Sd^ a added to //iricc dj &c» 

So if tlie series be coiitiuued. 

The 50(b tenu will be «+49(i 

The lUOth (eitn «+9M 

If the series be descending^ tfe 100th term will be a — 99d» 

In the last tann, the number of times d is added to a, is 
tme less than tlie nunil)er of all the terms. If tlieu 

ii=theiirst temi, r=the last, n'=the D«mber of terms, we 
B^all have, in all cases, z;=a4-{n^l.)xrf; tbat is, 

425. In an arithmetical progression, the last term is equal 
to thefirsly-\- the prodttct of the common difference into the number 
of te^ms less one, ' - 

Any otiier term may be found in the same way. For the 
series may be made to stop at any term, and that may be 
considered, for the time, ^s the last. 

Thus the with term=a4-{w-I)x^» 

If the first teiTKi and the common difierebce are the iomef 

ar;r=a-|-(n-l)a=o+»M»-a, that is, z=na. 

In an ascending series^ the first term is, evidently, the least, 
and the last, the greatest. But in a descending series, the 
first tenu is the greatest, and the last, the least. 

426. Tlie equation r=:a+(n- 1 )d not only shows the value 
of the last term, but, by a few simple reductions, will enable 
us to find other parts of the seiies. It contains four difiereut 
quantities, 

«, the^rs^ term, n, the ^tmiber of terms, and 

Zy the last term, rf, the common difference. 

If any three of these be given, the other may be found. 

1. By the equaiion already found, 

2=a4-(n-l)rf=/Ae last term, 

2. Transposing (n- 1 )rf, (Art. 173.) 

z-{n-\)d=za=the first term. 

3. Transposing a in the 1st, and dividing by n-1, 

z -a 

—T ^d^ihe commxm difference^ 



ill AI^ISRA. 

4. Transp; a in th« Ist, dhriding by d^ and trmsp. -1| 

• 
By the third equation, may 1)6 found any number of ar£fA« 
metical meansy betwi^en ^o pxen numbers. For the whole 
number of terms consists of the two estremeSy and all the 
kUermediate terms. If then m= the nmrtber of means,, m-f- 
2=n, tlie whole number of terms. Substituting m+2 ft* n, 
in the third equation, we have 

. I z=<t, the common difference* 

Prob. 1. If the fir^t tenn of an increasing progression is 7, 
the common difference ^ and the number of terms 9, what is 
the lost tenni Ans. ^=:o4.(n-l)rf=;74.(9-l)x3=31. 

And the series is 7, 10, 13, 16, 19, 22, 25, 28, 31. 

Prob. 2. If the last term of an increasing pogression is 60, 
the number of terms 12, and the common difference 5, what 
is the first term 1 Ans. a=«-(n-l)(i=60-(12-l)x5=6* 

Prob. S* Find 6 arithmetical means, between 1 and 43. 
Ans. The common difference is 6. 

And the series, 1, 7, M, 19, 25, 81, 37, 48. 

427. There is one other inquiry to be made concerning a 
series in arithmetical progression. It is often necessary ttf 
find the turn of all the Uwis. This is called the summation of 
the series. The most obvious mode of obtaining the amount 
of the terms, is to add them together. But the nature of 
progression will furnish us with a method more expeditious. 

It is manifest that the sum of the terms will be the same, 
in whatever order they are written. The sum of the ascend- 
ing series, 3, 5, 7, 9, 11, is the same, as that of the descend- 
ing series, 11, 9, 7, 5, 3. The sum of both the series is, 
therefore, twice as great, as the sum of the tenns in one of 
them. There is an easy method of finding this double sumy 
and of course, the sum itself which is the object of inquiry. 
Let a given series he written, both in the direct, and m the in- 
verted order, and then add the corresponding terms together. 
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Take^ for inetance, the series -^ S, 6, % 9y H, 
And the same inverted ll^ 9, 7| 5^ d. 



The«uniffl of the t^nw>wiUbe 14, 14, 14, 14, 14. 
Take also the series a, a-}-d, o+2(i, o^^Srf, a-4-4rf. 

And the same inv^r. <M>4i2, a-f^^^^ c^Hd^ <H-<2, a. 

, ^ . ■ ' - - ■ ... 

The sums will be 2a+4(i,2(Hl4rf,2a+4rf,2a+4J,2(^f 4d 
Jlere we discover the iinpoi*tant property, that, 

428. In an arithmetical progression, the sujm of the ex- 

TftEttESfS^ EQUAL TO THE SUM OF ANY OTHER TWO TERMS 
EQUALLY DISTANT FROJU THE EXTREMES. 

Ip the series of niHiibers above, the sum of the first and 
the lest tenn, of the first but one and the last but one, &c. is 
14. And in the other series, the sum of each pair of corres- 
potnding terms is 2a4-4c(. 

To fuid the sum of- all the temui. in the double series, we 
have only to observe, that it is equal to the sum of the ex- 
tremes repeated as many times as there are terms. 
The sum of 14, 14, 14, 14, 14=14x5. 

And the sum of the terms in the other double series is 
(2a-f4rf)x5. 

But this is tickt the sum of the terms in the single series* 
If then we put 

a=the first term, »=the number of terms, 

3:r3the last, «=:the sum of the terms, 

we shall have this equation, 

a-f-z ^, 

•s-g-Xn. That IS, 

429. In an arithmetical progression^ the sum of all the 

TERMS IS EQUAL TO HALF THE SUM OF THE EXTREMES MUL* 
TIPLIED into the number of TERMS. 

Prob. What is the sum of the natural series of numbers 
I, 2, 3, 4, 5, &c. up to 1000? 

a+z 1+1000 
Ans. «=-Y- Xn= -^ X 1000=600500. 

If in the preceding equation, we substitute for z, its value 
AS given iu Art. 426, we have 



in ALtlftBEA. 

la tkif^ th€re are four diffiv«iit qnaxitkies, the firsi terthri xX 
the serie% the otrntaM d^erence, the «Mii60r of temi% and 
th^ mm o( the terms; any three of which being given, the 
fourth may be found. Foi^ by reducing the equatioDy we 
have, 

2. asz ^ — — » Ihe.firit krm. 

2s^2ah 
S. dss ^t_^ ^ ^h^ cwwwwi Afftrem$. 

Ex. 1. If the first term of an increasing arithmetiecd series 
is S, the common difference 2, and the number of terma 20 ; 
what is the sum of the series 1 Ans. 440. 

2. If 100 stones be placed in a straight Une, at the dis^ 
tance of a yard from eax;h other; how far must a person tra- 
vel, to bring them one by one to a box placed at the distance 
t)f a yard from the first stone? Ans. 5 miles aad ISOO yards. 

3. Wliat is the sum of 150 terms of the series 

1 « . * ^ . ' o « 

g» 3» 1, 3» 3» 2, ^ &C.1 Ans. 8775. 

4. If the sura of an arithmetical series is 1455, the least 
term 5, and the number of terms 30 ; what is the common 
ditTerencel Ans. 3. 

5. If the sum of an arithmetical series is 567, the first 
term 7, and the conamon difference 2; what is the number 
oftenns? Ans. 21. 

6. What is the sum of 32 terms of the series 

1, IJ, 2, 2J, 3, &C.1 Ans. 280. 

7. A gentleman bought 47 bopks, and gave 10 cents for 
jtlie first, 30 cents for the siecond, 50 cents for the third, &c. 
Whal did he give for the whole? Ans. 226 dollars, 90 cents 

8. A person put into a charity box, a cent the first day of 
the year, two cents tlie second day, three cents the third day, 
&c. to the end cf the year. What v:ns the whole sum fo^ 
565 days? Ans. 667 dollars, 95 cents. 
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480. In thfe series of odd numt^rs If S, 5^ 7, ^i ftd. cto« 
ti»tied to any given extent, the last term is ahtnays oae lesft 
than twice the number of terms. 

For r^<H-(n - 1)|L (ArU 435.) BaiI in the pmjmed 
series ^=:1» and <i=32. 

The equation, then* beicomes 5=l-f-(^-l) X2=2n- 1. 

431. In the series of odd nuipabei.s> 1, 3, 6, 7j flj^ &c. the 
turn of tiie tertns ig^oays eqpal to the sqpare 0f the number qf 
teme. 

Pot $=i ia-^z)n. (Art 429.) 

But here a=l, ?uad by the last article, 2r=&i-I. 
The equation, then, becomes ^asi (l4-2»-l)»=ii*. 

llius 1+8=4 ) 

] 4.3+5=9 > the square of the number of terms. 

1+3+5+7=16) 

43S. If there be two ranks of ^joantities in arithmetical 
progression, the eum or differences will also be in arithmetical 
profession. 

For by the addition or subtraction of th/s corresponding 
terms, the to(^^ added or subtracted* (Art. 345.) And 
by the natule of progression, all the ratios in the series are 
equoL Therefore emial ratios being added to, or subtracted 
fr'cmi, equal ratios, the new ratios thence arising will also b« 
equal. \ ^ 

To and from 3, 6, 9, 12, 15, 18, 21 ^ r J 

Add and sub* 




Sums 6, 10, 16, 20, 25, 30, S5 ( whose mtio is < ^ 

Diff. 1, 2,' 3, 4, 5, 6, 7 > ( 1 

433. If aU the terms of an arithmetical progression be intif* 
Ufiied or divided by the same quantity, the jmxlucts or quo- 
tients will be in arithmetical progression* 

For by the multiplication or divirion of the terms, the ratioi 
are multiplied or divided; (Art. 344,) that is, equal quantities 
are multiplied or divided by the given quuitity* They will 
therefore remain equal. 

If the series 3, 5, 7, 9, 1 1, &c. be multiplied by 4 ; 

The prods, will be 12, 20, 28, 36, 44, &c.andif thisbediv.by2j 
Thequot8.willbe 6, 10, 14, 18, 22, &e. 



no ALGEBRA. 

IVdd^iPBB of various kiods, in arithmetical pregre8iBion» may 
be solved, by stating' the conditions algebraicaily^ and then 
reducing the equations. 

Prob. 1. Find four nun^becs in ari^metical progreafaon, 
whose sum shall be d6, and the sum of their sqwues 8&4. - 

If a;=tke second of the four numbers, 
A.nd y^thcn" conwnon diflference: 
The series will be x -y, a?, «-fy, x+iy. * ' 
By the conditions, («-'y)+a?+(«+y)+(*+%)=*6 ) 

And («-y)'+^(H-y)*+(«+2»r=86* J 

That is 4t+%=66 > 

And 4*«+4ary+'6y»=864 J 

Reducing these equations, we have x=s\2y and y=:4* 
The numbers required, therefore, are 8, 12, 16, and 20. 

Prob. 2. The sum of three numbers in arithmetical pro- 
gression is 9, and the sum of their cubes is 153. What are 
die numbers 1 Ans. 1, 3, and & 

Prob. 3. The sum of three numbers in arithmetical pro- 
gression is 16; and the sum of the squares of the two ex- 
tremes is 68. What are the numbers? %f\ f 

Prob. 4. There are four numbers in arithmetical progres- 
mon : the sum of the squares of the two first is 34 ; ^.nd the 
sum of the squares of the two last is 130. What are the . 
numbers! Ans. 3, 6, 7, and 9. 

Prob. 6. A certain mimber consists of three digits, which 
are in arithmetical progression ; and the number divided by 
die sum of its digits is equal to 26; but if 198 be added to 
it, the digits will be inverted. What is the number? 

Let the digits be equal to ar-y, re, and «+!/> respectively. 
Then the number =rlOO(a?-y)4-10ar+(a?4.y) = llla:-9%. 

« , ,. . lllx-99y ) 

By the conditions, o =26 f 

And lll«-99y+198=:100(a:+y)+10a;4-(a?-y) ) 

Therefore x=3, y = 1, and the number is 234. 

Prob. 6. The sum of the squares of the extremes of four 
niunbers in arithmetical progression is 200 ; and the sum <rf 
tht.squares of the means is 136. What are the numbers 1 



^.^•/^. ;♦ 
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Prob. 7. There are fgur numbers in arithmetical progres- 
Bion, whose sum is ^, and their continual product 685. 
What are the numbers 7 ^ g^ A ^j^ 

OEOMETRI Al progression. 

434. As arithmetical proportion continued is arithmeticfcj 
progression, so geometrical proportion continued is gecmietri- 
cal progression. 

The numbers 64, 32, 16, 8, 4, are in continued geometri- 
cal proportion. (Art. 372.) 

In this series, if each preceding term be dimded by the 
common ratio, the quotient will be the following term. 
V=32, and ¥=16, and V=:8, and |=4. 

If the order of the series be inverted, the proportion will 
still be preserved ; (Art. 399,) and the common divisor will 
become a multiplier. In the series 

4,8,16,32,64, &c.4x2=8,and8x2=16,andl6x2=32^&6. 

435. Quantities then are in geometrical progression, 

WHEN THET increase BT A COMMON MULTIPLIER, OR Dfi-» 
crease by A COMMON DIVISOR. 

The common multiplier or divisor is called the ratio. For 
most purposes, however, it will be more simple to consider 
the ratio as always a multiplkry either integral or fracticmal. 

In the series 64, 32, 16, 8, 4, the ratio is either 2 a divisor, 
or I a multiplier. 

To investigate the properties of geometrical profession, 
we may take neariy the same course, as in arithmetical pro- 
gression, observing to substitute continual midtiplication and 
dwisiony instead of addition and subtraction. It is evident, 
in the first place, that, 

436. In an ascending geometrical series, each succeeding 
term is found, by multiplying the rdtio into the preceding term, 

If the first term is a, and the ratio r, 

Then axr=ar, the second term, ai^xr=ar^9 the fourth, 
arxr=ar^y the third, ar^xr^ar^ the fifth, &c. 

And the series is a, ar, ar^, ar^y ar\ ai*y &c. 

437. If the first term and the ratio are the same, the pro* 
gression is simply a series of powers. 
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If tlte first term and the ratio are eacli equal to r, 
Then rxr^^r^y the gecond term, r'xr=r*, the fourth, 
r*Xr=r^^|K thW, ^ ^r^Xr=r*, the fifth. 

And the seriWre r, n ^> ^j »^S *^<^- 

43S. In a descending series^ each succeeding tenn is found 
by dividing the preceding term hy the ratio, or multiplying 
by the fractional ratio* 

If the first term is m*j and the mtio r, 

the second tenn is --, or arXti 

And the series is or*, ai*y ar^y ar^y ai^y or, a, &c. 
If the first term is a, and the ratio r, 

«r„ . . « « « . .-^ • 

The series is o,^^'^ &c. or a, ar^% or^, «c. 

Its 4 « • 
By attending to the series a, ar, (xi^y ca^y a^y ar, &c. it will 
be seen tliat, in each term, the exponent of the power of the 
tatioy is one less, than the number of the term. 

If then a=the first term, r=the ratio, 

«=the last, n=the number of terms ; 

We hare the equation Zz^ar^^^ that is, 

439. In geometrical progression, the last term is equal to the 
prodiuit of the fir sty into that power of the rcUio whose index m one 
less than the number of terms. 

When the least term and the ratio are the wwne, the equa- 
tion becomes z=n^^=f*. See Art. 437. 

440. Of the four quantities a, z, r, and n, any three being 
(iven, the other may be found.* 

1. By the last article, 

t = ar^* = the last term^ 

t. Dividing by f^\ 

^.=.a=ih. fast term. 
$. Dividing the 1st by ct, and extmcting the root, 

z \;!^=r=the ratio. 



(ir 
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By the last equation may Dt foiipd any numl>er of gconie* 
hical means, between two given ntnnbcra. If m= the nnm- 
berof means, m+2=n, iUeipkole lunnber of tjerms. Substi- 
tuting m+2 for n, in tlic e^iation, \v? iia^e • 



(t)- ='. 



tlie ralio. 



When the ratio is found, tlie means are obtained by con- 
tinued in uUi plication. 

Prob. I. Find two geometrical means between 4 and 256. 
Ans. The ratio is 4, and the series is 4, 16, 64, 256. 

Piob. 2. Find three geometrical means between iand 9. 

Ans. 5, I, and 3. 
441. The next thing to be attended to, is the rule for find- 
ing the sum of all the terms. 

If any t«rm, in a geometrical series, be multiplied by the , 
ratio, the product will be the succeeding term. (Art. 436.) 
Of course, if each of the terms be multiplied by the ralio, a 
new series will be produced, in which all the terms except 
the last will be tlie same, as all except fhe fir«t in the other 
series. To make this plain, let the new series he written 
nnder the other, in such a nianner, that each lerui shall be 
removed one step to the right of that from which it is pro- 
duced in the line above* 

Take, for instance, the series 2, 4, 8, 16, 32 

Multiplying each term by the ratio, we have 4, 8, 16, 32, 64 

Here H will be seen at once^ tliat the four last teims in the 
upper hue are the siune, as the four first in the lower line. 
The only terms which are uot in bolh^ are the ^r^^ of the one 
series, and the last of the other. So that when we subtract 
the one serier^, from the other, all ilie ternw except thetse two 
will disappear, by balancuig each other. 

If the given series is a, ar^ ar\ ar', . . . . ar""*'. 

Then mult, by r, we have ar, ar\ ar^, . • . . ar^^\ of. 
Now let «= the sum of the terms. 

Then s=a'\-(vr-\-ar^-^at^y . . . .-f-ar"*"*, 

And miilt. by r, r*= ar+ar-f '^''^ •• ••+^*'^ "'+<*''• 



. Subt'g the first equation from the second, r*-* — ^r*- 
And dividing by (r- 1,) (Art. 121.) 5=".ll-f5. 
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In this equation^ of is the last term in the new series, and 
IB therefore the product of the ratio into the last term in the 
given $eries. 

Therefore «=!!*:i?, that in. 
r-l 

442. The sum of a series in geometrical progression is 
foimd, by midtiplying the last term into the ratio, snbtract- 
*ing the first term, and dividing the remainder by the ratio 
less one. 

Prob. 1. If in a series of numbers in geometrical pro- 

fression, the first term is 6, the last term 1458, and the ratio 
, what is the sum of all the, terms 1 

r- 1 3- 1 

Prob. 2. If the first term of a decreasing geometrical ge- 
rics is i, the ratio i, and the number of tenns 5 ; what is the 
sum of the series 1 

The last term=ar"-*=jxO)*=TTT. 

And the sum of the terms =:1^1e?iZj= 1:1. 

i-1 162 

Prob. 3. What is the sum of the series, 1, 3, 9, 27, &c. to 
12 terms] Ans. 265720. 

Prob. 4. What is the sum of ten terms of the series 1, |, 

t,,%,&c. Ans.i2f2Lf. 

' 59049 

443. Quantities in geometrical progression are proportional 
to their differ'tnces. 

Let the series be a, ar^ ar^y ar^y ar*, &c. 

By the nature of geometrical progression, 

.a : ar : : ar : ar^ : : ar^ : ar^ : : ar^ : ar\ &c. 

In each couplet let the antecedent be subtracted from the 
consequent, according to Art. 389, 6. 

Then a : an lar-a : ar^-ariiar^-ar : at^-ar^ &c. 

That is, the first term is to the second, as the difference 
between the first and second, to the difierence between the 
second and third ; and as the difference between the second 
and third, to the difference between the third and fomth, &c 
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Cor. If quantities are in geoxnetrical vf^ogteaeiorli^ their dif* 
Jerencei are also iu geoiiieUicai prpgrestjioiu . 

.Thus the numbers 3, 9, 27, 8t, 249, &c. 
^ Arid their dilhf^utc9 Q^ \% i4^ 1-&2, &c. axe in geo- 
metrical progression. ^ 

444. Several quantities are said to be m hamundeal progren^ 
^idn, whej^ ol'i any three which are contiguous in the Bcries, 
l)lie firet is to ihe (aity Hi$ the diireretioe betwt^en the two first, 
10 the difference betweerl the Xviro last. See Art. 400. 

Thus tte numb^s 60, 80, ^ 15, 13, 10, are in haJrniOni. 

cal progression. . , 

Por60:^::60-30: 30-20, And 20: 12 :; 20-15: 15-12 
And 30: 15:: 30-20: 20^15,Aud 15 : 10:: 15-12 : 12-ia 

Problems in geonietrical progression, may be solved, as in 
other parts of algebia, by the reducticm of equations. 

Prob. 1. . Find th^e numbetrt in geometrical progression^ 
fiucb that their sum shall be 14,' and the sum of their 
squares 84. 

Let' the three numbers l3e x^ y, and z. 

By the eonditions, x : y : : y : z, or a:z=j 

And ar4-y+2^- 

And i!»4.y«-[.^= 

Reducing these equations, we find the numbers required 
to be 2, 4 and 8. 

Prob. 2. There are three numbers in geometrical progres- 
9ion whose product is 64, and the sum of their cubes is 584. 
What are the numbers ? 

If X be the first term, and y the common ratio ; the seriee 
will be Xy xtfy xy\ • 

By the conditions, ^X^X^J^t ora:y=64, ) 

And «M-^y+3^y ^584. J 

These equations reduced giv0 a:=i2, and i/=:2. 
The immhers required, therefore are, 2, 4 and 8. 

Prob. 3. There nre-three numliers in geometrical progres- 
sion : The sum of the first and last is 52, nnd the 8(|unre of 
tlie mean is 100. What are the numbers ? Ans* 2, lOiaiid 50l 

20^ 



r=14> 
^=84) 
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ProlK 4. Of fbur mimbera in geometrical prt^essicm, lh# 
mim of the two fir|t is 1 &^ and ti^ sum of the two last is 6(X 
Wtmt are the nunibQrs ? 

Let the series be a^«y, j^, ssg* ; ^unA the nwlbers will be 
foaod to be 5, 10, 20, and 40. 

Prob. 6. A gfentlenmn divided 210 de^ms utwrng iike^ 
servo.nts, in mich a manner^ that their portH>iis were io geo*> 
o'letrical progression ; and ilie first bad 90 dollars more tbaa 
the last. How much bad eacU ? * ^ ^/^ ^/./ /'/j a/ 

Prob. 6. There are three number^ in geometrical progres-^ 
«on, the greatest of which exceeds the least by 15 ; and the 
difference of the squares of the greatest and the least^is to 
the sum of the squares of all the three humbers as 6 to 7. 
What are the nauibers 1 ^ Ans. 5, 10, and 20. 

Prob. 7. There are four nmnbers in geometrical progres- 
sion, the second of which is less than the fourth by 24 ; and 
the sum of the extremes is to the sum of the means, as 7 to 3. 
What are the numbers 1 Ans. I, 3, 9, S7. 



SECTION XV. 

INFINITES AND INFINITESIMALS.* 



Art. 445. THE word mfimte is used in different senses. 
The ambiguity of the term has been the occasion of much 
l^ perplexity. It has even led to the absurd supposition that 
propositions directly contradictory to each other, may be 
matlieinatically demonstrdted. These apparent contradic- 
tious are o>\ing to the fact, that what is proved of infinity 

♦ Iiorke's Essayt, Book 2, Chap. 17. Berkeley's Analyst, preface to Mac 
laurin's Fluxions, Newton's Frincip. Saunderson's AlgSm^ Aru 388i 
Mausfield's Essays* Emerson's Algebra, Prob. 73. Huffier. 
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when tinderstood iitone 'ptutknlar m«tnier, i^^c^tfin tTuitigfat 
i& be true alao, when tbe^ term hara ^veiy di^reiit ttgjitfka- 
tion. The two hieHhmge are in^erwibly shifted, the #it« for 
t^te other, m that the prtjposition wUich t» reaJly dttiuoiDStra^ 
ted, IS exchanged for another whicb ra fafee aod ahaiuxi. To 
preveftt tni«takee of thiA flt^tt*re,'.k^islmporlttnt that the dif«* 
fe^nst meanhig8.be e^r^AiMy dwtlngqi^ied from each other^ 

44.0. Intinite, in the Wffhest, and perhaps the most proper 
^nse of the Word, k that imkh is so greats thai nolhmg can b^ 
itdikd to ity er svppmed t0 be added. 

in thia sense, it i^ freqilentiy Ufiied in speaking of moral and 
metaphysical subjects, Thus, by infinite wisdom i^ meant 
that which will not admit of the least addition.. Infinite power 
fe that which cannot poiysibly be ihcretised, even in supposi- 
tion. ' This meaning of infinity is? not applicable to the ma- 
thematics. Tliat which i» th» silbfctt ^ the mattiematics is 
qumit^ ; ( Art. I . ) ^uch qimniky ;afl« nlaiy be eoneet ved of by the 
htiman mind* Btit no klea ctoi be ibsemed of a iptantity so 
gfreat that nothing cfan b^ gepposedto be^dded to it. In thi^ 
sense, an h^imle number is inctmceivuWe. We Haay increase 
a number by continual addition^ tiU we dlHain one that shall 
exceed any limits which we please to assign. By this, how- 
ever, we do not arrive at a nuinber to which nothing can be 
added ; but only at one that is beyond any limits which we 
have hitherto set. Farthter additions may be made to it with 
the same ease, as those by which it has already been in- 
creased 80 far. It is therefore not infinite, in the sense in 
which the term has now been explained. It is absurd to 
gpeak of the greatest possible number. No number can be 
imagined so gieat as not tt) admit of being made greater. 
We must therefore look for another meaning of infinity, be- 
fore we can apply it, with propriety, to the mathematics. 

447. A MATHEMATICAL QUANTITY IS SAID TO BE INFINITE^ 
WHEN IT 18 SUPPOSED TO BE INCREASED BEYOND ANY DETER- 
MINATE LIMITS. 

By determinate limits are meant such as can be distinctly 
stated.* In this sense, the natural' series of numbers, I, 2, 3, 4, 
5, &c. nmy be said to be infinite. For, if any ninnbch- be men- 
tioned ever so great, another may be supposed still greater. 

The two significations of the word infinite are liable to be 
confounded, because they are in several pojnta o' view the 

~ •S«eNotou[ 



228 iLGEBftA. . 

saiYie. The Wgher meaning' inrltides the low^r. That whi^h 
IS 80 great as lo admit of tko addiiiorii muet h^ beyond any 
detenninaie limits. But 4 be lower doe$ not neeegsarily imply' 
the higher- Tliongh nuuiber is capable of being incfeased 
beyond any specified limits ; it wjirnof follow, that anuitiber 
can be fauna to which no farther additions can be made. 
The tw6 m6nite« agree in Ui^iliat accotdiag to.eacii^ th^ 
thiiigs spoken bf are gieat beyond calculation. But they 
difTer wiaely in another respect. To tlie one, nothing can be 
added. To the other» adihtions can be made, at pleasure. 

448. In the mathematical seiise of the term, there is no 
absurdity ii^ supposing em k^mte greater than another. 

• We may conceive tlie niunbers 2 2^2222, &c. 

4 4 4 4 4 4 4, &c. 

to be each extended «o iar as to reach round the globe, or t# 
the most distant visible star, or beyond any greater boundary 
which can be mentioned But tf the two fieries be equally 
extended, the amount of thaiHie will be twice as great as the 
other, though both be intmite. 

So if the series a+ «"+ <f+ 0^+ ^> ^^' 
and 9a4-9fl?4-9^-f ^a'+9^» &<^- 

be extended together beycmd any specified limits, one wQI be 
mne times as great as the other. But it would be absurd to 
suppose one quantity greater than another, if the latter were 
already so great that nothing cckUd be add^ to it. 

449. An infinite number of terms must not be mistaken for 
an infinite Quantity. The terms may be extended beyond 
any given limits, when the amount of the wljole is a finite 
quantity, and even a small one. If we take half of a unit ; 
then half of the remainder ; half of the remaining half, &c. 
we shall have tlie series 

i+i+i+A+^&c. 

iv which each succeeding term is half of the preceding one. 
Let the progression be continued ever so far, the sum of all 
the t<*rms-can never exceed a unit. For, by the supposition, 
there is still a remainder equal to the last term. And this 
remainder must be added, before the amount of the whole 
can be equal to a unit. 
So l^f ^|^T^-[-^-|-y«^ &c. can never exceed 8. 
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450. When a quantity is diminished till it becomes 

LESS THAN ANY DETERMINATE QUANTITY, IT IS CALLED AN 

INFINITESIMAL. 

Thus, in a series of fracti >ns yV' t1&» i^'(R>» minrf^ &c. a 
unit is first divided into ten parts, then into a hundred, a 
thousand, &c. One of these parts in each succeeding term 
is ten times less than in the preceding. If then the progres- 
sion be continued, a portion of a unit may be obtamed less 
than any specified quantity. This is an infinitesimal, and in 
mathematical language, is said to he infinitely small. By this, 
however, we are not to understand that it cannot be made 
less. The same process that has reduced it below any limit 
which we have yet specified, may be continued, so as to di- 
minish it still more. And however far the progression may 
be carried, we shall never arrive at a point where we must 
necessarily stop. 

451. In the sense now explained, mathematical quantity 
may be said to be infimtely divisible ; that is, it n)ay be sup- 
posed to be so divided, that the pearls shall be less than any 
determinate quantity, and the number of parts greater than 
any given number. 

In the series i^, .^ y^ nmnr> &c- a unit is divided 
into a greater and greater number of parts, till they become 
infinitesimals, and the number of them infinite, that is, such 
a number as exceeds any given ngmber. But this does not 
prove that we can ever arrive at a division in which the pans 
shall be the least possible or the number of parts the greatest 
possible, 

452. One infinitesimal may be less than another. 

The series, f y, t!t> nnriy> -nrJirirj i-c. 

And 8 3 9 • Rsf, 

may be carried on together, till the last term in each becomes 
infinitely small ; and yet one of these terms will be only half 
as great as the other. For the denominators being the same, 
the fractions will be as their numerators, (Art. 360, cor. 2,) 
that is, as 6 : 3, or 2 : 1. 

Two quantities may also be divided, each into an infinite 
number of parts, using the tenn infinite in the mathentatical 
sense, and yet the parts of one be more numerous tliun those 
of tlie other. 



The series n, twzi Tinnri i ouoo> &c. 
And ^, jTHTi 4Tnnri nnnnr> ^^' 



\ 
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mny both be mfinitely extended ; and yet a unit in the last 
series, is divided imo four times as many jmrts as in the first. 
But if, by an infinite number of parts were meant such a 
numl)er as could not be increi sed, it would be absurd to sup- 
j)ose the div isions of any quantity to l^e still more numerous.* 

453. For all practical purjwnes, an infinitesimal may be 
considered as absolutely nolliirig. As it is less than any de- 
tenninote quantity, it is lost even in ninnerical calculations. 
In algebraic processes, a term is often rejected as of no value, 
because it is infinitely small. 

It is frequently expedient to admit into a calculation, a 
small error, or what is suspected to be an error. It may be 
difficult either to avoid the objectionable part, or to ascertain 
its exact value, or even to determine, without a long and 
ledioJts process, whetber it is really an error or not. But if it 
can be shown to be infinitely small, it is of no account in 
practice, and may be retained or rejected at pleasure. 

It is impossible to find a decimal wbich shall be exactly 
equal to the vulgar fraction J. Dividing the numerator hj 
the denominator, we obtain in the first place ft. This is 
nearly equal to i. But ^ is nearer, ^^> s^iH nearer, &c. 

The error, in the first instance, is ^. 

For ft-|-A==A+3^=i*=J. 

In the same manner it may be shown, that 

Uie difference between \ \ ^^^ HhX"^ &c. 



If the decimal be supposed to he extended beyond any as- 
signable limit, tbe difference still remaining will be infinitely 
small. As this error is less than any given quantity, it is of 
no account, and may be considered ii* calculation as nothing. 

454. From the preceding example it will be seen, that a 
quantity may be continually coining nearer to another, and 
ye» never reach it. The decimal 0.3533333, &c. by re|>eated 
additions on the right, may be made to approximate cojitinu- 
ally to J, but ^an never exactly equal it. A difference will 
always remain, though it may become infinitely small. 



* See Note R. 
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When one quantity is thus made to approach continually 
to another, without ever passing it ; the latter is called a 
limit of the former. The fraction | is a limit of the decimal 
0.666 &c. indefinitely continued- 

455. Though an infinitesimal is of no account of itself^ 
yet its effect on other quantities is not always to be disre- 
garded. 

When it is a factor or divisor, it may have an important 
influence. It is necessary, therefore, to attend to the rela- 
tions which infinites, infinitesimals, and finite (juantities have 
to each other. As an infinitesimal is less than any assigna- 
ble quantity, as it is next to nothing, and, in practice, may be 
considered as nothing, it is fiequently represented by 0. 

An infinite quantity is expressed by the character 00 

456. As an infinite quantity is incomparably greater than 
a finite one, the alteration of the former, by an addition or 
mbtracHon of the latter, may be disregarded in calculation. 
A single grain of sand is greater in comparison with the 
whole earth, than any finite quantity in comparison with one 
which is infinite. If therefor^ iiifinite and finite quanti- 
ties are connected by the sign + or - > ^b^ latter may be re- 
jected as of no comparative value. For the same reason, if 
finite quantities and infinitesimals are connected by -|- or -,' 
the latter may be expunged. 

457. But if an infinite quantity be multiplied by one which 
is finite, it will be as many times increased as any other quan- 
tity would, by the same multiplier. 

If the infinite series 2 2 2 2 2 2 &c. be multiplied by 4 ; 

The product will bo 8 8 8 8 8 8 &c. four tinies as great as 
the multiplicand. See Art. 448. 

458. And if an infinite quantity be divided by a finite quan- 
tity, it will be altered in the same manner as any other quan-* 
tity. 

If the infinite series 6 6 6 6 6 6 6 6 &c. be divided by 2 ; 

The quotient will be 3 3 3 3 3 3 3 3 &c. half as great a9 
the dividend. 

459. If a finite quantity be multiplied by an infinitesimal^ 
the product will be an infinitesimal ; that is, putting z tor a 
finite quantity, and for an infinitesimal, (Art. 455. 

zxO^O. 
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If the multiplier were a tim/, the product would be equa 
to the multiplicand. (Art. 90.) If the muhiplier is less than 
a unit, the product is proporticnally less. If then the multi- 
plier is infmitely less than a unit, the product must be infi- 
nitely less than the multiplicand, that is, it must be an infi- 
nitesimal. Or, if an iu^nitesimai be considered as abso- 
lutely nothing, then the product of z into nothing is nothing. 
(Aru 112.) 

460. On the other hand, if a finite quantity be dknded by 
an infinitesimal, the quotient wiU be infinite. 

r- 

For, tlie less the divisor, the greater the quotient. If then 
the divisor be mjimtely small, the Quotient will be infinitely 
great. In other words, an infinitesimal is contained an infi- 
nite number of times in a finite quantity. This may, at firsts 
appear paradoxical. But it is evident, that the quotient musl 
increase as the divisor is diminished. 

Thus 6-j.S=2, 6^.03=200, 

6-f-0.3=20, 6-2-0.003=2000, &c. 

If then the divisor be reduced, so as to become less than 
Any assignable quantity, the quotient must be greater than 
any assignable quantity. 

461. If a finite quantity be divided by an infinite quantity, 
the quotient will be an infinitesimal. 



cx> 



f.=o. 



For the grehier the divisor, the less the quotient If then, 
while the dividend is finite, the divisor be infinitely great, the 
quotient will be infinitely small. 

It must not be forgotten, that the expressions k^mtely great 
and infinitely smally are, all along, to be understood in the 
mathematical sense according to the definitions in Arts. 447, 
and 450. 



DIVISION- 
SECTION XVI. 



DIVISION BY COMPOUND DIVISORS, GREATEST 
COMMON MEASURE. 

Arf. 462. IN the section on division, the case in which 
the divisor is a compound quantity was omitted, hecaoae th« 
operation in most instances, requires some knowledge of the 
nature of powers; a sujbject which had not been previously 
explained. 

Division by a compound divisor is perfonned by the foU 
lowing rule, which is substantially the same, as the rule ht 
division in arithmetic ; 

To obtain the first term of the quotient, divide the fintt 
tenn of the dividend, by the first term of the divisor ;* 

Multiply the whole divisor, by the term placed in theqno^ 
tient ; subtract the product from a part of the dividend ; and 
to the remainder bring down as many of the following terms, 
as shall be necessary to continue the operation : 

Divide again by the first term of the divisor, and proceed 
as before, tUl all the terms of the dividend are brought down 

Ex. 1. Divide ac+bc+ad+bdy by a+b. 

uJ^.b)ac+bc+ad+bi{c+d 

ac-|-6c, the first subtrahend. 



itd+bd 

ad^bdy the second subtrahend. 



Here ae^ the first term of the dividend, is divided by a, 
the first term of the divisor, (Art. 116.) which gives c for the 
first term of the quotient. Multipljring the whole divisor by 
this, we have ac-^bc to be subtracted from the two first 
terms of the dividend. The two remaining terms are then 
brought down, and the first of them is divided by the first 



* Bee Note 8. 
21 



134 ALGEBRA- 

term of the divisor as before. This gives d for the second 
term of the quotient. Then muhiplying the divisor by df 
We have ad+bd to be subtracted, which exhausts the whole 
dividend without leaving any remainder. 

The rule is founded on this principle, that the product of 
the divisor into the several parts of the quotient, is equal to 
the dividend. (Art. 115.) Now by the operation, the pro- 
duct of the divisor into the Jirst term of tlie quotient is sub- 
tracted from the dividend ; then the product of the divisor 
into the second term of the quotient ; and so on, till the pro» 
duct of the Avisof into each term of the quotient, that is^ 
ilie product of the divisor into the whole quotient, (Art. 100.) 
is taken from the dividend. If there is no remainder, it is 
evident that this product is equal to the dividend. If there 
U a remainder, the product of the divisor and quotient is equal 
to the whole of the dividerul except the remainder. And this 
femainder is not included in the parts subtracted from Ui« 
dividend^ by operating according to the rule. 

463. -Before beginning to divide, it will generally be ex- 
pedient to make some pieparation in the arrangement of tlU 
term$. 

The letter which is in the first term of the divisor, should 
be in the first term of the dividend also. And the powers of 
this letter should be arranged in order, both in the divisor 
ftnd in the dividend ; the highest power standing firsts th« 
next highest next^ and so on. 

Ex. 2. Divide 2a'64.i'+2a6*+a»y by a?+fra+a6. 

Here, if we take a* for the first term of the divisor, the 
other terms should be aiTanged according to the powers of Of 
thusy 

(f^ab+l^a^+2a^h+^ab*+b\a+b 
(f+a'b+ab^ 



a^b+ab^+b* 
a^b+ab^+b' 



In these operations, particular care will be necessary m the 
management of negative quantities. Constant attention must 
be paid to the rules for the signs in subtraction, multiplic«« 
tion and division^ (Arts. 82, 105, 123.) 



division/ t»5 

Ex. 8. Divide 2aar * Za*x - Sa^ry+Gn^x-^-as^ -^xy by 2a - 5;. 

If the terms be arranged according to the powers of a» 
they will stand thus ; 

JBa -y)j6a'ar- 3a'a:y - 2a*x+axy'\-2qx - ary(Sa'x - or+x- 
6a'ar- Salary 



^ 2a*x^axy 



* +2aar -- ay 



464. In multiplication, some of the temis, by balancing 
each other, may be lost in the product. (Art. 110.) These 
mi^y rt'ttppear. in division, so as to prBseat leAiist' in tlie 
course of the proctes, different frcrni any which are in tfa^ 
dividend. 

Ex. 4, 

a^+d'x 



'^a*X'~asi^ 



♦ ax^+a? 
. ax^+x^ 

Ex.5. 

4i«-8«P+2^)rt*4-4x*(a'+2aa:+2«* 
«^-2rt»ar+2aV 



♦+2a»a:-2aV+4a:* 
4-2a'ar-4aV-f4aa:» 



+2aV-4a:r»4.4a?« 
+2aV-4a4?»+4**. 



If the learner will take the trouble to multiply the quo^ 
tieoi into the divisor, in the two last examplesi he will find, 
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in the psriial products, the several terms which a{ipear in the 
process of dividing. But most of them, by balancing each 
other, are lost in the general product. 

Ex. 6. Divide a»+a*+a«6+a6+3ac+Sc, by o+l. 

Quotient. (^-|-a6+8c. 

Ex. 7. Divide a+6 -c - aa? - bx-\-cXy by a-|-6 - c. 

Quotient. l-:r. 

Ex. 8. Divide «!«•- lSii^«+llaV-8«af»+2ar*, by 2c^-aaf 
+<*. QuoUeot. a^^6ax+2x.* 

465. When there is a remamder after all the terms of the 
dividend have been brought down, this may be placed over 
the divisor and added to the quotient, as in arithmetic. 

Ex. 9. 



ae-|-oe 

• • ad+bd 
ad^d 



Ex. 10. 
d-k)ad- ah+bd - bh+y{a+b-^--!L^ 



ad- 


-ah 








• 


• 


bd- 
bd- 


■ bk 
■bk 






. • 


• 


V 



It is evident that a+b is the quotient belonging to the 
whole of the divideiiu, excepting the remainder y. (ArU 662.) 

And -JL is the quotient belon^n^ to this remainder. (Art. 

124.) 
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Ex, 1 1 . Divide 6ax+2xy - 8a6 - by+Sac+cy+h, by 3a+y. 

Quotient. 2ar-fe4-c+_*_ 
Ex. 12. Divide a'i - aa*+2at - 60-46+22, by 6 ^ 3. 

Quotient. ^"+20 - 4-j — 12. 
6— S 



Ex. 13. See Art. 

oc-f-cV^ 

♦ ♦ OA^d+A^bd 
a\^d+Vb<i 

Ex. 14. Divide (i+\/y+ar^/y+ryy by a+Vy^ 

Quotient, l+r^y. 

1 5. Divide a? - Sax^+Sa'x - a^ by ar - o. 

16. Divide 2/- 19y'-f 26y - 17, by y -8, 

17. Divide «•- 1, by ap - 1. 

1^ 18. Divide 4ar*-.9x*+6a:- 3, by 2a:«+3a;- 1. 
' 19. Divide <<*+4a*6+^6% by a+2b. i^j .'' : ^ 
^20. Divide ar^-aV+2<i'a:-aS by V-aar+a«. >^ 

466. A regular series of quotients is obtained, by dividing 
the difference of the powers of two quaptities, by the differ- 
ence of the quantities. Thus, 

&c. 

Here it will be seen, that the index of y, in the first term 
of the quotient, is less by 1, than in the dividend ; and that 
it decreases by 1, from the first tonn to the last but one : 

While the index of a, increases by 1, from the second temj 
to the last, where it is less by 1, than in the dividend, 

21* 
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This maybe expressed in a general formula, thus, 

To deraonstrate this, we liave only to multiply the quo- 
tient into the divisor. (Art. 115.) 

All the ienns except two, in the partial products, will be- 
balanced by each other ; and will leave the general product 
the same as the dividend. 

Mtdt. y^+af+ay+a'y+a* 
Into y *-a 

Product./ ♦ * ♦ ♦ -0* 

Mult, y-'+ay^ -2+aV'. • • .+cr-^+flr- * 
Into y-a 

-ayr-*- ay-'. . . .« a'—y- a*"-'y-a* 
Prod. y~ ♦ ♦ ♦ ♦ _^^ 

466. 6. In the same manner it may be proved, that the dif. 
ference of the powers of two quantities, if the index is an 
even number, is divisible by the sum of the quantities. That 
is, as the double of every nuinber is even ; 

(y**- a*")^(y+a) =y*— * - ay^-». . . .+a»*-^ - tf»-*. 

And the sum of the powers of two quantities, if the index 
18 an odd number, is divisible by the sum of the quantities. 
That is, as 2m+l is an odd number ; 

(t^'+a^'),j.(j,4.a)=y*"-ay*^-^ . . . -a**-'y+a*-. 

For in each of ihese cases, the product of the quotient and 
divisor, is equal to the dividend. 
Thus, 

(y'-fl^)-r(y+«)=»-a> 
(y4-a0-^(y+a)=y•-«y•+«^-a», 

(y* - «*) -r-(y+«) = y* - oy*+ay - ay+a*y - a*, &c. 
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And, 

ly'+a')'r{y+a)=y*^af+dy --ay+ay'a^y+a^ kc 
GREATEST COMMON MEASURE. 

466. c. The Greatest Common Measure of two quantities, 
may be found by the following rule ; 

Divide one of the quantities by the other, and the 
preceding divisor-by the last remainder, till nothing 

remains; the last divisor will be the GREATEST COMMON 
MEASURE. 

The algebraic letters are here suppased to stand for whole 
numbers. In the demonstration of the rule, the following 
principles must be admitted. 

1. Any quantity measures itself, the quotient being 1. 

2. If two quantities are respectively measured by a third, 
their sum or difference is measured by that third quantity. — 
If b and c are each me<tsured by rf, it is evident that i-f-c, 
and k-c are measured by d. Connecting them by tlie sign-[- 
V -, does not affect their capacity of being measured by rf. 

Hence, if 6 is measured by d, then by the preceding pro- 
position, 6-j-rf is measured by d. 

3. If one quantity is measured by another, any muWph 
of the former is measured by the latter. If b is meuyured 
by rf, it is evident that 6-|-^> ^^j ^^> ^y ^^* ^^*® measured 
byd. 

Now let i)=the greater, and d=the less of two algebraic 
quantiiie.'?, whether simple or compound. And let the pro- 
cess of dividing, according to the rule be as follows : 

d)I){q 
dq 



r)dW 



fyiq" 

r'q" 
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Ill which y, ^ q^\ are the quotients^ from the successive 
divisions ; and r, r\ and o the remainders. And as the divi- 
dend is equal to the product of the divisor and quotient added 
to the remainder, 

, j9=rd^4-r, and d=r</'-f-*^* 

Then, as the last divisor r' measures r the remainder being o, 
it measures (2, and 3,) rq^-^r^z=dy 
and measures (i^-f-r=J9, 

That is, the last divisor K is a common measure of the two 
given quantities D and d. 

It is also their gr^o/e^rcommon measure. For every com- 
mon measure of D and rf, is also (3, and 2) a measure of 
D - dq=r ; and every common measure of d and r, is also a 
measure of d-rq^^r^. But the greatest measure of r^ is 
itself. This, then, is the greatest common measure of D 
and d. 

The demonstration will be substantially the same, what- 
ever be the number of successive divisions, if the operation 
be continued till the remainder is nothing. 

To find the greatest common measure of three quantities ; 
first find the greatest common measure of two of them, and 
then, the greatest common measure of this and the third 
quantity. If the greatest common measure of D and d be 
r^y the greatest common measure of r^ and c, is the greatest 
common measure of the three quantities Dy d, and c. For 
every measure of r\ is a measure of D and d; therefore the 
greatest common measure of r^ and c, is also the greatest 
common measure of i), rf, and c. 

The rule may be extended to. any number of quantities. 

46G. d. There is not much occasion for the preceding 
operations, in finding the greatest common measure of siin^ 
pie algebraic quantities. For this purpose, a glance of the 
eye will generally be sufficient. In the application of the 
rule to compound quantities, it will frequently be expedient 
to reduce the divisor, or enlarge the dividend, in conformit)* 
with the following principle ; 

The greatest common measure of two quantities is not alteredy 
by multiplying or dividing either of them by any quantity whi^h 
is not a divisor of the other, and which contains no factor which 
is a divisor of the other. 

The common measure of ab and ac is a. If either be 
multiplied by r/, the common measuie of abd^ and ac^ or of 
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ah and acd^ is still a. On the other baiid, if oh and aci are 
the given quantities, the common measure is a; and if acd 
be divided by d^ the common measure of ab and oc is a, 

. Hence in finding the common measure by division, tiie 
divisor may often be rendered more simple^ by dividing it by 
some quantity, which does not contain a divisi^ of tiie divi- 
dend. Or the dividend may be multiplied by a factor, whirh 
does not contain a measure of the divisor. 

Ex. 1. Find the greatest common meariure of 
6a*+ 1 lax+Sa^, and 6a*+7ax - 3«*. 

Dividing by 2x)4ax+6x^ 

' 2a-|-3sr)6(;?+7aa? - 3ar»(S« - r . 

-toe-Sac^ 



After the first division here, the remainder is divided by 
Sx, which reduces it to 2(S4-3a:. The division of the pre- 
ceding divisor by this, leaves no remainder. Therefore %a-\. 
%x is the common measure required. 

2. What is the greatest common measure o{ nf -^ b% and 
a»4.26a;+tM Ans. x+b. 

3. Wlmt is tht greyest common measure of cs-j-c', and 
afc+a*ar 1 Ans. e+x. 

4. What is the greatest common measuni of 3«* - i4x - 9, 
and 2x«- 16a:- 61 Ans. «»-8a?-3. 

5. \^Tiat is the greatest common measure of «* - b\ and 
<^-ft*aM Ads. a*-.ft«. 

6. Wliat is the greatest common measure of a'- 1, and 
|pjf-fy? An8.a;+1. 

7. What is the greatest common measure of os'-a^, and 

T ^-j /.. — .:i 
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8. What is the greatest common measure of oP-oi- 26i 

9. What is the greatest common measure of a^ - j^, and 

10. What is the greatest common measure of n^ - a6^, and 



SECTION XVII. 

INVOLUTION AND EXPANSION OP BINOMIALS.* 

Art, 467. THE manner in which a binomial, as well as 
any other coinp<3und quantity, may be involved by repealed 
multiplications, has been shown in the section on powers. 
(Art. 213.) But when a high power is required, the opera* 
tion becomes long and tedious. 

This ha8 led mathematicians to seek for some general prin- 
ciple, by which the involution niay be more easily and expe- 
ditiously performed. We are chiefly indebted to Sir Isaac 
Newton for the method which is now in common use. It is 
founded on what is called the Binomial Theorem^ the inven- 
tion of which was deemed of such importance to mathematU 
cal investigation, that it is engriaved on his monument in 
Westminster Abbey 

468. If the binomial root be a^b^ we may obtain, by mul- 
tiplication, the following powers. (Art. 213.) 

■<-■'■■'■' ■■ . . ■■ I . i I ' I - « ■ . 

* dimpson^s Algebra, Sec 15. Simpson's Fluxions, Art. 99. Euler's A^gevi 
ora, Sec. 2. Clmp. 10. Manning's Algebra. Sa«nderson*s Algebra, ArL 
380. Vince's Pltixions, Art. 33. WariWs Med. Anal. p. 415." Lnr.roix*i 
Algebra, ArU 135. Do. Comp. Art. 70. Lond. Phil, Trwis. i795, 1^16, vA 
1817. Woodboasa*s Analytical Calculation, 
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By attending to this series of powers, we shall find, that 
the eqionents preserve an invariable order through the whole. 
This will be very obvious, if we take the exponents by them- 
selves, unconnected with the letters to which they belong. 

In the square, the exponents | ^^ ^ ^J® 0,' 1^ 2 

In the cube, the exponents j jj J J^ J; f ; ^; J 

In the 4th power, the exponents j^Jji^'i' ?J; J) J 

&c. 

Here it will be seen at once, that the exponents of a in the 
first term, and of b in the last^ are each equal to the index of 
the power ; and that the sum of the exponetus of the two let- 
ters is in every term the same. Thus in the fourth power, 

• C in the first term, is 44-0=4 
The sum of the exponents < in the second,. 3+1 =4 - 

( in the third, 2+i=4,iLC. 

It is farther to be observed, that the exponents of a regu- 
larly decrease to 0, and that the exponents cf 6 increase from 
0. That this will universally be the case, to whatever ex- 
tent the involution may be carried, will be evident, if we cen- 
'Sider, that in raising from any power to the next, each term 
16 multiplied both by a and by 6. 

Thus (a+by:=z(^+2ab+b* 
Mult, by a+b 

— .^— [of a in each term. 

a'+2a'64.a6'. Here 1 is added to the exp; 
d'b+Ub^+b\ Here 1 is added to the 

[exp. of 6 in each term. 

{a+by= a^+Sd'b+Sab*+b\ 

If the exponents, before the multiplication, increase and 
decrease by 1, and if the mtiUiplication adds 1 to each, it is 
evident they must still increase and decrease in the same 
manner as before* 
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469. If then a+b be raised to a power whose exponent is m. 
Theexp*8of a will be n, n-1,n*2y ; . . . 2, 1, 0; 
And the exp'sof 6 will be 0, 1, 2, ....«- 2, n- 1, n. 

The terms in which a power is expressed, consist of the 
letters with their exponerUSy and the co^fficietUs. Settuig aside 
the co-efficients for the present, we can determine, from the 
preceding observations, the letters and exponents of any 
power whatever. 

Thus the eighth power of o-j-fc, when written without the 
co-efficients, is 

a8 + a'6 + aV + a»6» + ci*6* + (A»4-aV+o6' + 6*. 

And the nth power of a-{- 6 is, 

a? + a"-» 6+a"-*6«. . . . a^6"-» + o6"-* +b\ 

470. The number of terms is greater by 1, than the index 
Df the power. For if the index of the power is n, a has, in 
diflerent terms, every index from n down to 1 ; and there is 
one additional term which contains only b. Thus, 

The 6quare4ias S terms. The 4th power, 5, 
The cube 4, The dth power, 6, Sic. 

471. The next step is to find the co^efficienis. This part 
ok the subject is more complicated. 

In the series of powers at the beginning of Art. 468, the 
co-efficients^ taken separate from the letters are as follows ; 
In the square, I> 2, 1, whose siun is 4=2* 

In the cube, 1, 8, 3, 1, 8=2' 

In the 4th power, 1, 4, 6, 4, 1, 16=2* 

In the 6th power, 1, 6, 10, 10, 6, J, 32=2*. 

The order which these co-efficients observe is not obvious, 
like that of the exponents, upon a bare inspection. But they 
will be found on examination to be all subject to the follow- 
ing law ; 

47^. The co-efficient of the first term is 1 ; that of the 
second is equal to the mdex of the po^^'er ; and universally, 
if the co-efficient of £lny term, be multiplied by the index of 
the leading quantity in that term, and divided by the index of 
the following quantity increased by 1, it will give the co- 
efficient of the succeeding term.* 

♦ S«e Note T. 
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Of the two letters in a term, the first is called the leading 
quantity, and the other the following quantity. In the e^ 
amples which have been given in this section, a is the 
leading quantity, and h the following quantity. 

It may frequently be convenient to represent the co-effii- 
cients in the several terms, by the capital letters, .5, S, C, fiic. 

The nth power of a+i, without the co-efficients, is 
a?+a"-»fc+a"-'^6'4.a— ^fc'+o— '6S &c. (Art. 469.) 
And the co-efficients are, 
•4 =fi) the co-efficient of the second term ; 

£ =n X ^'—-y of the thkd term ; 

2 

C=nx^^ X^^ of the fourth term ; 
D=»X?^ X5:^X^ of ihe fifth term ; &c. 

The regular manner in which these co-efficients are de 
rived one from another, will be readily perceived. 

473. By recurring to the numbers in Art. 471, it ^n\\ ht 
seen, that the co-efficients first increasey and then decreaee^ at 
the same rate ; so that th^y are equal, in the first term and 
the last, in the second and last but one, in the third and last 
but two ; and universally, in any two terms equally distant 
from the extremes. The reason oi this is, that (a-f-fc)''is the 
same as (ft+a)* ; and if the order of the terras in the bino- 
mial root be changed, the whole series of terms in the oower 
will be inverted. 

It is sufficient, then, to find the co-efficients of half the 
terms. These repealed will serve for the whole. 

474. In any power of (o+ft,) the sum of the co-efficient* 
»8 equal to the number 2 raised to that power. See the list 
of co-efficients in Art. 471. The reason of this is, that, ac- 
cording to the rules of multiplication, when any quantity is 
involved, the letlers are multiplied into each other, and the 
co^efficients into each other. Now the co-efficients of a-|-6 
being 1-|-1 =2, if these be involved, a series of the powerv 
of 2 will be produced. 

476. The principles which have now been explained may 
mostly be comprised in the following general theorem^ called 
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THE BINOMIAL THEOREM. 

The index of the leading quantity of the power 
OF A Binomial, begins in the first term with the in- 
dex OF THE POWER, AND DECREASES REGULARLY BT 1. 

The index of the following quantity begins with 1 

IN the second term and INCREASES REGULARLY BY 1. 

(Art. 46S.) 

The CO-EFFICIENT of the first term is 1 ; that 
of the second is equal to the index of the power ; 
and universally, ip the co-efficient of any term be 
multiplied. by the index of the leading quantity fit 
that term, and divided by the index of the follow- 
ing quantity increased by 1, it will give the co-ef- 
picient of the succeeding term. (aft. 472.) 

In algebraic characCers, the th6ore«n is 

(a+fc)"=a"+nxa"-» 6+nX— a"~V, &c. 

It is here supposed, that the terms cfi the binomial have ria 
fiCher co*«fficient8 or exponenu tbati 1. Other btnomiak may 
he reduced to this form by substitutioii. 

Ex. 1 . What is the fith power of x+y t 

The terms without the co-efficients, are 

«•, A» a^V» ^5 «*y '» ^f »•• 
Aiid the co-efficients, are 

1, 6, «><«. »!><* ?^ 6, 1. 

«lut ia 1, 6, 15, SO, 15, 6, 1. 

Prefixing-these to the several temts, we have the power 
required ; 

a*+(liify+ 1 &ty+20fy+ 1 6«Y+6ay4y. 

«. (d+A)*=rf'+5*A+10<rA''+10rf'A'+6rfA'+A». 

8. What is the nth power of 6-f-S! ^ 

Ana. br+M^-'y+Bb—y+Cb—y+Db'-y, &c. 

That is, supplying the co-«fiicients which are here repre- 
•ented by jJ, B, C, Slc. (Art. 472.) 



INVOLUTION XXF BINOMIALS. Bit 

4. Wh4t»the 5th power of a^+Sy*? » 
SnbstUutJftg « for :t*, an* 6 for 3y\ we hav« 

(o+6)»=a»+5a^fc+10o«6^+!OaV+5«**+*», 

And restoring tlie valtics of a and 6, 

5. What is the sixth power of {Sx+^) 1 

Am 

?89««+»9l6«^486atVH.4S20««y»+24«0^H-«6*»' • 

49$. A rmdual quantity may be inirolTed in the same 
manner, without any variation, except in the signs. By re- 
peal milliipUcaiion^ aa in An. Hi, we nbtMin ^ ffiW-> 
mg powers of («-6.) 

(a- 6)'=a3-.3a^6+3a6'- 6». 
(a-6)*=a*-.4a'^*+6a'6*-4a6*+5S &c. 

By comparing these with the like powers of (a+fc) in Art 
468, it will be «cen, that there is no difference except in tl^ft 
iign$. There, all the tenns are positive* Here, the terms 
which contain the odd powers of 6 are qegative. @ee Art. 
«8. 

The sixth power of (ar-y) is 

g* - 6ar'tf+ 1 6xy - 20x^w'4. 1 5aY - Ba^+y*. 

The nth power of (a - 6) is 

477. When one of the terms of a binomial is a unity it is 
generally omitted in the power, except in the first or last 
term; because every power of 1 is 1, (Art. 209,) and thi^ 
when it is a factor, has no effect upon the quantity with 
which it is connected. (Art. 90.) 

Thus the cube of {x+l) is af+Sa^xl+^X^+V, 
Wliich is the same as ^-{-ia^-^-Sx-^-l, 

The insertion of the powers of 1 is of no use, unless it 
be to preserve the exponents of both the leading and the fol.« 
{•wing quantity in each tenn, for the purpose of iinding the 
coefficients. But this will be unnecessary, if we bear \a 
ioip4| that the sum of the two exponents, in each tenn, v 
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equal to the index of the power. (Art. 468.) So that, if we 
have the exponent of the leadkur qiimiiity, we may know 
that of iht following quantity, and v. v. . 
Ex. 1. The sixth power of (1 -y) is 

1 - 6y+lV-20y^-f 15y^-6y»+y*. 

478. From the comparatively simple manner in which the 
power is expressed, when the first term of the root is a unit, 
IS suggested the expediency of reducing other binomials to 
this form. 

The quotient of (a+x) divided by a is / 14f | . This mul 
tiplied into the divism*, is equal to the dividend ; that i% 
(a+«)^ax(l+^) therefore (a+«)-=flrx (l+j)". 

By expanding the factor (1+-] » we have 

479. When the index of the power to which any binonual 
is to be raised is a positive whole number^ the series \vill termi- 
nate. The number of terms will be limited, as in all the 
preceding examples. 

For, as tlie index of the leading ciuantity continually de- 
creases by one, it must, in the end, oecome 0, and then the 
series will break off. 

Thus the 6th term of the fourth power of a+x is a?*, or 
ifx\ d? being commonly omitted, l^cause it is equal to !• 
(Art, 207.) If we attempt to continue the series farther, the 
co-efficient of the next term, according to the rule, will be 

i2S2=0. (Art. 112.) And as the co-efficients of all sue 
ceeding terms mi^t depend on this, they will also be 0. 

480. If the index of the proposed power is negative^ tlui 
ean never become 0, by the successive subtractions of a unit. 
The series will, therefore, never terminate; but like many do*, 
eimal fractions, may be coiuinued to any extent that is de* 
sired. 
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: ■,■!-*•■'■• 
Ex. Expand into a series — isr/a-f-y)"*. 

The teiTOs without the co-efficients, are 
«"*f «■"», •"Yr <i'^'f\ «''V» &«• 

The co-efficient of the ^d term is -^ 2, of the 4thir2lLzil=i-4. 

3 

Of the third, I1^2iZ*=:+3, of tlie 5th zi2Ll^=±-f.5.. 
8 IT 4 

The series then is 

a-«-8«-^+3a-y- 4a- y+5a-V> &c. 

Here the law of the progressi^i is apparent ; the co-effi- 
eietits increase regularly by l,iiud their signs are alternately 
positfive and negative. 

431. The Binomial Theorem m of great utility, not only 
in raising powers, bill pnriiculaily in finding the roote of bino- 
mials. A root may i>e expressed in the same manner as a 
power, except that tlie exponent is, in the one case an trUe- 
g«r, iJi the other a fraciwn. (Art, 245.) Thus (a+6)" may 
be either a power or a root, 1 1 i^ a power if 9ii=2, but a root 
if ii=|. 

482. If a root be expanded by the bioomial theorem, the 
series uoill never terminate. A series produced in this way 
terminates, only when the index of the leading quantity be- 
comes equal to 0, so as to destroy the co-efficients of the suc- 
ceeding tenns. (Art. 479.) But accordifig to the theorem, 
the difference in the mdex, between one tierm and the" next, 
is alwe,y8 a unit ; and a fraction, though it may change from 
positive to negative, cannot become exactly equal to 0, by 
successive subtractions of units. Thus, if the index in tl^B 
first term be |, it will be, 

Inthe8d, |-] = -.|, In the 4th -i-l=r *- 1, 
In the 3d, -I -l=-f, In the5th -t-l=-i,&& 

Ex. What is the square root of (a+h) 1 
The terms, without the co-efficients« are, 

22* 
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The co-efficient of the fleconcl term is ^ 4"! 

And the flcrics ka*+id^b - ia"^«>+ ,Sa"^', &c. 

Wlien a qntintity idnexpanded b3^lhe Binotnial Theoren% 
the law of ilie series will fiequenlly be more apparent, if the 
factors^ by which the co-efficieat^ are lonsed, are k^ dtf- 
tkict. *., 

1. Expand into a series (a^-f-^t)* 

Substituting 6 for a^ we have * /' 

•«=*, (Art. 4T1) 
^-"S^T" 2^ 4^ 2:? 



2.4 3 2.4 6 2.46 
JD= « XZ*= «.v.^==. »-^ 



8.4.6 4 2.4.6 8 2.4.6.8 

Restoring, then, the value of 6, and writing ^for cr', we have 

a 

2. Expand mto a series (l-j-j;)* 

Ana. 1+f -^+J^ - A«!^ &c. 
^2 2.4^2.4.6 • 2.4.6:F 

3. Expand V^, or (1+1)^. 

ADS. l+_-__+^g- ___+____, «C. 

4 Expand (a+«)*, or o ^ x (l+-)* See Art. 478. 
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5- Expand (0+6) ^ 6r «^x(l+t\*. ' 

\ ^3a S-fla" -3.6.9^ 3.6.9.127. / 

6. Expand into a series (a - 6). 

\ 4a 4.8a^ 4.Q,\2a\ 4,6A2A6a* I 

7, Expand (a+i?)'"*. 8. Expand (1 -a:)'. 

»• Expand (I-f x) "" •. 10. Expand (a'+x) "* 

48S, The binomial tlieoreni may ^Iso be applied to qujin- 
tities consisting of more than i^ ttrmi^ By substitution, sev- 
eral terms may be reduced to two, and when the compound 
expressions are restored, stich of ibmn as have ^exponents 
may be separately expanded. 

Ex. What is the cube of 0+*+^ ' 
Substituting h for (b+c,) we have a+(k+0 ==a+^ 
And by the theorem, {a+hyz=za^+Sa^h+$ak*+h\ 
, That is, restoring the value of A, 
(a+b+€r^(f+i(ex{b+c)+iax{b+cyMb+cy. 

The two last terms contain powers of (64*^) > ^^^ thtse 
may be separately involved. 

Promiscuous Example. 

' 1. What is the 8th power of (a+b) 1 
Ans. tf+Sa'b+2Mb*+56(i^b'+10a'b'+56(eh 4. 
iSa%'+6ab'+b\ 

f . What is the 7th power of {a''b)'l 

S. Expand into a series , or (1 -a)""^ 

, l-a 



4. Expand _*_, or ix<« -*)*'- 

5. Expand into a aeries (o^+i^)*. 
Ana »4.i*-il+-Sl, &c 

6. Expand into a series («+¥)"*• 
Ans.I,-§+i^-?^+l?:*c. '' 

7. Expand into a series (c'+«') • 

8. Expand _^i_- ojrf(<?+a^r*. 

9. Find the 5th power of (a'+/0 

10. Find the 4th pwcr of {9^h-{-s.) 

11. Expand (fl^-ir)* 18. Expand (1 -j*)*. 
IS. Expand (o-«)* 14, Expand ft(rf-i>»)*. 



f 
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*" . SECTION XVIII. 

EVOLUTION OF COMPOUND QUANTITIES. 

Art. 484. vTHE roots of compound quantities may be ex* 
tcaieted by the following general rule : 

After arranging the terms according to the powers of one 
ef tl^e lettefsy so that the higliest power shall stand first, the 
, MXi highest next, &c. 

Take the root of the fir$t temiyfor the first term of the requir* 
ed root : 

Subtract Itu power from the given quantitv^ and dwide the 
first term of the remamdevy by the first term of the root involved 
to the next mfericr power^ and muUipHed by the index of the 
given wnver /f the quotient toill be the next term of tlu root. 

Svhtract tlie power of the terms already found from the given 
quantity^ and using the same divkor, proceed as before. 

This mle verifies itself. For the root, whenever a new 
term is added to it^ is involved, for the purpose of subtract* 
ing its power from the given quantity : and when the power 
is equal to this quantity, it is evident the true root is found. 

Ex. 1. Extract the cube root of 

a*+3ia'-Sa^-ll(^+6<^+I2a-.8(<^+a-2. 
off the first subtrahend. 



Sa*)* Sa\ &c. the first remainder 
af^S(f+3a*+a\ the ±d subtrahend. 

$il«)» ♦ -Ca^ &c. the 2d remainder. 
rf+3fl» - 3a - 1 1 «^4 60*+ 12a - a 



t By the giren power is moant a power of the same name with the required 
root. As powers and roots are correlatiye, any quantity is the square of its 
fqum x»oif the cube of its cube root, &c 
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Here (^, the cube root of a*, is taken for the first term of 
the reqiiired root. The power of is subtracted from the given 

rmtity. For a divisor, the first term of the root is squared, 
t is^ raised to the next inferior power, and multiplied by 
S, the index of the given power. 

By thii9, the first term of the remainder 3a", &c. is divided, 
and the quotient a is added to the root. Then a'+o, the 
part of the root now found, is involved to the cube, for the 
second subtrahend, which ia subtracted from the WholA of 
the given quantity. The first term of the remainder --S«^ 
ftc. is divided by the divisor used above, and the quotient -2 
ii added lo the root. Lastly tl;ie whole root is invdved to 
the cube, and the power is found to be exactly eoual to Hbm 
given quantity. 

It is not necessary to write the remainder at length, a^ in 
dividing, the first term only is wanted. 

2. Extmct the fourth root of ^ 
ii*+8a*+24a'+S2a+16(a+« 



4a»)» 8a*, &c. 



a«+8a»+24a«+S2a-fl6. 

3. What is the 6th root of 

a»4-5a*6+10aW+10a«6«+5a6*+M1 km. a+6. 

4. What is the cube root of 

a^-6a'6+/2tt6«^86'1 Ans. a-tt. 

& "What is the square root of 

4a'- 12a6+96'+16a4^24i&-)-16A'(2a~3H-4& 
4a« 



4a)*-l2fi6, &c. 

4a«-l2a6+96r 
U)* ♦ ♦+ 16 ok, &c. 

4a«- 12a6+96^+16aA-246A+l6V. 



EVOLUTION. 255 

In finding tlie divisor here, the term 2a in the root is not 
involved, because the power next below the Sijuare is the 
first power. 

485. But the square root is more commonly extracted by 
the following rule, which is of the same nature as that which 
is used in Arithmetic* 

After arranging the terms according to the powers of One 
of the letters, take the root of the first term, for the first term 
of the requii^ root, and subtract the power from the given 
quantity. 

Bring down two other terms for a dividend. Divide by 
double the root already found, and add the quotient, both to 
the root, and to the divisor. Multiply the divisor thus in- 
creased, into the term last placed in the root, and subtract 
the product from the dividend. 

Bring down two or three additional terms and proceed at 
before. 

Ex. 1. What is the square root of 

a\ the first subtrabend. 



8a+6)» 2ab+V 

Into h=z ^ab^-Vy the second subtrahend. 

2a+26+c) ♦ * 2ac+2fcc+c* 

Into c= 2ac-j-26c+c*, the third subtrahend. 

Here it will be seen, that the several subtrahends are sue- 
cessively taken^rom tlie given quantity, till it is exhausted. 
If then, these subtrahends are together equal to the square 
of the terms placed in the root, the root is truly assigned by 
the rule. 

The first subtrahend is the square of the first term of the 

TdOt. 

The secwid subtrahend is the product of the second term 
of the root, into it«elf, and into twice the preceding t-enn. 

The thUrd subtrahend is the product of the third term 
of the root, int4> itself, and into twice the sum of the two pre* 
ceding terms, &c. 

That is, the subtrahends are equal to 

.a«+(2a+6) xfc+(2a+26+0 X^> &c. ^ 
and this expression is equal to the square of the root. 
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For (fl+ft)«=c?+2at+6»=ra«+(2a-ft)x6. (Art. 120.) 
And piilting A=a-|-t, the square A^=a'-}-(2a-|-6)x*- 
• And (a+6-H')'=(A+c)«=A«+(2/i+c)xc; 
that is, restoring' the vahies of h and h\ 

{a+b+cy=a'+{2a+b) xb+{U+2b+c) xc 

In the same manner, it may be proved, that, if another 
term be added to the root, the power will be increased, by 
the product of that term into itself, and ijito twice the sum 
of the preceding terms. 

The demonstration will be substantially the same, if some 
of the terms be negative. 

2. What is the scpiare root of 

1 . 46+46«+2y - 46y+j^(l - ib+y 
I 



2-.26)»-46+46« 
Into -26= -46+46* 



2-464-y)* ♦ 2j|f-.46y4-y« 
Into y= 2y-46y4-y^ 

8. What is the square root of 

4. What is the square root of 
a*4-4a'64-46' - 4(^ - 86+4 1 



Ans, (i^-a*4-^» 
Ans. a"+26-2. 



486. It will frequently facilitate the extraction of rootSy 
to consider the index as composed of two or more factors. 

Thus a^=a*>^* (Art. 258.) And a*=a*><*. That is, 

The fourth root is equal to the square root of the square 
oot; 

The sixth root is equal to the square root of the cube root ; 

The eigiith root is equal to the square root of the fourth 
loot, &c. 

To find the sixth root, therefore, we may first extract the 
cube root, and then the square root of thia 



£?0Mn3QN. 



.M7 



1 

s 
s 

4 



Piiid the square rod of ap'-43J*-H8a!'-^,4iP+t* - " ^ 
Fiiid the wbe root of xV 6**-^ 15«* - 20a?»+l5«^- 6«+l 
Find the square root of 4^--4a?»-+»t3a;«- 6ir+9. ^ , 
Find the fourth root of 

Find the 6th roof of ;i*4: 5x*-f 10a?»4.10x«+5af+l. . ;. 
Find the sixth root of ' ' * 



ROOTS OF BINQMIAL SURDS, 

481/ i. It is sometimes expedient to express the squars 
looi of a ouaatity of ttovform ut^hyflaS^ a binomial or re« 
ndual sura, by the suin^iMP ditfi^iiae of two other surds. A 
Ibrmula fiur this purpose jamjf t^ derived frot^ lA^ fcllowliig 
jifopMidons; 

I. The square root of a whole number cannot consist of 
fite jMTto, one of which is roHonalj and the other a iwrd. 

If it be poB^ble, Jet ^aszz-^^y^ in which the part x \» 
mtkHial. 

Squaring both sides, 4=«'-|-2«V9+y 

Aad reducing, ^=; ^^ '^y , a rational quantity ; 

which IS c<mtrary to the supposition. 

S. In every equation of the form a?-|-Vy==^V^9 ^ '^ 
tionol parts on each side are e^no/, and also the remaining 
parts. 

If c be not equal to a, let x=:atz. 

Then atz+^y=za+j\/b. And y6=z-f*-y^y; 

Tliat i% j^b consists of two parts, one of which is rational^ 
Mid the other not ; which, according to the preceding pfopo* 
■itton, is impossible. 

In the same manner it may be shewn, that in the equa* 
lion, jr-^y=:a-\/6y the rational parts on each side are 
equal, and also the remaining parts. 

S. If V«+ V*=^4- Vy> then \fa - \^bssx - Vif' 

F<n:, by squaring the first equation, we hare 
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By evolution, Va-Vi;?=» -V!^ 

486. «. Tofcid,ii0w>iui«x|»eMtoiifottfe$»iBttwi^ 
u binomial or regi dual s grd, ^ 

Let vg+yfc =g+yr 

. fiquariDg Mb «*» of .eadi>.we hftite. .. 

Adding the two last, add «ridi«g, «»«^ 

Multljiyiiig the-two flnst, * y5^-«*-y 

Addbg and Bubtracting, 

•.V?^-«y AnAV»=V ^^"^^^ 
Therefore, as V«4y^^+ VjTf and yg-y tgap - y^ 

Or, substituting d for V<? - 1, 
1, ya+ V6 = Vi (iM-<f)+ Vi (g - d) 

f . V» - V^= VHo+'O - Vi(« - <0- 
Ex. I. Fiud the square root of 3+2^^. 
Here a=S, o'xsS, V*= V^. i=8» o*-ft«9-8=l. 



f 



fNPiiirnesuiEs. .tw 

•S, find tlie bqMm if^t of i 1+6^*. Am, aT+^t: 

' S. Find Ac square root of 6 - 2^5. Ans. ^5^ 1. 

\ 4r Find the square root of 7-4-4^^^3. A^a. 24.^3«. 

^$. B1i)dtttt»9q«arArQot<4 7-,2vlO- JUa^V^^V** 
Th«ee fesului may be verified^ in each instance; by muUi* 

plying the root intp itaeif, ami ih^^a re-producing the f ' 

mm which it is derived. 
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INFINITE SERIISB, 



Art. 487. FT is frequently the case, that, in attempting to 
extract the root of a quantity, or to divide one quantity by 
another, we find it impossible to assipi the quotient or root 
with exactness. But, by continuing the operation, one term 
after another may be added, so as to bring the result, nearer 
and nearer to the value required. When the number of 
terms is supposed to be extended beyond any detenninate 
limits the expression is called an infimte series. The fuonttfy, 
however, may be finite, though the number of teitns be un- 
limited. 

An infinite series may appear, at first view, much less sim- 
ple than the expression from which it is derived. But the 
former is, frequently, more within the pow* of calculation 
than the latter. Much of the labor and ingenuity of mathe- 
maticians has, accordingly, been employed on the subject of 
series. If It were necessary to find each of ihe terms by ac- 
tual calculation, the undertaking would be hopeless. But a 
few of the leading terms will, p^enerally, be sufficient to de- 
termine the law of the progression^ 
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48& A jroclfeii may often m ena^M iiH^ a^ fnfiftHe 

ierie8,>y dkidkig the nmneri$t(ur by the derwmtuiJt^r.^ ^ For ilte 
value of £^' fraction m ei|ual to the quotient of the nuu>emtor 
divided by the denominator. (Art. 135.) When this quotient 
caiuiot bet eiq>re88ed, iri a limited nmnbet of terms, it metf be 
represented by piU iufiniie serijNk 

Ex. To redi^ce the fraction ~ — ' to an infinite fteries^ 

1 —a 
dlT'de 1 by 1 - a» according to t^ie Vide in Art 462. 
l-a)l (1 +0+^+0*, &c. 

l-« 



♦ 0\8lc. 

By continuing tne operation, we obtain the terma 

l-fa+a*4-^+^*+^+^> ^^* which are sufficient to 
show that the series, •after the first term, consists of the 
powers of a, rising regularly one above another. 

That the series may converge^ that is, come nearer and 
nearer to the exact vahie of the fraction, it is necessary that 
the first term of the divisor be greater than the second. Jn 
the example just given, 1 must be greater than a. For at 
each step of the division, there is a remainder; and tlie quo- 
tient is not complete, till this is placed over the divisor and 
annexed. Now the first remainder is a, the second a*, the 
third a\ &c. If a then is greater than I, the remainder coo- 
tinuallyjncreases ; which shows, that the farther the division 
is carried, the greater is the quantity, either positive or nega-< 
tive, which ought to be added to the quotient. The series 
i% therefore, diverging instead of converging. 

B'U if a be less than I, the remainders, a, a\ a?, &c. will 
continually deciease. For powers are raised by multiplica- 
tion ; and if the nuiltiplier be less iliaii q, unit, the product 
will be less than the multiplicand. (AiU 90.) If a be taken 
eqiud to i, then bj' Art. 2'33, 
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.and we have 

■ ' ft 

If ere die hoo first terms = 1 +1^ which is less than 2, by | ; 
the three first =1+1, less than 2, by J ; 

the /(mr first =» l+li less than 2, by i ; 

So that the farther the series is carried, the nearer it ap- 
proaches to the value of the given fraction, which is eqtial 
toJ. 

t. ' 

8. If be expanded, the series will be the same as (ha( 

from , except that the terms which consist ot the odd 

powers of « wUl be ne jfofioe* 
So that * -' -' -' -^' -^ -f. ^ •-- 



•a a 
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■a 








E< 


sduce 




to an 


infinite series^ 


a- 


-iU 




/h , hh.b'k 


&e. 




h- 


a 


&c. 








• 


bk 
"a* 





Here A divided by a gives - for the first term of the quo. 

a 

tient. (Art. 1?4.) This is multiplied into a - 6, and the product 

is *-£* ; (Arts. 159, 15S.) which subtracted fl-om h leave* 
a 

^ This divided by a gives ^ (Art. 163.) fear the second 

term of the quotient. If the operation be continued in the 
same manner, we shall obtahi the series, 

in which the exponents of fr and of a increase regularly by h 
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4 Reduce Ijb? to an infinite sertes. 
1 -a 

4Sp. . Another method of forming an infinite series is, iy 
ntrtfefbig the root of a compound iurd, 

Ei^. 1. I(^uce Va^4^ ^ ^^ infinite series^ hy extracting 
ihe «c|uart roo^ according to the rule in Art. 485. 



-+'-K-^+,^- 



'^S)*' 
<-^) 



"+0 , 



Here a the root of the fir^ term^ is taken for the first term 
of the series ; and the power a* is sutrtracted from the given 
quantity. The remainder 6' is divided by 20, which gives 

_, for tfic second term of the root. (Art. 124.) The divi^ 

£a 

son with this term added to it, is then multiplied into the 

term, and the product is 6'-f--^. (Arts, 1115, 159.) This 
subtracted from b^ leaves - — ^ which divided by %a ghem 
- *!, for the third term of the root, (Art, 163.) &c. 



8. V?:::F=a-l.-iL^JL.,&c 






4. vi+.=i+i-'f+?;^?i;: 



INFINITE S£UE3. 

490. A btnoinioj which has a negatiYe or frattionfti expo* 
neiit, may be ex|miided into an intiiiiie series by the bmomitd 
ffteorent. See Arte. 480, 482, and itie Examples at the end 
o( Sec. xvii. 



INDETERMINATE CO-EFFICIENTS. 

490. 6. A fourth method o( expanding an algebraic^ ex- 
pressioQ, js by, assuming a series, with mdeiermnaie co^^ffi- 
dmts ; and* afterwards finding the value of these co-efficients. 

If the series, \f> which any algebraic expreedcm is assumed 
to be equal, be ^ 

"^ •d+JJar+Car^+Ife'-f Ea?*, &c, ' 

let the equation be rediiced to the form in which oiie of the 
members is 0. ( Ari. 178.) Theo if such values be assigned 
%»A^ B, C, &e. that the co-efficients of the several powers 
of «, as well as the aggregate of the terms into which x does 
not enter, shall be eacheqwd to ; it is evident that the whole 
will be eoual to 0, and tbat^ upcm this condition, the equation 
ie correctly stated. 

The values of •S^ B^ C, &c. are determriiied, by reducing 
Ihe equations in which they are respectively contained. 

Ex. I. Expand into a series 



Assume ^JL^azA+Bx+C^x^+Ihf'+Ex^ &c. 

e^bx , * 

Then multiplying by the denominator c-f-ijr, and trans- 
posing 0, we have 

0=(wfe-a)+(jJ6+Bc)af+(J?6+Cc)rr»4-(C6+Z)c)a:", &c. 

Here it is evident, that if (^c-a)^ (M+Bc)y (Bb+Cc), 
&c. be made each equal to 0, the several parts of the second 
member of the equation will vanish, (Art. 112,) and the 
whole will be e(|ual to 0, as it ought to be, according to the 
aasiunption which has tusen made. 



ttt JLLGEBHA. 

Raducing the foUowing equatioo^, 

Bb+Cc=0, C=-*fi, 

i C ' 

CH-I>ca=0, D=--<?, 

c 

That is, each of the co-efficients, C, D^ and E, k equal to 
ihe preceding one multiplied into - ^ We have therefore 

fL Expand into a aeries .—thJL-/ 

Assume ^,B^^=Jl+Bx+Ca^+D^, &c. 

Then multiplying by the denominator of the fraction^ and . 
irBn9{M)sing a+bx^ we have 0=(,5d-a)4-(Jffd-|— flfc-6)« 
+{Cd+Bh+Jlcy+{Dd+Ch+Bc)^, &c. 

Therefore jI= J C= - Jj? - ifl, 



da d d 

And _?+*?-,=«- f*/f.*W.f^^^ 

3+^+ea;* d W d/ Vd ^d / 

S. Expand into a series "^ ^ . 

Ans. l+Sar+4a;^+7«»4.11a?^+18j!»+29a:«, &c. 
In which, the co-efficient of each of the powers of a:, is equal 
lo the turn of the co-efficients of the two preceding terms. 
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4. Expand into a ^^rfes , — -i. 

5. Expand into a series * ~ * ' 



Ans. l-far+6:r«+13a;'4-41ar*^iaiar'+S654«, &c 
S. Expand into a seri^ 



Ana. l+jp+V+2a:'-f-^«*+3«!+4a;«+4r', &q. . 
7. jCxpluKt -JL.- a Expand -^ l^f ^^ . 

SUMMATION OF SERIES, 

491. Tlioni^h an infinite seriet^ consists of an unlimited 
liuml>er of terms, yet, in many casei, if is iiot difficult to find 
what is called the sum of the term?; that is, a quantity which 
differs less, than hy any assignable quantity, from the value 
of the whole. This is also called the Ihml of the series. — 
Thus the decimal 0.33333, &c. may come infinitely near to 
the vulgar fraction J, but never can exceed it, nor, indeed, 
exactly eqttal it. See Arts. 453, 4. Therefore i is the limit 
of 0.33333, &c. that is, of the series 

TTT+Tff ir4" rn iTir+TTnimr+ 1 n n n h o> &C. 
If the number of terms be supposed infinitely great, the 
difference between their sum and i, will be infiintely small. 

492. The sum of an infinite series whose terms decrease 
by a common divisor, may be found, by the rule for the sum 
of a series in geometrical progression. (Ait. 442.) Accord- 
ing to this, iS=rILU?, that is^ the sum of the series is fotmd 

by multiplying the greatest term into the ratio, subtracting 
the least term, and dividing by the ratio less 1. But, in an 
infinite series decreasing, the least term is infinitely small.— 
It may be neglected therefore as of no comparative value, 
(Art, 456.) The formula will then become. 
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Ex. 1. What if the mim of the iiifiaite itriec . ; 

Tr4'Trr4"rDTi-n*t"Tt g< i U 't' T0 0PjP ir> »c.l 

Here the first tehn is tt« ^^ ^^^^ i^^^^ct k 10 

Theo 5f=±-!l. = '?^A=xi=i, the Answer, 
r.-l 10- 1 

>• What IS the sum of Che infinite series ^ 

r-1 8-1 . ' 

S. WhiElt h the sum of the ilnfinite series 

498. There are certain classes 6f infinite series, whose 
■urns may be found by $ubtracti(m. ^ * . 

By the rules for the reduction and subtraction of fractioiHi 

1 i_3-a^ 1 

l"3 2x3*^2x3* 

1 1 4-3 1 . 



3 4 3x4 3x4 

1 *-izi=-I- ic 

4 6^4x5 4x5* 

If then the fractions on the right be formed into a series, 
tliey will be equal to the rft^cfcuce of two series formed from 
the fractions on the left. This difference is etusily found; 
for if the first term be taken away from one of these two 
scries, it will be equal to the other. 

Suppose we have to find the sum of the infinite series 

L+_L.+_L+-1^ &c. 

From this, let anotlicr be derived, by removing the last 
factor fro»n -each of the denominators ; and let the siun of 
the new series be represented by S, 

That is. let is=i+|+i+i, &c. 



And jv subtraction —= — ^-) 1 ^M- — r> ^^« 

^Aua uy Buuw4*vMvix ^ 2-3 3-4 4-5 6-6 
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* Jl«re th^ neir mMa 19 mude^mm eideof. an ^e^atioriy «nd 
4iMecly Under il^ 18 written the eaine seiHes, aftei; th« fimt 
term | it ktken away*. If the. upper one is eq^ial to j!^, itie 
#l^idenithat the lower one nmst be equal tQ49->i» Theii 
e«btracting ^e ierms of one equatiop from these ctf" tho 
•tfier^ (Ax. t,) we' have Ibe eum, o{ Uie proposed eeiJM 
Itoji For S-(.S-i)ar=S-S44wi. 



S. What is the sum o( the mfinite series 



Here a new series may be formed, as before, by omitting 
the last &ctor in each denominator. ' 



Aodby »ubtracti^|=^-+ |-+/„:i._«j:^^ &c. 



In repeating the new series^ m tins case, it: is jiecesiary to 
oinit the two first terms, which are^ l-f-isf. 
$. What is ihit sum of the infinite series 



2-4-6^4-6-8^6-810 ' 8101^ 
Here a new series may be ferme^ by cntitting the labt He- 

tor, and retaining the two first, in «ach. denominator. And 

we shall find 

T_ 4,4, 4 , 4r ^ 
8 »-4-6"'"4!6-8'*"6-810"^8l01«' ' 

4. What is the sum of the infinite series 

lJS^J-8-4^8-4-«^4«-«* T 
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49S. h. Seriee WtHiM «irai9 Inn be 4etenlliRledy'lnik]^at«o 
be foiimi by ihe folkni'ing nietliod. ABsanie .a decKbMiad 
•erief^ cmitainiiig I lie pow^nv of a variable qitanljtv m^ whom 
•UnddS. Muff mly both eidee of ibe eqHation,o]ra cem* 
will 



pound factor, in wnieh x aud some conttantqiMmtity are < 
MMied ; and giv&tb tsuch a vahje^ that ibe cerofMkmd.te* 
tor shall be eqUal to 0. If One <ir niore of tbe^rst tenteb* 
then transposed, these will be equ^ to the sum of t;be re- 
maining series* 

Ex. 1. Let 5=1+1+^+^+^+^ kc, , 
Multiplying toth sides by. ^ - 1, we have "' 

If we make xs f^^the first member of the equation becomes 
5x(l-t)«dl. (Aft Ut.} Then tfeftspMing - 1 from the 
other side, we have 

1 

Ilnltiplying bf ^ - 1, v« bave» 

. Ifakmg c=:I, «nd tmn^poedng the tw« first tenm of th* 
■erief, we have 

1-U* -«- •-4- *_4-i-4. * 4- * &c 

S. MulUpTying Sr^l+f+J+f!, frc. bjr 2*»-8x+I, 
we have 

And if « be put equal to 1, 
S 6,6,7 



2 1-2S^«S4^ 8-4-4^4«-6 



, &e. 



INFt^tE S^IES. 299 

From the two last examples it will be eeen, thai djffereiU 
$efUi may hav^ the taitie sum. 

RECURRING SERIES. 

493. c. When a series is so constituted, that a certain 
number of contiguous tenns, taken in any part of the series, 
have a eiven relation to the t«rm immediately succeeding, 
it is called a recurring series ; a^ any one of the following 
terms may be found, by recurring to those il^hich precede. 

Thus in the series 1-f 3»4-4a?-f-7r'+lla?*+18a;*, &c. 

the SUM of the co-efficients of any two contiguous terms, is 
equal to the co-efficient <^ the following term. If the series 
be expressed by 

^4-5-^. C+D+ JS, &c. 

Then jJ==l, the first terra. P=:Sx, the second, 
,C=yjBa:-f,fla:*=4x», the third, 
D=ar-f5af^=5 7«', the fimrth, &c. 

' That is, each of the terms, after the second, is equal to the 
.one v^MudiaUlyi preceding multiplied by a;, 4* ^^^ ^^^^ ^^^ 
preceding multiplied by i^. 

In the series 1 a.2a?-f 3a;*+4«'-}-6a:*-f-6a;', Ac, 
each term, after tne second, is equal to Sk multiplied by the 
term immediately preceding, -ac^ multiplied by the term 
next preceding. The coefficients of x ana a;^, that is 4-2 - 1, 
constitute what is called the scale of relntum. 

In the series 1+4*4 6a:*+llx»+2&r*-fSSaJ^, Ac, 
any three contiguous terms have a constant relation to the 
succeeding term. The scde €f relation is 2 r 1+3 ; so that 
each term, after the third, is equal to 2a? into the terrii imme- 
diately preceding, -«*in»x) the term next preceding, +3«* 
into the third preceding term 

Let any recurring series be expressed by 

d+B+C+D+E+F, &c. 

If the law of progression depends upon two contiguous 
terms and the scale of relation consists of two parts, m 
radfii ^ 
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Then CtsBms+Jhx*, the third ierm^ 
JW=: Cmar+Jffna:', the fourth^ 
E^zDmx+Cnai', the fifth. 

If the law of prc^ression depends on thru contiguou* 
terms, and the scale of relation is m-{'n^rf 

Then 17=: Cmx+Bru^+^rs^^ the fourth tenn, 
JB=2>i?*T+0fia^f JBraP, the fifth, 
J?=Bm^+J^^««'-fCir«*, the sixth, 
&c. &c 

If the l^w of progression depends on more than three tervUf 
the succeeding terms are derived from them in a simitar 
manner. 

493. d. In any recurring series, the «cale qf relation, if it 
consists of Ao parts, may be found, by reducing the equa- 
tions exnressing the values of two of the tf rms ; if ^ con- 
sists of tnree parts, it may be found by reducing the equations 
expressing the values of three terms, &c. As the scale of 
relation is the safitie, whatever be the value of or in the series, 
the reduction may be rendered more i^imple, by making »uz h 

Taking then the fourth and fifth terms, in the first extant 
pie above, and making ;rr::il, we have 

fcSl+al I ^ ^^ the values of mand ». 
These reduced, (Art. S89,) give 
^ DC'-BE ^ CE^DD 



CC-BJD CC^BD 

.. (^ B C L 

Making x=l, we bare 



,,, . ^A B C D E F 

in me senes ^ i^.8j^.6^^7a»^9,4^.ii^^ f^^ 



5»-3x7 5*-Sx7 

Therefore, the scale of relation is 2 - 1 . 

To know whether the law of progression depends on tea, 
(ftree, or more terms ; we may first make (rial of two terras ; 
and if the scale of relation thus found, does not cotrespond 
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with the given sefm, we may try three -or frior© teM6. Or 
if we begin with a number of tenns greater than is meces- 
eary, one or more of the values found will be 0, and the 
others will constitute the true scale of relation* 

493. e. When the scale of relation of d decreasing recur- 
ring series is known, the turn of the term m^y be fouf^ . 

I^. (^ J? C Z) 12 i?' ; 

^"^ i a+bx+cJ'-i^dx'+ex^+fa^, &c 

be a recurring series, of which the scale of^hkation is m-f-n^ 

Then A= the first term, ^ J?— the seccmc^ , . 
C=rJ?x»»a?4.^Xw?, the third, 
I)=:Cx«ix+JSxnx^9 the fourth, 
JSr=I>xwM?4.Cxna:', the fifth, 
&c. Sic. 

Here mx is multiplied into every term, except the first and 
the last ; and na^ into ^very term except the twb last. If 
the series be infinitely extended, the last i^rms may be neg- 
lected, as of no comparative value, (Art* 466,) and if Sz^ 
the sum of the terms, we have 

8=..i+B+mxx{B+C+D, &c04-«^x(4+J?4^C, &c.) 
But S-^^B+C+D, &c. And S=:A+B+C, &c. 
Therefore 8:=zJl+B+mxx{l»-^)+w^)<S. 
Reducing this equation, we have 
c» Ji-X-B — Jhnx 

Ex. 1. What is the sum of the infinite series 

i+Gx+nx'+iSx^+nox^ iSLc't , 

The scale of relation will be found to be l-f-6. 
Then^=l, Jff=6x, m=:l, n=6. 

The series therefore = i-^. 

S. What is the sum of the infinite series 

Ans. J±^ 
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5. WhM is the nun of the infinite •eric* 

Ans. . '"*. 
l-2ie-5* 

4. What is the sum of the infinite series 

An- l+2«-2«__I 

& "What is the sum of the infinite series 

6, What is the sum of the infinite scries 

U m the senes j «^t;,4.c*»+<i.c'+<^4-/«'. &«• 
the scale <rf relation consists of three parts, m+n+r, 
Then A= the first term, B= the second, C= the third, 

E=/)Xnw+Cxna:*+i?Xr*\ «l«e fifth, 
F=£xm«+i)X»w'4-Cx»-«*, the sixth, 
&c. &c 

Therefore 
S=j54-B+C+in»x(C+/?+E &c.)+na*X 

(l?_|-0+» &c.)+r»' X (^f B+C &c.) Tliat is, 
fil=J?+B+C4-mxx(S-^-^)+'w'X(S— «)+'^XS 
Reducuig tliis equation, we liave 

o Jl-\-B-\-C- {Ji-\-B)mx-Jh:f 
l-mx-m'-rif 
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Ex. 1. What is tha sum of. th€ inteit^ series 

In wlvca the scale of relation is 2^ 1+3 1 ^ : - 

Ans ^+^^-h^-g^ - (^^^)'-^^ 

8. What is the snm of the infinite series 

in whieh the scale of pelation is 1-f 1 --11 

Ans. ^ — , — L. — . 
l-x-ar-4-a;^ 

METHOD OF ©IPPERENCEa 

493. e. In the Summation 6f Series, the object of inquiry 
IS not, always, to detiettnine the value of the whole when in- 
finitely extended ; bttt frequehtly, to find the sum of a cer* 
tain number of terms. If the series is an incredslitg oile, the 
eum of all the terms is infinite. But the value of a limited 
number (rf terms maybe accurately determined. And it if 
frequendjlthe case, tiiat^ a p&rt of a dfiereming. series, may 
be more elsily summed than the whole. , A moderate num- 
ber of terms at the commenceiaent of the 8ttri«s, if it cony^- 
ges rapidll, may be a near approximation to the amount of 
the wholelwhen indefinitely extended. 

One of ^e methods o( determining the value of a limited 
minaber of »rms, depends on finding the several orders '^dtf" 
ferefice$ bel^^ing to the series. The diderences between 
the terms themselves, are called the first order of differences; 
the differencely>f these differences, the second oilier, &c. In 
the series^ 

1, 8, S7, 64, 125, &c. 

by subtmcting each term from the next, we obtain the fint 
order of differences 

7, 19, 37,61, &c. 
and taking each of these from the next, we have the secoed 
order, 

12, 18, 24, &c. • 

Proceeding in this manner with the series 

0,6, c, d,e,/, &c: 

we ebUin the following rantai of differences^ 
44» 
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3d. DIff. rf-5c+SA-a, «-Srf-fSc-ft,/-S«+3rf-e, &o, 
4th. Diff. e - 4rf4-6c - 4t+(i, /- 4«+ 6(/- 4c+* tc. 
5th. Diff./- 6e+10rf-10c+5*-a, &c. 
Ac. &c. 

In these expreseionfl, each diffeioitce, here pointed off by 
cominof?, though a compouitd «|U{tntit y, i» catkd a term. Thus 
the first term in the first rank is 6 - a ; in the second, e - 2ih]-a ; 
b the third, d ^ Sc-^Sb -' a ; &c. The first termsy in the 
several orders, are those ^hlch are principally employed, in 
investigating and applying the method of aifferences. It will 
be seen, that in the preceding scheme of the sticcessive diU 
ferences, the co-efficients of the first term, 

In the second rank, are 1^ 2, 1 ; 

In the third, 1, 3, 3, 1 ; 

In the fourth, \ 1, 4, 6, 4, 1; 

In the fifth, 1, *, 10, 10, 5, 1; 

Which are the same, as the co-efficientt^ in the powers ofU* 
nomials. (Art. 471.) Therefore, the co-eflicients of the firat 
urm in the nth wder of differences, (Art. 472,) are 

498. / Pot the purpose of obtaining a general expreswon 
for my term of the series a, *, c, rf, &c. let IT, Ey\ D"', /^'^ 
&c. represent the ^ir^f termsyin the first, second, third, fourth^ 
Ac. orderi ct differences. 

Then2y=:?6-a, - 
D''=c- '26+0, 
Zy''=d-Sc+S6-a, 
D ^=(5-4(H-6c-46+a, 
&c, &c. 

Transposing and reducing these^ we obtain the following 
expressions for the terms of the original series, a, 6, c, d, &c. 

The second term irra-f-D', 
The third, c=a+2iy+iy\ 

The fourth d=:a+siy+&/r+ry'\ 

The fl^th, «=a+4Z>4-6/>'^+4Z> ^^+iy% 
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Jtere the co-'e^ients observe 4he fimii^a laWj-aii in (he pow^ 
0r$ ^ a bmomial ; with this d<tieteut-e, ih^ti the co-elhctenUi 
of the nih term of itic seiies,^are ihc c«M;fficietii8 iif die 
(n- l)tli power of a binomial. 

Thu8 the co-efficieuts of the fifth tenn are 1, 4, 6, 4> 1 ; 
which are the same a* the co-eHlcients of the fourth jxjwcr 
of a binomial. Substitmiiig, then, n-: 1 forn, in th« forimtla 
for the co-efRcients of an involved ^inoniial, (Art. 472,) and 
applyirig the co-efficient^^ thus obtained io^D\ D'\ iy'\ l/% 
&c. as in.the precediyg equations, we have the following gen- 
eral expression, for the nih term of the series, a, 6, Cy rf, &c. 

The nth terra 

When the diflfbrencefl, after a few of the first orders, become 
<X, any term of the series is easily found. 

Ex, I. What is tfie nth terra of the series 1, 8, 6, 10, 15, %\ % 
Proposed series I, 3, 6, ID, 15, 21, &c. 
First order of diff. 2, 3, 4, 5, 6, &c. 
Second do 1, 1, 1, 1, &c. 

Thkd do. 0, 0, 0, 

Heiea=l, 2)^=2, 1>=1, /y^'-.a 
Therefore the nth term =l-f-(n-l)2+n-l^Z*. 

Thc20th term =14.38+I7r=2l0. The 50th =: 1 275. 

8. Wliat is the 20Jh term of the series T, 2', 3\ 4», 5^ &c. 1 
, Proposed series 1, 8, 27, 64, 125, &c. 
First order of diff. 7, 19, 37, 61, &c, . 
Second do. 12, 18, 24, &c. 

Third do. 6, 6, &c. 

Here /y =7, D"=12, D"'=6. 
Therefore the 20ih terra =8000. 

S. What 18 tlie 12th term of the series 2, 6, 12, 20, 80, &c.t 

Ans. 156. 

4. What is the 15tb term of the series \\^\ 3; A\ 5,6, ict 

Au^ 225. 



493. g Taoblain an ^xpremon <br the tiMi of any wi^ibcr 
ef tertns of a. series a, 6, c, fi, &,c. let one, two, ihr^e, &c. tenM 
be stiecessively added together, so as to form anew tcriet, 

Takiag the differeae^ iu this^ we have 

Ist Diff. o, fr, c, rf, e, /, &c. 

2d Diff. 6-a,c-6, rf-c,«-cf,/-e,&c. 

Sd Diff. c-26+«,rf-2c+fr, e-2a+c;/-2«+d, &c. 

4th Diff. rf-3c4-S6-a, e-3(^.3€-6,/-3c-|-W-l:, Ad 

&C. JLC. 

Here it will be observed that the stctmi rank of differences 
in the new series, is the same as thej^r^t raok in the crigmat 
seiies a, b, c^d^ e, &c> aud generally, that the (ii4-l)th rank 
iu the new series is tlie same as the nth rask in t|ie origkud 
series. If, as before, D^=; the first term of the first diflbren* 
ees in the original series, aud d^=: the first term of the first 
'di^rences in the new series ; 

Then £?=(*, #'=iy, i!".=ziy\ n'^'^iy', iit. 

Taking now the formula (Art. 493,/) 
a+(«-l)2>'+(»-l)'!^'+(«-l)^X?^"+*«. 

which 19^ general expression for the nth term of a series in 
which the first tenn is a \ applying it to the new. series, in 
which the first term is 0, and substituting n-fl for yi, we have 

t&c. 
'Which is a general expression for the (n4'l)tb term of the 
•eries 

0, a, a+6, a+b-^c^ aO-fc-f-c-f d, &c» 

or the nth term of the series 

0, a-|-6, a-f64-^» a+6-(-c+ii, &c. 
Bnt the nth terra of the latter series, is evidently the twm 
of n terms of the seriesi a^ b^ c^ d^ &o. Therefore lAe 
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general expression far tlu sum of a terms of a series of tehich 9k 
u the first term, is 

[+&C. 

Ex. 1. What is the s^m of n terms of tho series of o<U 
nwnbers^ 1, 3, 5, 7, 9, &,c.1 

Series proposed I9 3, 5, 7, 9, &c. 

First order of diflF 2, 2, 2, 2, &c. 

Second do. 0, 0, 0, 

Here 0=1, 1^=2, Z^'sO. 

n 1 
Therefore the sum of n terras =n+jC — l!.x2=:nV 

2 

That is, the sum of the terms is equal to the square of the 

mmber of terms. See Art. 431. 

2. What is the sum of n terms of the series 
!•, 2«, 3% 4*, b\ &c. 1 
Herea=l, Z>^=3, I>''=2, 1>'''=0. 

Therefore n terms =i(2n'+3»'+n) ^ iti(n+l) x (^n+O^ 
Thus the sum of 20 terms =2870. 

.3. What is the sum of n terms of the series 
1 3 2» gi 4< &C.1 
Herea=l, ' D'^l, Xp'=.12, iy''=6, i/'^^scO. 

Therefore n terms =r J(n*+2n'+n«) = (inx»+l)'. 
Ihus the sum of 50 terms =1525625. 

4. What is the sum of n terms of the series 

2, 6, 12, 20, 30, &c. 1 

Alls. in(»+»/X(»+2.) 

5. What is the sum of 20 teruis of tiie series 

1,3,6, 10, 15, &c.? 

Q. What is ttie sum of 12 tenns of the series 
r,2^3*, 4', 5*, &C.1* 
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COMPOSITION AND RESOLUTION OF THE HIGHER 
EQUATIONS, 

Art. 494. EQUATIONS of any degree may be produced 
from simple equationd, by m^illiplication. Tlie manner ia 
which ifiey are compounded will be best understood, by 
faking (hem in that state in wliich they are all brought on 
one side by transposition. (Art. 178.) It will also be neces- 
sary to assign, to the same letter, cUffereBt values, in the 
different sim{)le equations. 

6upp<ise, that in one equation, «=r2 ) 
And, that in another, x=S) 



By rjransposition. 
And 


1-8=0 


^luliiplying them together, 
Next, suppose 


«»-5a:+6=0 
a;-4=0 


And, multiplying. 
Again suppose, 


a'-9i«+26»-24=0 
a!-6=0 



And mult, as before, a*-14a*+71a:'-1544:+120=0, &c. 
CoUectiiig together th^e products^ wehatre 
(«-2)(ar-8) =r«»- 5^+6=0 

(ar-2)(a:-3)(x-4) =«»-9«'+26ar-24=0 
{x-2)(ar.3)(ar-4)(«-6)=»«-14«»+71««--154x4-120=0&6. 
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Thalks the product • ♦* ' ^ V "^ 

T of two simple equations, is a tfuadratk eqiialion ; 
of three simple ecjuaiions, is a cubic equation ; 
of /our simple equations, is a biquadratic, or an equa- 
tion of the fourth de^ee, &c. (Art, 300.) 

Or a cubic equation may be considered as the product of a 
quadratic and a simple equation j a biquadratic, as I he 
product of two quadratic ; or of a cubic and a simple equa- 
tion, &.C. 

495. In each case, the expmmtof the unknown quantity, 
in the first term, is equal to the degree of the equation ; and, 
in the succeeding ternisi, it decreases regularly by Ij like the 
exponent of the leading quantity in the power of a blnoiuiaL 
(Art. 4680 

In a quadratic equatioii, the eicponents are 2, 1- ^ 

In a cubic equation, 3, 2, L 

Fn a biqiiadratic, 4, 3, 2, 1, &c. 

496. The nwmtrer of terras, is greater by 1, than the degree 
of the equation, or the number of simple equations from 
which it is produced. For besides the terms which contain 
the different powers of the unknown quantity, there is one 
which GonBists of known quantities only* The equation is 
here supposed to be cofn^ltie. But if there are in the partial 
products, terms which balance each other^ these may disap- 
pear in the result. (ArL 110») 

497. Each of the values of the unknown quantity ia cal* 

led a root o/ the equation. 

Thus, in the example above. 

The roots of the quadratic equation are 3» S, 

of the cubic equation 4* 3, 2^ 

of the biquadratic 5, 4, 3, 2, 

The term root is not to be understood in the same sense 
liere, as in the preceding sections. The root of an equation 
IS not a quantity which multiplied into It^eJ/^ will produce the 
equation. It is one of the values of the unknowTi quantity; 
and when its sign is changed by transposition, it is a term in 
one of the binomial factoid which enter into the composition 
of the equation of wluch It is a root. 
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The vahie of the unknown letter x, in the eqTialion, it a 

SuariUty which may be substituted for x^ without aflecting 
iie equality of the members. In the equations which we 
are now considering, eacti member is equal to ; and the 
first is the product of several factors. This product will cod- 
tinue 10 be e((ual to 0, as long as any one of its factors is 0. 
(Art. 112.) If then in the equation 

(x.2)x(*-S)x(«-4)-(x-6)=0, 
Wd substitute 2 for ar, in the first factor, we have 
0x(x-S)x(ap-4)^(x-5)=0. 

Soy if we sub^itute 3 for x^ in the second factor, or 4 in 
the third, or 5 in the fourth, the whole product ^ill still be 0. 
This will also be the case, when the product is formed by an 
actual multiplication of the several factors into each other. 

Thus, as «» - 9a*+2to- 24=0 ; (Art 494. 
So 2»-9x2*4.26x2-24=0, 
AndS'^9xS«+26x3-24=0, &c. 

Either of these values of ^, thefeforei will fatiify the cen- 
ditiona of the equation. 

498. The number of r^x>ts, then, which belong to anequa- 
tioni 18 equal to the degree of the equation. 

Thus, a qimdratic equation han two roots ; 
a cubic equation, three; 
a biquadratic, /our, &c. 

Some of these ropts, however, may he mu^pnary. . For an 
imaginary expression may be one of the factors from which 
the equation is derived. 

499. The resolution of equations, which consists in finding 
their roof», cannot be well understood, without bringing into 
view a number of principles, derived from the manner in 
which the equations are compounded. The laws by which 
the cO'^idents are governed, may be seen, from the following 
view of the multipUcation of the factors 

a? — a, a? — t, a? — c, a? — a, 

each of which is supposed equal to 0. 

The several co-efficients of the same power of x, are pla- 
ced under each other. « 
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Thnsj -ttar - ii i/ written 3a ( ^ I ^ ^^® ^^^^^ co^ffi 
eienta in the same aianner, 
- ' ' Th^ product, then T 






I9 '^_ 1, ( ^-[-'^^^^ A qiiadmtic equation. . «ii| Cftifti 



TliiBintoj;-c=0 



H^gi 



.f# = f, f.i& 



^',^1 Is ^ - i S j?'-j-(ic > a? -- ahc=Oy a cubic equation* ^ 

This into X"(f=0, * ♦ ^ 
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500, By attending to these equations, it will be seen thai. 

In the first term of each, the co-efficient of jc is 1 ; 

In the secmd temi, the coefficieat is the sum of all the 
roots of the equatioHj with contrary signs. Thus the roots 
of the quadmti" equation are a and by and the cg-efficieule^ 
in the secoTid tenn^ ere -a and -b. 

In the third lerm, the co-efficient of t, is the sum of all 
the products which can be niadcj by muhiplying together 
any two of the roots. Thus^ in tlie cubic eijualion, bm Iht 
roots are a^ b, and Cy the cop^fficietu^, in the third term, arc 
obi flc, be. 

\n the fourth term the co-efficient of x ia the mim of ail 
the products which can be made^ by multiplying together 
any thne of the roots after their aigne are clianged. Thm 
the roota of the biquadratic equfitiou are a, 6, c, and rf, and 
the co^ilicietita i& the fourth term are - a6c, - a6d, - aef( 

TUtlast term is the product formed from olZ tha loota of 
the equation after the eigiia are changed. 



1 Ip the cubic equfitioii, it i»-^ax r *X -^^ - ^ 
In the biquadratic, -ax- *^X -- ex ^ dxx^ahcd^kc. 

501. In the preceding examples, the roots are kUpcMSpe. 
The signs are changod by. CmiKrp|>ailion, and when Hie seve- 
ral factors are multiplied toother, the termsja the product, 
IS in the power of a residual quantity, (Art- 47.6^) are alter- 
nately positive and negative. But if the roots are all negs- 
ftve, they become positive bv transposition, and all the terms 
in the product ttnist; be poattivcu » Thus if die^s^ventl values 
of « are - s, - b, - c, - <{, then 

ap+a=0, «+fc=0, x+crse, j:+^W0 ; 

and by multiplying these together, w^ aAiall ol^t^ftin the same 
equation^ as before, e^teept that the signs of ail the^rms 
will be positive. In other cases, some ctf the roots may be 
positive, kfkd some of them negative. > ^ : 

502. As equations are rai^ed^ from a lower degree to a 

higher, by multiplication, bo ihey raay be depressed^ from a 
higher degree to a lower, by dimsion. The product of {x - a} 
inlo (j-A)is a quadratic equatioa ; this inlo (j?-c) is a 
, cubic equation ; and rhia into (x-d) is a biquadratic, (Art. 
494* ) If we reverst this process, and divide the biquadratic 
by (ar-f?), the quolient, it is evident, will be a cubic equa- 
tion ; and if we divide this by {x-c) the quoiient will bo , 
quadratic, Slc, The divisor is one of the factors from which 
the equation is produced; that is, it k a binomial consisting 
of X and one of the roots with its sign changed. When, 
Ihererore, we have found either of the roots, we may divide 
by thisj connected with the unknown quantity, which will 
reduce the equation to the ne^it inferior degree. ^^ 

RESOLUTION OF EQUATIONS. 

508. Various methods have been devised for the resolutum 
bf the higher eouations ; but many of them are intricate And 
tedious^ and others are applicable to particular cases pnly» 
The roots of numerical equations may be found, howevcfi 
iritlvsufBcJent exactitess by succe89ive^«;fqnY>ltmaHotlf. From 
Aie laws of the co-efficients, as stated in Art. 500, a genecal 
estimate may be formed of the values of the roots. They 
hknisL he such, that, whei^ their signs are thhngedi their 
product shall be equal to the but tmnokjQf lh# equoibp, wi 
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their sitm equal to the co-efficienl of the ficond term. A trial 
niny tlien be miide, by subsLituling, in the pJace of the uri- 
kuo\^^ letter, its suppoi^fttl value. If i\m proves to be loo 
email ov too great, it may be iucreascd or diminished, aud 
the iriala repeated, till one k found which will nearly satisfy 
the conditions of the e<]iuu.ioiis. After we have dii^overed or 
assumed two approximnre vatnesj and calculated the errors 
which result from them, we may obtahi a more exact cor* 
coctioaof the root, by the following proportiofk 

J3s tfie di§€rence af tht errors^ io the differmce of the assumed 
numbers ; 

So is the least errors io (Jte c&rreciion reqidred^ in the cams- 
ttandmg aaumtd number. 

This* h founded on the supposition* that the errors in the 
e«i4ttf ape proportioned to the errors in the assumed numbers* 

Let JVaod n be the assumed numbers ; 
» 

S liiid »y the errors of these iiumhers ; 

f R and r, tlie errors iu the results. 

Then hy the supposition ^^ , R:r:: S :» ^ 

And *iubL the consequents (Art* 3S9.) R-r: S-s::r:s^ 

But the ditfei-eiice of the assumed numbers is the same, 
as I he difference of their errors, if for iitslance, tlie true 
ijumher is 10, and the assumed nuniberis 12 and 15, the er- 
rors are % and 5; and the dilTerence between 2 and 5 is the 
same as between 12 atid 15. Substituting, then, JV-n for 
S-^j we have R-ri J^-n: : r : ^^ which is the proportion 
stated above. 

The term difference is to be understood here, as it is com- 
monly used in algebra, to express ibe result of subtraction 
according to tlie general rule^ (Art. 82,) In this yi^it^e, the 
difference of two nimiberw, one bf which is positive and the 
other negative, is the same as their sum would be, if their 
sign^ were alike, (An, 85.) 

The supposition which is made ihe foundation of the rule 
for finding the true value "of the root of an equation, is not 
strit^tly correct, Tlie errors in the results are not eituUi/ 
proprtioned to the errors in the tt^^?umed numbers. Kut 
as a greater etror in the assunied ntmiber, will genetally lead 
to a greater error in ihe resuh, ihau a less one, the rule will 
«jmw£r the purpose of approximB^tioiL If the value which k 



im found, to not st^fllcteritly correcty'lhis nwiy be taken as 
of tlie numbers for a second Uial ; and t\^ process nmj be 
M)eated tin the error is diminished' as much as- is recfuiiied; 
Tfiere will genera((y be an advaiTtage in asBunung iwo ntim* 
bers whose diflferenee h .1, ©r .d, or .001, &c. ^ 

JSiX* I. Find the value of ar, in the cubic equation, 

^-&r»4.17«-^10=0. 

Here as the signs of the terms are alternately positive and 
Negative, the roots must be M positive ; (Avt* ^501.) It^ir 
product must be 10 and their sum 8. . 

Let* it be su|^)08ed that orte4>f them is 5*1 ^^ 6'i^; Then, 
substituting these numbers for x, in the givoa equation^ we 
bave, 

Bythel8tsuppoti'n,(5-l)'-^X(5*ir+17x(5:lHQ=;=l-27l. 
By the second (6-2)' -• 8 x (5-2)*+ 17 x (5*2)- Rj=:2-688. 
That is, By the first supposition, Uy the second supposition. 
The let term, a?= 132-651 140 608 

The 2d •8««= -20808 -»16S2 • 

TheSd 17a:= 86.7 884 

The 4th -10=- 10. - 10- 



Sums or errow^ +1-271 +2*688 

Subtracting one froax the other, 1*371 

.Their difference is 1-417 ^ 

Then stating the ^oportion 
1*4 :,0l : : 1*27 : 0*09, the correction to be sub- 
tfacted from the first assumed number 5*1 : The remainder 
m 5*01, which is a near value of x. 

To correct this farther, assume *=5'01,'or 5*02. 
By the first supposition. By the second supposition 

The 1st term .x^=i 125*751 126-506 

-201*6 

85*34 
-10. 



The 2d 
TheSd 
The 4th 


-8a;'=- 200-8 
|7x=s 8517 
-10 = - 10- 



Errors + 0*121 + 0*246 

0-121 



Tiven IS5 : 00! : ; 0121 : 001, the corrertioiL This 

mibtratted from 5*0>, leaves 5 for the value of x; which will 
be foniid, on trial, (ommfy the conditions of the equation, J 

^ For 5^^8x5'+17x5^10=0. 

Wp. h*ive thus obtoirfed one of the (hree roots. To find 
the oihet two, let ihe equal ion be divided by i-5, according 
lo Art 46^5 and it will be depressed to the next inferior de* 
gree. (Art, 50^.) 

Here, ihc equation becomes quadratic, '**^<*' ' ■•^K^ 
By transposition, iF*-Sr=r-lf. ^ '** 

Completing the square, (Art. 505^) a?'-3x+'f=f ^!S=|, 
Extract, and transp, (Art. 303,) ^=BtVi=fti. 
The first of theee vaUiesof a:, \s 3, end the other L 

Wc have now fcund the three roots of tlie proposed eqim- 
rion. When tlieir signs are changed, th«ir sum h -8j the 
co-e(!icierit of ilie second term, an^i their product -10| the 
last term* 

2. What: are the roots of the equation T 

ar^-3:c*+4x+48=0l Ana. ^2,+4,+6. 

3. What arc the roots of the equation 

3^ _ 1 6^+6da? ^ 50 ^ 1 Ads, 1, ^^J 0. 

4. What are the roots of the eqtmtion 

2;^+2^>33x=901 Ans. 6,-5,^3, 

^ p. What is a near value of one of the roots of the eq uaUon 

J^* 6. What is a near valufl of one of the roots of the equation 
a^_l_a:*+^^1001 

505. b. Another method of approximating to the ro^ts of 
numerical equations^ is thai of Newton, by mccesshe mhti' 

Let r be put fdr a numher found by trial to he nearly eqnal 
to the root r*iquired, and let z denote ihe diflerence between r 
and the true root a:. Then in the ^rven equation, suhstrtute 
fit for X, and reject the terms wiiicli contain the iiosvera of s, 

25* 



Thi9 will reduce the equation la. a simfie ctm. r Atitf If 9 
be less thao a unit, ile powBfB will be 8iiH less, and 1 herefore 
the error .occasion^ by tlie rejection of ttie fcernis in whi^h 
they are coniuined, will be coinparatively email. » If the 
▼aiue of r, as found by the reduction of the new eouatioo^ 
ht added 16 or subtracted from r, according as ibe latter is 
Soxmd by tptal be tee great or too smail^ the assumed root wiU 
be oAce cM^e^ted. * - 

By repeating the process, and substituting the corrected 
▼alue of r, for its aissamed value* we^ may copne nearer a&d 
nearer to the root r^qtped. 

Ex. 1. f'ind oaeof the values of Xy in the equation 

Letr-irs=dr. 

then { - 16af»= ^ 16{r^z)«= - Ur'+S2rz^l6zK } =5a 

Rejeciinf the lenafw which ctotaki t\ and a^, we haver 
r>- 16r*+65r-8f*z+S2rz-65«=x60. 

This reduced gives ^ ^ 

' y^ gO--r'+16y»>65r 

If r be assumed =cll, then «= — =0-8 nearly. ^^ 

76 

^and jr=r-x nearly r= 11 -O'SsslO't. 

To obtain a nearer approximation to the root, let the cor- 
rected value of 10*2 be now substituted for r, in the preceding 
equation^ instead of the assiuned value 1 1 , and we snail h^e 

2:=188 «=f-r=rW-0l2. 

Fat a third approximatioiV let r« )0 012^ and ^^e havei 

%. What is a near value of one of the roots of the equation 
jt»4.10i*+4ar=2600t Ans. 11-0067.' 

3. What are the roots of the equation 
. «*+2^-.U«=;12j 



4. Wliat <Lf« the nK)tfei<)f the eqiiatkm , 

503.C. An eqiiatio.u of the mth d^gree^eonsistfl atf o^, the 
•everal infenor powers of x with their co^edicieiitsy Q4:id one 
term in which x is n6l cotitainecl. If Ay B^ C, . . . . 1\ be 
put for i}^ several co-etifkients, and U Soc tlie iuet t^rm, 

will be a general exppssron ibr an equation of any degree. 

If Ay b, C &c. be roots of any equation, that is, such quan* 
tities a» may be substituted for a?; (Art. 497.) it may be 
shown, without reference to ihe method of producing the 
equation b/ multipiicatiofH -that th frit member k' exactly 
dMsibU byx^OyX-'b^x — «, &c. 

For hy substitutmg^ for ac, we hi^ve 

. (^+dcr''^Ba'^-*4-^Ckr^* .:..+Ta+U=zO. , 

Anc* transposing tenns, 

X7=: - or -wia'"-' - Bar-'''- CoT'* ....-- T«. 

Substituting thid value for Ut in the oxiginal oquaticH^t r 

-ir-4a'""'-B(rr'-'Ca'»-«.... -Taj *""' ' 
Or, uniting the corresponding terrns, ^ 

(Or*-'- Co— »).... +T{ar-a)=0. 

In this expression, each of the quantities (x*-a*), 
(^ar-"' •.*4«'"-'^), &c. is divirible by a?-aj {ArL 466.) there- 
. fore the vJwk is divisible by « - (l 
' In the same manner it may be shown, that the equation is 
divisibte by «, - 6, x - c, &c. 

503.<i. The quoilcni urodticed by dividinnf (hfi original 
equation by a: -a. Is evidetUly cfjital to the a_[r^re(r;ite of the 
particular quotients arising from the divUioti of ihe several 
quantities (aT-a*), (x"^'^a"'')j kc. 

The quotient of {x'^ - ar)-^(x - a)^ {Art, 4G6) is 
x"'-*+air'^Ji-d'^-^+a'x'-' . . . +a^-'', • 

^ The quotient of *^ (*' " ^ -a"" ')-^{a:^ a) b • 

&c- i-u^ -.A%^«.«i ^ 



t68 acLGKJ^RA. 

Collecting these pftrticmliur quottents togetiiw^aod'pbtciitg 
ui^der each other the ^o«effici^its of the 9aine power of x, we 
have the following exprcasioii to the quotient of 

divi^liy #-«. 
I 4-0 ) +Cii— * 



+71 
- Tb« cpiotitat 4f lb* same equatkn diviflad by at -> 6, is 

II. +C ) ■ 4 CA— « 



+T. 



The quotient ^^om dividfog by x - c, is 

+B ) 
III. 



+c»' "i . . . . 4- ^-» 



+T. 



In the same ihanner may be^ found th^ quotients produced ' 
by introducing successively fnfeo the divisor the several roots 
of the equation ; which are equal in number to m. 

503.6. Frofn the known relations between ilie toolB ^and 
the co-efficients of equations, as stat^ in Art. 500, Newton 
has derived a methodf c^ determining the co-eiRcients, from 
the sum of the roots, the ^u^^ of then* squaresy the sum of' 
their cubeiy &c., though the roots theinselves are Unknown ; 
and >n the oth^r hajid of determining from the cb-efficients, 
the Bum of the roots, the suni of their squares, the sum of 
iheii cubes, &c. For this purpose, the following jdan of no- 
tation is adopted. 8i is put for the stmt of the tooio^.St fbr 
the sum of their squarely Ss for the simrof .tlialr etdm^ ^. 
If the roots are a» 6, «^ ^, . • . i, then 



£.OUA,Tfq«». ,M» 

5'.tt0-+i-+««4^ . . . -Hi" 

. ■' - - &c. ■ &C-- - • '' 

> By meensof thia notation, wcobtaiii thie following sxprei 
•ion for th« mm of (tU the. quotients marked I, II, HI, lee 
(Aft. 603.4. )< and cmtintted (iil their number is equal, to m. 



+tkT. 

. "■ \ ■ 

Id the original equation,. 

«'"+*«ar— '-ffijr- •4.C«— «... 4.7x4-17=0, 

the co-efficients, .5, B, C, &c. have determinate relations to 
the sum and products of the roots, a, 6, c, &c. (Art. 5.00.) 
But the quotient marked I, (Art. 503. d^) produced by divid- 
ing by a:-o, is the fir*?! member of an equation of the next 
inferior degreey (Art. 502.) from which the root a is excluded. 
So 6 is exchided from the qwotrcni II, c from the quotient III, 
&c. In the expression alK)ve marked K, which is the «ini 
of m quotients, the co-efficient of x in the second term is 
Sx '\-m^. But a4, which is the co-efficient of x in the second 
tenn of tlie original e()uation, is equal to the siun of the 
roots a, 6, c, &c. with contrary signs ; (Art. 500.) that is 
iS| = -^. Tiierefore, 

/S,4-fiiwJ=(m-l)wJ. 

In the ihhrd term of the^ original equation, B the co-effl- 
eient of Xy is equal to the si^m of oil the products which caa 
be made by multiplying togetlier any two of the roots. (Art. 
600.) But each of these products will be exchaied from 
two of the quotients, I, II, III, &c. For instance, ah will not 
be foimd in the first, from which a isi excluded, nor in the 
second, frcwn which 6 is exchided. Therefore in tlie expres- 
Aoa Kr tbs co*efiScieot of j in ilie third term is equal to 
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mir-ta&-ttfe-rtai,&t. But - Soft, -Sai^ -S«< &c. ss - 
%B. BothaX / 

\ .. v. 

In th« fourth tenn of the original equftiion, C the co-effi- 
eient of x^ is equal to the sum of all tiie products which can 
be niade by multiplying I0|:ether cmy lAre« b€ the roeis, after 
llifcir'signs are changed, mit each of these products wiU be 
excluddl from three oi the quotients, I, II, III^ &0w So that, 
in the expression F, the co-efficient of x in the fourth term, 
is eqiial to ifiC-Sabc-^Sabd^ &c. Hiat is, 

Srh4Sr\-BSi+mC=: (m- $) C. 

In the same manner, the values of the co-efficients of* in 
succeeding terms may be found ; the number of the co-effi- 
cients being one less than the number of roots in the equation. 

Collecting thense results, we have 

S,+in^ = (m-l)*tf, 

flf.^j}5,-f-mJ?= (m - 2)5, 

S^+^S,+BS,+mC= (m - 8) C, 

S,+JlS^+BS^+CSi+mDr^ (m - 4)D, 

&c. &c. 

Transposing and uniting terms, 

I. iS,-M=o, 

Ss+JiS,+BS,+SC=0, 

S,+^S,+BSr\-CSi+4D;=:0, 

&c. &c. 

Substituting for j9„ fi^ Sty Sit. their values, and reducing, 
II. S,= .A 

&c. &c. 

We have here obtained symmetrical ezpressicms for the 
sum of the roots of an equation, the sum of their squares^ 
the sum d tl^r cubes, &c. ia termy <^ the co-effioienUk 



By tmnspoeing the terms in the expressicmi oiarkad I, ire 
h^ve the following values of ^^ B^ C, &c. 

III. A^^S, 

D= - iiCS.+BSA'ASr^S,) 

By which the cthefficienii of an equation may be founds 
from the sum of its rooU, the sum of their squans, ttie sum 
of their cubes, &c. \ 

»E^^1. ltec)iisred tlie.8tt»of. the copts^the-siim of^lh^^r 
squares, and the sum of their cubes, in the equation 

«*- l(k»-f 8«a»-«0«-24=0. 

Here^»TlO. B:^iS. ^ d=-6a 

Therefore jSi = 10 

^^ 5,= !{P+(3X-I0x35)-(SX-S0)^l«)/ 

g. Required the terms of the biquadratic equation in which 
^, = 1, 5,1=39, 5*= -89, and the pwduci of all the roots 
udet their signs are changed is - 30. 

Ana, ^- ^- 19^+49*- SO^a* 
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APPLICATION OP ALGEBRA TTO QE0METRT> 

Ajit. 504. It it often expedient ta make U0e of the iilge* 
bimic notatidn, for expreMng the relations of' geem^trteal 
quantities, and to throw the seTeral steps in a demonslmtion 
into the form of equations. By ihiS} the nature of the reason^ 
hkg m not altered. It is ontjr tramlated into a different fan* 
guage. Sigmi are substituted for wcrd$^ but tbey are intend* 
ed to convey the same meaning. A great part of tlie de- 
monstrations in Euclid^ resdly consist of a series ^ef wfoB^ 
ikmSf though theymay not be presented to us under tb^ ^ 

Sbraic forms. Thus the proppsftion, that Ae ram of tk$ 
'ee angles of a tHangk i$ tqwd to two right angla^ (Euc. M; 
1.) may be demonstrated, either in common language, or 1^ 
means of the signs used in Algebra. 

Let the side JlB^ of the triangle JIBC^ (Fig. 1.) be con- 
tinued to D; let the line BE be- parallel to AC; and let 
OHI be a right angle* 

The demonstration, in words, is as follows : 

1. The angle EBD is eqwd to the angle BAC, (Eue. t9. 1.) 

t. The angle CBE is equal to the angle JICB. 

8. Therefore, the angle EBp added to CPEy that is, the 
angle CBD^ is equal to BAC added to ACB. 

4. If to these equals, we add the angle ABCy the ande CBD 
added to ABC, is equal to BAC added to ACB and 
ABC. 



* This and ths Mlowinf Metkm are to bt rtad ^/Ur tks 
QMmeirjr. 



APPLICATiaN ItX OEOMETRY. sM 

* UntCBDadded lo .SBC^ in^tqml ie ttricc «Hf, thca U, 

to two rijgfht aagles* (Euc. IB. 1.) ^ ' ^ 

<• Therefore, the angles B^C, and. 4 CBj and SBG^ are tOr 
f f ther equal to twice G/f /, or tw6 right angies. 

.Nov by si^rfi^'tuting the sign -f , for the word oAfod, fnr 
0rwf, and tji^^h^acter =?, for Uie wo^d^eouai, we j^hall h^^ve 
the same demonstration in the ifbllowing A>rm. 

1. By Euclid 29. 1. kBD=zS*^C ' ' 

2. And / CBE^iiCB 

». Add the tvmo equations EBD\-bBE:^B^C^ACB 
4- Add ^BC to both sides CBD+dBC=zBM:+J[CB+ 
ABQ ^\ ..-.■: ■ • ). .T 

5. But by Euclid 13. 1. CBD+JiSC=^%GHI , 

6. Make the 4th & 5th equal BAC^ACB4-ABe=:^iOHl 

By cQitjp9.Tii^, one by o»e, th^step? of .thtae two denjon- 
strationsy it will Be seen, that they are precisely the same, ex- 
cept that ttey are differently expre^s^d. *the4lgebraic mode 
ba^ often the ddvaiilage, not omy in beohg more «(mc(M than 
the other, hut ia^KhU>itiiigih6 jr^te'.ei the^ti^ntit^ more 
distinctly to the eye. Thus, in the fourth and fifth' step of 
the preceding example, as; the parts to be comparea are 
placed btte tinder the other, it ia *cen, at onc^, what must be 
the tifefff eitjud-don detivedfroin tH«3e Vk&* This tegular te*- 
rangem€ftit is very itnportantj wh^ri the demonstitition of a 
theorem, t)f the Teaolution of a problem, is imnsually compli^ 
d^ed. ' fo ch^dinary langoagfe^, tb* numertwis relations of the 
quantitfes, rec^itire a series irf" exj^natkms to niake them ufi- 
derslood t while by the algebraic notation, the ^hole may be 
}^aced distinctly before us, at* a single view. The dteposi* 
tioH of the men on a chess-board, or the situation of the ob- 
jepts itf a landscape,, may he better eomprehe^djfed, by a 
glaiicecif the eye, than by the most laboured description in 
worfis. ' ' ' ' ' - . . 

t ■ ' ^ , • "._',» .^' ' • -^ .' ^ •• . 

505. It will be dbserved, that the notation in the.exam]d« 
jlXs^ girtfn, differs, inotve Tfsp^t, ftoch th^ which is general- 
ly iised in algebra: ' Bach qtmntity icr repesetit^d, ni»t by « 
Angle' letl€r, h«ii by s^tNi. In common lUg^bra^ when on« 
kftter stands tmmediately bdhre atioiber, afii«#i6, without any 
ehltracter between them, they i«re to^he cooaRdrnd as muM* 



, But in ge^metiy, «tfB m an^xpre^on for a «M^I^ I%i^ BOi 
not foi the pioduct of *^ int4i B. Multifilkatkm b denoted, 
^ther by 9 point or by th« character X- Tbe product 0^ 
JB Into eA is ^-BCA or AB^CD. " 

506. There ia no impropriety, however, in representing a 
geometricftl (jnaniity by a* singW letter. We may make ( 
itand for a line or an angle, as well at for a mitnber; 

If, in the example aboTe> we put the angle, 

BBD=:a, ACBkzi, J1BC=:K ^ ^ 

> jBACz^nh^ CBJhs^g, GHlmh 

. CBE^c, . ^ • . .. ^. ,. '■ . . :^ .: ; , 

Ibe demonetration will stand thus ; 
. 1. ByBluctid, »9. 1. . o^k. . \ 

%. And ezri 

5. AdcBng the two eqnatfons, ' ' o-j-fsrgsrft^-^ 
.4 Adding A to both sidc% . j^z:^hJ^4^h 
a. ByBaoUdlS.!* f+j^»iy •. 

6. Mii^fa« tite^4lh aad Mi e^pttd, h^4^^% 

V • - - ' ' • . - ' -\ . ■ ' 

This notatipn.is, marentljf:, iDore aimpW ^9/a IbesOtber } 
but it deprivee us ^ what is of ^e%i imporM^nce in psometii- 
c^ demonstrations, 1^ contini^ k^. eai^,, referent. Ho thu 
figure. To diiit^guirii ibe two nietbods, cififtaZ^ iur%, »nei« 
oSy .u^ed, for thai which ie peculiar toge<me.Uy i^Lj^.mmiU 
h^er^ for tJiat which is piwprly alpebl^ic,. l%e Jatter bia 
the advantage in lo^ig ami. complicated processes, bi;^ thf 
other is often to he preferred, <mr accoioH (^ the &ciU^ kith 
vr]uchU»9gure8afeGaaeult^< . ^ 

507. If a tine, whose lengt)i is measured fronji a give^ 
point or line, be considered po^tke; a line proceeding* m Osd, 
oppoiite direction it to be comfidered negiame. If JB (Pig* . 
£.) reckoned fVom VE on the figM, is positive ; AC <m iM 
If/i is nagalive. ,- >? 

A line may barconieeiT>ed te be produoed by the meflpii^r 
a f0k/t^ Sunposea poiiu to mffvfi in the^ direction Of J^iB^ 
and lo deeeribe a line voiying^ length with ihe #Mnce<i^ 
Uie poiai from A^ Whila the pakii is moimg dpwiMrds JE^ ili 
dietraca ftom A^\ iNo^aM^ ISnt it.lt meiw ^onJi^ hk 
wards C, its distance from A will dimmdihf tiU.U;ia fidtMl^ 



lFn.IGATI(Wf IWCKOMETRT. tt$ 

^ m^hkig^tii ihell *#«» jner«i^ ^ the oj^pMte^ ridki Ai 
c6«t which kier^is^ the^diedance ori i\ie t\gh%'^mn\thm it 
1^^ th^ kft^ tbe^one is i>ai^s|diBj^ posiUve^ «MEid,ih^ o^Her nega* 
4ye. See ^WSd^.W- • : -,:''••' ^ /. - t '^ 

vHeocp^ if in ih^ ,99ittf9e of ^ ^J^q^liitioo, Jh« algebraic, 
value €^ a line is (bimd to be ndgaiive; it nuMt be measured 
m^^itpi^t^ opposite ^^hat^hich^ hi th^ ,£i9i)ae procfiss, 
oas bQf ?i wi^i^ijtj^^d positive. J^AtU 1974 > • r .; t 

im*tm dl ipii m^ n i ^ ^fo^fan, jfiVeKiliOR^ &c;. /But how,ii. m^f 
be «t8k^,' ^fttt ^e^m^/fi^aZ'^autitm b^*^ mcdti^ied mto eftcH 
•^rt (>ne«» IhefiB^Wfijs, iftmulti^^ is alvrays iot« 

^HVuMe^ed a*ft«ivwifter. (Art.^61.) The^Op^ratkJh consifilaift; 
i^ef»^au»^ the mukipli^aiid as mafiy tkrtes as tli^e are tmsli/ 
(H the^ m«iltiptier. How clien can a /In^ a ^rfaee^ or a ^el^ 
become a multiplier 1 v 

T*eitplaiin:hi« it will be neeessary to obeeiV<6, that when-' 
eV6r Oft^ geomfetrioalquaatity is mnltipiied imo andlier, 
somepaHicmar bttmt is to be cotisid^red the unit, it is iiiiiim» 
fceHal what this extent is, provideJd it remains the same, iii 
difler^tti ^[MLrtsof the same calculation. It may be an inch, 
a^l^dot^ a rod, or ^ mile. If an inch is taken lor tl)e tnift, 
liafehof the lines to be multiplied, i^ to be cwisidered «»« nmde 
Up of so many parts, as it contains indies. Tire multiplicand 
will then i>e repeated, as many times, as there are units in 
the multiplier. If, for instance, one of the lines be a foot 
long, and the other half a foot ; tlie factors Will be, one 12 
Inches, and the other 6, and the product will be 72 indies. 
TThough it would be absurd to say that one line is to he re- 
peated as often as another is long ; yet there is no impropriety 
in saying, that one is to be repeated as many tiujes, a^ there 
are feet or rods in the other. Tliis, the nature of a calcula- 
tion often requires. . ^ " 

50.9* If the line wMck is tobe ^e multiplier, is only a 
pm^t of the length taken fpr the unit ; tlie product is a like 
part of the muitipUcand.. (Ar4. 90.) Thus, if one of the 
factors ii^Q inches, and tlle^olhe^ half an inch, tli^ product ia 
3 inches. , ' 

510. Insrtead of r^ferriligto the measures in common use. 
ai? inches, feet, tic, it is often convenient fa fix u\)im one m 
flie lines in a figure, as the ujfiitwlth which to comj)are all thib 
dtberflu When thfe«&are a numbcir of lines drawn witlwi 



tnd ^bant a cMe, the rcufitit i» eomlAonly jtajc<»i lor the «mH^ 

Tbia i» p^mic^iU^Iy ^1^® co^e.uv Uifonotneyricai calculauoii9« 

511/ -Thfe obserf atjons i^'tilth lwiv« beeit made eoncerning 
lines, may be applied to 8urfac$B and ^tid$. Trtierc may be 
occaaicn to multiply tbe «rea of a figure, by the ounibef o/ 
inches in some gtven lili^. - . - . r ; .- ' , 

But here h^hotiwr difficulty presents itself. The prb^luct 
of two lines is often spokeh of, as being equal tfe a iwfette ; 
^fiA QA^jproAu^ of a iifi# an4 a «)eirfa(», as «(qi^ ie a mIM. 
TKms tjie^r^ of ti parailelograiH is aaid U> b« eqval ia the 
product of its ba^ and heigtit > 4u^ the isoiid contents of m. 
e^iiader, a^e said^to be equal to the product of rt« length^inta 
the area of cme of its ends. But if a tipie has 110 bntHlUhp 
how caB the m4iltipli<^atio», that is tlie ti^^^tHifm^ of a lipe 
produce a surface 1 Aud If a sucfece has no- iUdmess^ haw 
can a repetition of it produce a solid 1 

If a p.iraUelogram, represented on a reduced scale by 
.iBCDy (Fig. 3.),be five inches lon^and three inches wide^ 
the area or surface is said to be equal to the product of 5wnta 
S, tliat is, to the number of inclies in ^ABs uuiltiplied by the 
number in BC. BuL the iiiches in the lines .^jjv and BC are 
Une&r inclies, that is, inches in Imglh only ; while those 
which compose the sur^'ace JiC are superficial or square 
inche$^ a diflererit species of magnitude, ^ow can one of 
these be converted into the other by multiplication, a process 
which consists in repeating quautities^ without changing 
their nature 1 

512. In answering these inquiries, it must be admitted, 
that measures of length do not belong to the same class of 
maiE^nitudes with superficial or solid measures ; and that none 
of' the stej)s of a calculation can, properly speaking, trans- 
form tl>e one into the other. But, tliough aline cannot be- 
come a surface or a solid, yet the several measuring units in 
common use are so adapted to each other, that -stjuares, 
cubes, &c. are bouiulcd by lines of the san^e name. Thus 
the side of a square inch, is a linear inch ; that of a square, 
rod, a linear ro<^l, &c. The lengthen a lirtear inch is, there- 
fore, the same a-? the length or breadth of a square inch^ 

If tliei\ several s^quare inches s^re placed together, as from 
^ to ii, (Fig. 3.) tlie number* of tlieni ui tite parallelogram 
OR is the same as tHe number of linear inches in the side 
QR ; and if we know the length pf thi% we have of course 
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the area of the parallelogram, which is here supposed to be 
<Hie inch wide. 

But, if the breadth is several Inches, the larger parallelo* 
giam contains as many smaller ones, each an inch wide, as 
there are mches in the w\to\e breadth. Thus, if the paral- 
lelogram wJC (Fig. 3.) is 5 inches long, and 3 inches broad, 
it may be divided into three such parallelogranis as OR. To 
obtain, then, the number of squares in the large parallelo- 
gram, we have only to multiply the number of squares in 
one of the small parallelograms, into the number of such 

Earallelograms contained in the whole figure. But the num* 
er of square inches in one of the small parallelograms is 
equal to the number of linear inches in the length An, And 
the number of small parallelogiams, is equal to the number 
of linear inches in thebreadth BC. It is therefore said con- 
cisely, that the area of the parallelogram is equal to the length 
multiplied into the breadtL 

513. We hence obtain a convenient algebraic expression, 
for the area of a right-angled parallelogram. If two of the 
sides perpendicular to each other are AB and BC, the expres* 
eion for the area is JlBxBC ; that is, putting a for the area, 

a=zJlBxBC. 

It must be understood, however, that when .SB stands for 
a line, it contains only linear measuring units ; but when it 
enters into the expression for the area, it is supposed to con- 
tain iuperficial units of the same name. Yet as, in a ^ven 
length, the nunAer of one is equal to that of the other, they 
may be represented by the same letters, without leading to 
error in calculation. 

514. The expression for the area may be derived, by a 
method more simple, but less satisfactory perhaps to some, 
from the principles which have been stated concerning vari* 
able quantities, in the 13th section. Let a (Fig. 4.) represent 
a square inch, foot, rod, or other measuring unit ; and* let b 
and / be two of its sides. Also, let A be the area of any 
right-angled parallelogram, B its breadth, and L its length. 
Then it is evident, that, if the breadth of each were the 
same, the areas would be as the lengths; and, if the length 
of each were the same, the areas would be as the breadths. 

That is, tS : a::L :l, when the breadth is given ; 
And ^: a::B :by when the length is given ; 

26* 
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Therefore, (ArU 4*0.) ^: a::BxL:bli when both vary. 
That is, the area is as the product of the length and br€<ultk. 

515. Heiice, in quoting the Elements of Euclid, the term 
product i» frequently substituted for rectangle. And what- 
ever is there pioved concerning tl*e equality of certain rect^ 
angles, may be applied to the product of the lines which 
contain the rectangles.* 

516. Tlie area of an oblique parallelogram is also obtained, 
by multiplying the base into the perpendicular height. Thus 
tlie expression for the area of the parallelogram ^BJ^M(Fig. 
5.) is MJ^x^D or ^BxBC. For by Art. 513, ABxBC 
b the area of the right-angled parallelogram ABCD ; and 
by Euclid 36, l,t parallelograms upoii equal bases, and be* 
tween the same parallels, are equal ; that ia^^BCD is equal 
to ^BJCM. 

517. The area of a sauare is obtained, by multiplying one 
of the sides into itself. Thus the expression for the area of 

a 

the square JlC, (Fig. 6,) is dBy that is^ 

For the area is eoual to ABxBC. (Art. 513.) 
But ABz:zBC, therefore, ^BxBC=zABx^B=IB. 

518. The area of a triangle is equal to half the product of 
the base and height. Thus the area of the triangle ABG^ 
(Fig. 7.) is equal to half AB into GH or its equal JSC, that is, 

az=:\JlBxBC. 
For the area of the parallelogram ABCD is ABxBC^ 
(Art. 513.) And by Euc. 41, 1, J if a parallelogram and a tri- 
angle are upon the same base, and between the same paral** 
lels, the triangle is half the parallelogram. 

153. Hence, an algebraic expression may be obtained for the 
area of any figure whatever, which is bounded by right Imes* 
For every such figure may be divided into triangles. 



♦ S«e Note W. 

t Legendre's Geometry, Aoierican Edition, Art 186. 

t Legcndre, 168. 
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Thus the righjt-lined figure 

jIBCDB (Fig. 8,) is composed of the triangles 
•flJ?C, ^CjB, and ECD. 

The area of the triangle ABC=\ACxBI^ 

That of the triangle JlCE^\ACxEH^ 

That of the triangle ECD^\ECxDG. 

The area of the whole figure^ is, therefore, equal to 
{\ACxBL)+{\ACxEH)+{lECxDG}. 

The explanations in the preceding nrticles contain the 
first principles of the mensur;ation of superficies. The object of 
introducing the subject in this plft,ce, however, is not to make 
a practical application of it, at present ; but merely to show 
the grounds of the method of representing geometrical quan-' 
titles in algebraic language. 

520. The expression for the superficies has here, been de-^ 
rived from that of a line or lines. It is frequently necessary 
to reverse this order ; to find a side of a figure, from knowing 
its area. , 

If the number of square inches in the parallelogram 
dBCD (Fig. 3.) whose breadth BC is 3 inches, be divided 
by 3 ; the quotient will be a parallelogram ABEFj one inch 
wide, and of the same length with the larger one. But the 
length of the small parallelogram, is the length of it» side 
AB. The number of square inches in one is the same, a» 
the number of Imear inches in the otlier. (Art. 512.) If 
therefore, the area of the large parallelogram be represented 

by <i, the side AB=z—^ that is, the length of a parallelogram 

is found by dividing the area by the breadth, 

52 L If a be put for the area of a square whose side is AB, 

Then by Art. 517 a=<J5* 

And extracting both sides \^a=zAB. 

That is, the side of the square is founds by extracHng the 

fquare root of the number of measuring units in its area. 

522. If AB be the base of a triangle and BC its perpen , 
dicular height ; 
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Then by Art. 518, a=JJBCx*«5 

And dividing by J5C, .^t=AB. 

That is, tlie base of a triangle is founds by dividing the area 
by half tlu heiglU* 

523. As a surface is expressed, by the product of its length 
and breadth ; the contents of a solid may be expressed, by 
the product of its length, breadth and deptli. It is necessary 
to bear in mind, that the measuring unit of solids, is a cube ; 
and that the side of a cubic inch, is a square inch ; the side 
of a cubic foot, a square foot, &c. 

Let JIB CD (Fig. 3.) represent the base of a parallelop- 
ped, 5 inches iong, three inches broad, and one inch deep. 
It is evident there must be as many cubic inches in the solid, 
as there are square inches in its base. And, as the product <rf 
the lines wJJ? and J8C gives the area of this base, it gives, of 
course, the contents of the solid. But suppose that the depth 
jof the parallelepiped, instead of being one inch, is /our inches. 
Its contents must be foiur times as great. If, then, the 
length be *4J?, the breadth BCy and the depth CO, the ex* 
pression for the solid contents will be, 
ABxBCxCO. 

524. By means of the algebraic notation, a geometrical 
demonstration may often be rendered much more sirajde and 
concise, than in ordinary language. The proposition, (£uc* 
4. 2.) that when a straight line is divided into twopaits, the 
square of the whole line is equal to the squares of the two 
parts, together with tv/ice the product of the parts, is demon- 
strated, by involving a binomial. 

Let the side of a square be represented by s ; 
And let it be divided into two parts, a and b. 
By the supposition, sz^a^b 

And squaring both sides, s^^t^-^-iab^V. 

That is, ^ the square of the whole line, is equal to a* and 
b'^y the squares of the two parts, together with 2«6, twice the 
product of the parts. 

525. The algebraic notation may also be applied, with 
great advantage, to the solution of geometrical problems. In 
doing this, it will be necessary, in the first place, to raise an 
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algebr&lb d^tHAion, Irom -the feometrical/T«Iati«to of the 
quaatitied given aiul required ; and tbeii by the wsual reduc- 
tioQs, to fiiid the vaW of the unknown quantity in ihi« equa^ 
tion. See Art, lOT; - ^ 






Prob. 1, Given the base, and the sum of the hyitothehuse 
and perpendicular^ of xlie right ang^ triangle, •aJSC, (Fig. 
0.) to find the per^ndicular. 

Let the base ' JlB^h 

The perpeodicular BC^x 

^ Theflum of hyp. and pcrp. x+nSC^i 
' *Phen transposing jp, •AC^ 

\^, i, 3yEacUd47. 1,*^ gC+^Bsa^C 

8w That is, by the riotation, of^+ft'rp (a - a:)*=a^ - 2aap-|-ir». 

Here we have a common algebraic equation, containing 
4iidy i^ unknown qtiAotity. The feductioa fkf tfai«r equa- 
ticfa iQ the usual manner, will give > 

x=i '^' 3= PC, the side i^equired. 
2a 

The solution, in letters, will be the same for any right 
angled triangle whatever, and may be expressed in a gene- 
ral theorem, thus ; * In a right angled triangle, the perpendi- 
cular Is equal to the square of the smn of the hypothenuse 
and peirp^ndicular, diminislied by the sduare of the base, n.nd 
divided by twice die sum of the hypotn^nuse and perpendi- 
cular.* 

It is applied to particular cases by substituting numbers^ for 
the letters a and b. Thus if the l)ase is 8 (eeA, and the siun 
of the hypothenuse and perpendicular 16, the expression 

' . " . becomes, ^^-=6, the perpendicular: and this sub- 

2a «xI6 

tracted from 16, the sum of the hypothenuse and perpeinli* 
eular^ leaves 10, the length of the hypotlienuac. 

' Prob. 2. Given the basemM the difference of the hypothe- 
nuse and perpendicular, of a right ^gled triangle, to find the 
perpendicular. 

'^Lffendrt, 186, 
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Let the base «^ (Figi 10.)jQtfc«dM) V - 

The perpetHlicukc, JSCs*. * f 

The (fiven diflbreuce, * . szdeiAO. i 

' Then will the hypoihenuee ACitx*^^ / 

Then v . . , ^ - 

1. By EncUd 47, i, ., ^zp^SJS^l^ 
t. fThat is> By the notation, (af+i)«;4z(»»4./ • 
S. Expanding {x+d)\ «'+WH-<=^M-a^ 

4. T^w^fore, * ' ap;^:— «-»'*• 

Prob. S. If the hypothenuse of a right angled triongfe is 
SO ittU «nd the difference of the other, two aides 6 feer, ifhat 
is the length of the basse 1 Ans. 24 fei^^ 

Pi-ob. 4. If the hypotheniise of a right angled triangi« fs 
60 rods, and the base ia fo the perpendiciilar as 4 to 3, whaft 
is the length of the perpendiciilar ? Ane. 30. 

Prob 5. Having the perimeter and the diagonal of a par- 
allelogram JiBCJJy (Fig. 11.) to find the sides. 

Let tlie dvigonal ^C=A=:10 

TIte side AB=iX 

Half the perimeter BC+ABzszSC+x:=zbznl4 
Then by trunHposiug or, BC^b-^x 

By Euclid 47. 1, 'IB+BC .^Ic 

thatie, af'+{b^x)*±:h* 

tlierefore x^ibtV^+i^T^^S. 

Here the side ^B is found ; txnd the side £C is equal to 
i>-.aapl4-8=:6. 

Prob. 6. The area of a right angled triangle ABC (Fig. 
12,) being given, and the sides of a paialiclogram inscrib^ 
fai it, to fiiwl tlie side BC, . . 

Let the eriven area =0, . DE=BF:=:b ) 

EB^DF^d, BC^x. \ 

Then by the figure, CT^BC - JBi^=x - 6. ) 
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^ 1. By Hfnilar triangles,, CF: DP:: SC: JB 

2- 'ThaJ is s-^: d:ix:JiB - i 

S. Therefore, ^jr^(a--ft) x*?^ ^ 

4 By Art. 51B, ' ' a=^By}^BC=^Bxhx 

5. Dividing by I ;r, —=:AB T, ^ 

- U\ m .Cm l^ ^ ^t ^ ^ * 

Prob. 7. The three sides of a right angled triangle, .WC, 
ll*Jg.^ 13.) bemg given, to find the segments made by a per- 
pendicular, drawn from the right angle to the hypotheniise. 

The perpendicular will divide the original triangle, into 
two fight angled triangles, BCD and SBD. (Euc. 8 6,)* 

L ByEtic. 47. 1, BD + CD^^^C ^ '* * 

%. By the figure, ^=^*^- AD ^ ^^, 

3p Squar. both sidea, CD-{AC^AX>Y 

4. Therefore, ^^ BD+(JC^AD)=BC ^ ' 

5. Ej:pandmg, BD+^'^2v?CAD+AD*=BC 

6. TranspoBlng, BD= Bc"- ^IC+S^C AD - A5* 

7. By Euc. 47, L Whz^JlB^ AD 

a Mak, t!t1i & 7lh eq. ^-.Iaj^2^aAD= J^ 
9. Therefore at>- ^+^-^ 

The tm&noicfu lines, to distinguish (hem from those which 
arc kiiowiij are here expressed by Roman letterg. 

Prob. 8. Having the area of a paraflelagram DEFG (Fig, 
14,) in^^ribed in a giirea triangle, ABC, to find the sides of 
the parallebgram, 

4 
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By 0uppo8iUon,DG ia 



Draw C/ pfei^ndlouUr t« ^B. 
parallel to 4o. Therefore, 

The ttiangle ClfO, ik eimOar to CIB > ■ 
• Ami . CDG, . toCwJjBj , 

Lei CI=>d DGzsx ) 

AB=b Tke given area 3: is ) 

U By Niuiloc triangles, CB : CO:: AB 

«. And CB:CG::Ci: 

S. By equal ratios, (Art. S84.) AB:DG::Cl 



DG 
CB 
CH 



l=:CH 



DGxcr 

CI- CH^fVk=D^ 
AB . 

. The side J9E is fpiind, by'dividiDg the area by DG. 

Prob. 9. Through a giveo point, in a gWen circle,' so to 
draw a right line, that kd parts, betMreea4he poiat and Am 
peripliery, shoU fk^^wt a give^ difforence. 

\n tlie cirdi^ S^fiR% (Fig. lA.) let P be a giren pointy in 
the diameter. «^^. 

The given d]flerenee=d^ 

Then will Pq^s^x+i. 



4. Therefore 

6, 3ytbel^rw^ 

6. Substituting fdr C£r^ 

7. Thati% . 
& By Art. 51^ 

9. Tbati% 

' . ' •' * 

10. This reduoad fivet 



Let AP^Oy 

BPzzh^ 
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h By ikw?. aa. a.* frxpq^MxJ^p 

2. That is, a:X<a?+^)s=»X* - 

S. Or, ^ " iff'+dX:=:fllb 

4. Completing the square,. «*4-cibJ-T|-lrf*^|d*4-^' 

5. ExU^/Mchtfansp. apiu - 4d±\/p*^fa6a=Pll.. 

With a lutie. practice, the lean>eii inay very i^iuch abridge 
, these solutious, and pthera of a «ijxiiiaj; nature, by reducing 
severat steps to one. 

' Prob 10. If tTie sumt)f twiy of the rfdes of a triangle be 
1155, the length of a perpendiculai" drawn from the dngle irt* 
dudexf betwreen these to the third side be 900, and the diflter- 
ence of the segments made by the perpendicular, be 49$ j 
whiit aire the lengthy of the three sides i 

Ans. 943^375, and 780, 

- Prob. 11. If the perimeter of a^ right angled triangle be 
720, and the perpendicular falMng from the right angle on 
ihe bypothenuse be 144 ; What are the lengths of the sides 1 

Ans. 300, 240, and t80. 

Prob. 18. The differen<^e between the diagonal of a square 
and one of its sides being given, tp find thie length nf ^« 
sides. 

' If xss the Bide required, and i=x the given differenor ; 
Thenar=:rf+dVl 

Prob. 14. The l^ase and perpendicular heigRt of any pl«mc 
triangle being given, to f^id the ade of a ^uare inscribed in 
die triangle, and standing on ttie base, in the same manner 
as the parallelogram DEFGy (m the base «^j9, (P^S^ 1^*) 

If x=: a side of the sq^uare^ kz± the base^ and A= the 
height of the triangle ; . 

Then x^JIL, 

Prob. 15. Two sides of a triangle, and a line bisecting th« 
included angle beiilg given ; to find the length of the base 
w third side, upon which the tnsectiug line falls. 

* Legendr« 2S4. 
07 
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If 4Patf the base, as one nf the given lidesy tss the othav 
and 6=: the bisecting line ; , 

Thenrr=(a+c)x^^. 

Ptob, 16. If the hypothennae of a rigbt angled triangle 
be 35, and the side of a square inscribed in it, in the eaine 
manner as the paraUelogmm J5BDF, (Fig. 1^.) be 12 ; what 
are tiie lengths of the other two sides of tlie triangle ] 

Ans. £8, and 21. 

Pfob. 17. The nurah^r <rf feet in the perimeierof a right 
angled triangle, is equal to the mimber oi square feet in the 
irea ; ami the base is to the perpeudiculas as 4 to^. JELe- 
qoired the length of each of the sides. 

Ans. 6, 8, and tO. 

Prob. 18. A grass {rfat 1^ rods by 18, is surrounded by a 
gravel walk of uniform breadth, whose area is equal to that 
pf the grass plat. Wl\at is the breadth of the gravel walk t 

Prob. 19. The sides of a rer^angujar field are in the ratio 
of 6 to 5; and one sixth of the area is 125 square rods. 
What are the lengths of the sides 1 

Prob. 20.^There is a right angled triangle, the area of 
which is to the area of a given parallelogram as 5 to 8. The 
shorter side of each is 60 rods, and the other side of the tri- 
angle adjacent to the right angle, k equal to the diagonal of 
the parallelogram. Required the area of each 1 

Ans. 4800 and 3000 square rods. 

Prob. ^1. There are two rectangular vats, the greater of 
which contains 20 cubic feet nnn-e than the other. Tliefar 
capacities Ure in (he ratio of 4 to 5 ^ and , their bases are 
squares, a side of each of which is equal to the depth of the 
other vat Required the depth of each ? 

Ans^ 4 and 5 feet. 

Prob. 22. Given the lengths of three perpendiculars^ 
drawn from a certain point in an equilateral triangle, to the 
tluee sides, to find the length of the sides. 

If a, 6, and c, be the three perpendiculars^ and asa half 
the length of one of the sides ; 

TheBx=±i:*±f. . - 



^1 
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Prob< S3, A square public green is stirroiinded hv fi street 
of ujiiforni breadth. The mh at' the H<iuare n^ S nnU let® 
than 9 times the breadth of ilie street ; and the rniuiher of 
square rods in ihe street, exceeds the miuibcr of hkIs irt the 
perimeter of the square by S23. Wuat is rhe ari;ii of the 
square t Ajis, 576 rods- 

Prob. 24. Given the len^th^ of two lineg drawn from tlie 
acute angles of a riijht angled triajigle, to the middle of iho 
opposite sides : to fijid the lengt hs of liie sides* 

If z^ half the base, y= half ihc perpendicular, and a 
ttnd b equal the two given hnes ; 



•1 
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SECTION XXII 



EQUATIONS OF CtJXYEa 



Art 5t6« IN thie preceding section, algebra has been 
applied to geometrical figures, ^b^urxded by riight lines. Its aid 
18 required also, in investigating the nature and relations of 
curves. The advances which in modern times have been 
made in this department of geometry, are, in a great measiire, 
owing to the method of expressing the distinguishing proper- 
lies of the diflerent kinds of lines, in the form of eqmtions. 
To understand the principles on which inquiiies of this sort 
are conducted, it is necessary to become familiar with the 
plan of hotation which has been generally agreed upon. 

5'27. Ttie positions of the several points in a curve drav^ on 
a plane^ arc determined^ by takng the distance of each from ttoo 
right lines perpendicular to each other. 

Let the ihies JIF and .5G (Fig. 16.) be perpendicular to 
each other. Also, let the lines DB^ lyB', ty'Bf^ be perpen- 
dicular \oAF\ and the lines CA (7//, C'ly^y perpendicu- 
lar to JIO, Then the position of the point D is known, by 
the length of the lines DD and CD. In the same manner, 
the point ly is known by the lines B^U and Ciy ; and the 
pint W\ by the lines B'D' and U'D". The two lines 
which are thus drawn, from any point ip the curve, are, to- 
gether, called ths co-ordinates belonging to ihttl point. 

But, as there is frequent occasion to speak of each of the 
lines separately, one of them for distinction's sake, is called 
an ordbiuef and tbe other, an abscissa. Thus BD is the or- 
dinate of the point Z>, and C A or its equal ^B^ the abscissa 
0f the same point. It is, generally, most convenient to take 
the abscissaiii on the line .4F, as AB is equal to CA *^^ 
to CJy, and JiB'' to a'jy\ Eup. S3, h Tbe lines Jit 
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mniJIOy to which the co-ordtnateB are drawii^ are called the 
4tii£m ot' tilt* eo-ordiuttlea. 

*»•' fiS8, If eo-firdinares could be dmWn to every point in a 
curve J ainl, if the relation? of the several abscissas to their 
corresponding" ordin^ites could l>e exfiressed by an e<( nation ; 
the posirioii of each poiiUj and consequently, the nniure of 
the cnrvcj would be determined. M)\ay tinportant proper- 
ties of tlie fi^nre niighl also be disco vered, ineiely by tfjrow- 
ing the tJCjiintioti inlod:iferenl fonu^, by transposing, dividing, 
involving, &c, Bnt the lunnlwii' of [jomrs in a line is uidim- 
fted. It ia imposs^ible, ifierefore, achmlly to draw consrdi- 
iiulefi 10 every one of tbeiu. Still there is a way in wide h an 
equation may be obtained, that sball be applicable u> ad tbe 
parts of a curve. This is effected by making the equation 
de)>end on some property, which is rermiwn to every pair of eo^ 
Grdmrites. in explaining rhisj it will be pro|}er to begin with 
a straight lins^ instead of a cnrve* 

Let t^/i {Fi^, 17.) be a line from which co-ordinates are 
drawn, on the axes *^F and ^3G perpendicidar to each other. 
And let ihe angle FJtII be such, that the abaciasa CD or JlB 
shall be equal totwkf. the ordinate BD\ 

The triangles ABD, JiB'iy, JIW^I^^ &c. are all fcimilar. 
(Euc. 29. tj* Therefore, 

JiB : BD::Jlfr: S'ly i : A^ : B'D'% 
And if AB^tBD, then^/J'^^ZT/y^and JB'^^SlT'D'^&c. 

Tbat isj each at^scissa is eqnai to twice tbe corresponding 
ordinate, But^ ins^iead of a sepirate equation for eacn pair 
of co-orditiaLes, one will be eiiDiciejil for the whole. Let st 
represent any one of the abacissas, and ^, the ordinate be- 
longing to the same poiuU Then, 

This is an equation cxprei^sing the ratio of the co-ordinates 
of the line .j^/f to each other. It ditfers {Ym\% a common 
equation in this, that x and tj have no detertninute magni- 
tude. The only condition which liniiLs tbejn is, tliat they 
filiaU be the abscissa and ordinate of the mme poltU. 

If x=tAB, then y^BD 

If ^=J1B\ y^B'/y 

If a^^^di^', y^B'D'\ko. 
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'* From thbir is evident, tlmt^Hf om 4)f 4he x^-oi^d&niiei t« 
ukftii of anv panicnlar length, the other will be pven tiV tfce 
equatk>ti« if,, for iiittaiM:^^ the al^issa x \m \yio inch^ long^ 
toe ordinate y, which is lialf 4^ must he one inch^ 
If a:=8, ihenyc=4. If ar:;=30, then y^\^ 

Ifjp=xJO,. .y=5,, If«=^^100/ ^=dO,&c. 

Oa tki^.^ther hainj* if y ac2, theq «=4i tc. \ , 

^M. If the ang^c ff.*F l>e. of any dtfferent magnitTide, at 
hi Pfg» 18, the geneml ecfimtioti will be the «ime, ;excepf tlifc 
co-<jffirieftt of x. Let the ratio of y to a be cxpreseed by a» 
that is, let y : (t: :a r 1. Then by converting this into an 
equation, we have - .^, 

ar=y. ' ^ 

Tfie co-efficient a will be a whole ntunber or a fraction, 
according as y is greater or less than x, 

530. To apply these explanation^ to curves, lei it be rer 
quired to find a general equation of ihe commoft . poraAo/a. 
(Fig. 19.) It iff the distingtiishirig property of this figure., as 
will be ^own under Conic Sectio4i$, that the* ab^ciss^s 
are proportioned to the squares of iheir ordipjit^ Let th^ 
ratio of the square of any one ordinate to it? absciss^ be 
expressed by a. As the ratio is. the same, between the 
square of 5Qy other ordinate iff, tiie parabola and its abscissa, 
we hfive' universally y*: «'.,: a : I ; and by converting this 
into an equation, . 

' , 6«a=yV ■ . . 

This is called the equation of the curve. Tbc importam 
advantages gained by tliiti gerieral expi^ifesston, «re owing to 
this, that the equation is e(|ually applHrcible to every pakU of 
the curve. Any value av I m lever may be ast^igned lo the ab- 
scissaf X, provided th^ orJjiiate y is considered as belongnig 
to the sai^oe point. ^ Bi>v^ White x and if viixj togexher, Uie 
quaritby a Ja supposed to renuiinqonsf ant. 
. By the e(]natiQn of the paral)Sc^la, aj;;=y', and extrijtcting ihe^ 
loot of both sides, (Art. 297.) . 

y=/^aar. If ,a=^2, theti y^A^2x. And 
If x^ 4.5=z^B{FigA9.)i\icu y^y'^xl'.5==\/9=r8=Cl> 
If a?= a :=^& y=^/ix8:^Vl6=4=:g/r 

If «*l2.5=r,.4fi" y== V2x]2 .5:;rV2a=5=:.g"/y^ 

If »=I8. ^JlB"'' y«V2.X la. =?V36=.6=./^"i/^ 
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fiSK When ortUn^^fes are Hmwn on both dths of tlie nxh 

to whit^h they nrR nppJied ; thof^fe on one aide wMI l)e posithe^ 
Vhile flioj^e on thf; orheri^iife w^U be ntgalht. Thus, in Fig-* 
19, if the ordinat^s on the upper side of .^/^'be consMlpretl [jo«i- 
tiv^j ihofte on the under side will be negative. (An. at)7,) 
The tibscissas also are eitf[er |iosifivc or nef^ntiv^gj urcordiii^ 
Be fhey are on one side or the otJi^r of fho pohil fi*o»i wlikh 
they arc measured. Thn^^j in Fig, 20, if the uhj^cispason the 
rl^ht, .flB^JlB\ &:c. be con.^idiired w»i^itivt^, those on tlie left, 
v36\ *^^C\ &.O. vvi!! he jiegaiive. And ijt ihe stihjtion of t\ 
problem, if an abscissa or an ordinnte 13 fonnd to he iie^utive^^ 
It mtist be set off on the side of tfie aitia opposite to dial on 
whieh the values are positive, 

531 In ihe precedin>f instances, the strafght hne or curve lo 
which the ord mates and ah^cissiibJ Qr« opphedj crosssoi^ ihe 
iwiSj hi the point wfiere it is hnerHected by the othei avis- 
Thu3 Ljia curve (Fi^r, 19.) and the straight hne !^*ty{V\g, 
SO.) cross the axii^ JiF^ in the point A, wliete it ia cut l>y the 
ftxi^ AG. But this is not always the case. The abscissas on 
the axis Q/^, (Fi^. 21.) niny be reckoned from the line, GN. 

Let X repre?jtmt any one of tlie abscissas, MB^ MB^^ &C. 
and y the corresponding ordinate. 

Let z-AB, b=J\M, 

' And a= tfie ratio of BD to JIB^ as before, 
m v Tlien az-y^ (Art, 529.) ilmt is, z=y. 

Boi by the figui-e, AB—MB-MJl^ i, e. z=z-h 

Making the iwo equations equal, «»&=? 

a 

^ Therefore ^ *=:?+&. 

a 

533, In investigating the properties of curves, it is impor- 
tant to lie ftbSe to di.^Tingulah rertdily tlie cfiset* in wliitdi the 
abscissa^? or ordinntegi are positive^ from (Imge in which they 
are negathc; and to deterniinc tinder what cirenmstances, 
e i 1 1 J er of the c*>-ord i n n t es v a n i <he s, ,.^i absciss ne ranh lits at 
ike point where Vi£ oirwe meets the ajis from whkh the nbsngscu 
are meamrcd. And an ordii*ate vani.slie?, at the poijn wtiero 
the curve ijieela the axi^ from whicii the oidmatei are 
measured. " ■ - ^' *^*^^ * i ^ 
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Tbuf, in Pig. f % the ontiiHaefl ar» measured from the line 
^F. Tlie length of each oidit^te » the distfmne of. a particur 
lar point in the diFve from the line. As tlieciuve approaches 
the ttxisy the ordinate diininishes, till it becomes nothing, ai 
the point of interseetion* Foi:^ here^ iliere i^ no dktanoe 
oetweejn i^e otir\'e and the axiflk 

The abs€is9at are measured . from the line JIG. . These 
must, diminish also, as the curve approaches this lin^^ and 
hecome notliing at •/). . 

634* From this it is evident, that when the two axes meet 

the ciuve at the same pointy the two co-ordinates vanish to^ 

gether. In Fig. 19, the two ai^ea naeet the tujrve aX .3, the 

one cutting^, and the other touching it. But in Fig. 21, the 

axis JifF cfosses the line ^XD at j3 ; while GJV.crosses it at 

JV*. The ordinate, being the distance from JIf ^, vanishes al 

«4, where the distance is notiiing. But the abaciesa^ bdn|^ 

the distance from GJf. vanishes at JV* or «Af. 

# 

535. An abscissa or an ordinate changes from porilive to 
negtUirt, by passing through tl)e point ^here it is equal toO* 
Thus the ordinate y, (Fig. iO,) diminishes as it approaches 
tlie p*>int Jl ; here it i? nothing, and on the other side of .tf, 
it becomes ne^^live,bect*U8e it is below the axis CF. (ArU 
507.) In the same'maimer the abscissa^ on'the fight of •SO, 
diminiKhes, as it approaches ibis line, bepotnes at .^ and 
then negative on tlie left. 

In (his case, the two co-ordinates chanjge from positive to 
negative, at the same point. But in Fig, 21, theordinates 
change from positive to negative at «tf ; while the abscissae 
continue positive to GJ^y being still on the right of that line* 
On tl»e right from .fl, tlie co-ordinates are both positive : lie- 
tween J3 and the line GwV, the abscissas are positive : and 
the ordinates negative: and, on the left of 6A* both are 
negative. 

536. The most important applications of the principles 
stated in this section, will come under consideration, in suc- 
ceeding branches of the nnithematics, particularly in Phix- 
ions. A few exanjples will be here given to illuiitrate tlie 
observations which have now been made. ^ 

' Prob.. 1. To find the equation of the circle. 

In the circle FOM^ (Fig. 22,) let tlie two diameters GJf 
and FM be perpendicular to each other, jfrom any point 



fai (ii« eurv% draw th« ordinate J9^ porpaodieukDr i^jAF; 
and JiB will be the icorrespouding abscissa* 

■ Let the radius «.jfi>=r^ .4B=a?, BDtszjj. 
Then, by Eac. 47. 1,* BD^AD^ WB ^ 

4>nd by evdiitidn, y=+yr»-^ • 

lo the same miManQC, mxt^r -y.- 

That is^ the abscissa is equal to the si^uare root of Iht dit 

Ifereiice between the square of the radius and the square ^ 

the ordinate. • ^ % 

^ If the mditis of the circle be taken for> tmU^ (Art. 910) its 

square will also be \^ and the two (ast equations will become 

=:±V^ - it*, and a?=+vT^- 
These equations will be the same, in whatever part of the 
arc ODF t^ie poiiil D h talo^n^ For the co-ordinates wilt be 
the legs of a rigln angfed tiiangle, the hypolhen;itse of wliieh 
wiU be equal to JllJ^ becatise it is the radius of the circle. 

537. To itnderstand the apfdication to the other quarters 
of the circle, it must be observed, that, hi each of the 
equations, the root is anibiguous. The values of y and of ^ 
may be' eithei* positive or negative. This results from ihe 
iiature of a quadratic equation. (Art. 297.) ' It coirespouds 
also wHh the situation of the diflfercnt parts of the circle, with 
lespea.to the two diameters F3/aiid GLV. Iti the first 
quarter GFj tlie co-c)rdinales arp supposed tpbe Ixah positive. 
In the second, &•/>/, th^ ordinates are still positive, but the 
abscissas become negative. .( Ai t. 53 1 .) lothe third, JiiJ>l\ 
both are negative, and in the fourth, A*F, the ordinates ^ure 
negative, but tlie abscissas positive. That is, 

{ FG, a m+, mid y+, 

— — **|i I «* U I " iifii III! II < I II I I. . I i I ^ [ II I mm^mmmfm^mm^i^f^m^tm^ 



M4 Ali6l»KA. 

SS6l hi gfiommtfj Brrcs ape siippoMcl to b^f^odueed % 
the fiiotion of a mhU: If ihe -pcrint itiovee miiibrmly in ntme 
cUnecticm, it produces « firelight iin^. If it^ eontinuaily vorief 
its direction, it produces a curve. The particular nature of 
the curve depends ob certain -conditions by wh^h the mUitioa 
is regulated. If, for instance, one point moves in siicti a 
manner, as to keep constantly at the same distftnce from 
another point whi^ is fixed,, the figure described 4s a cjrcfc, 
of which the fixed 'point is the centre. It is evident^ from 
the preceding problem, that the tffimlnm lof th«»- curve de- 
pend? on the manncj* of description. For it is derived l^m 
4he property that dinerent parte of the periphery are equally 
distant'from the center. In a similar manner, the equatioop 
of other cirrves may be derived from tl>e law by which t^ey 
arc de8Cfil)ed ; as will be seen in the following -exan^ples.. ^ 

Prob. 2. To find the equation erf the curve called the €St- 
soid of Diocles. (Fig. 23,) . 

- The description, wtiich may be consHetted as i\^iiefi/iiHifn> 
<tf the figure, is as folloWs. 

In the diameter jIB, of the si^mi-^ircle AJfBy let the point 
Jt be at the same disUiice from J5, as P is from ^A. Draw 
RJf perpendicular to jJ-B, to cut the circle in JV*. From •'3^, 
tluough JV, draw a straight Une^ extending if H^cessai^ be- 
youd the circle. And from -?, raise a |>erpendicnlar, to put 
ikm line in M, The curve passes tlirough the point M. 

By taking P at* differeht distances fi-om .5, as in Fig. 24, 
any number of points m the curve may be deteiiniued. Xt 
the line PMwywea towards JB, it becomes longer and longer; 
■0 as to extend fhe Cissoid beyond the serhi-circte. 

To find the ^vxUwt of thio^ eurve, let AH anil AB be tb« 
axes of the co-ordinates. ! 

Also, let each of the abscissas AP, AP AF^^ &c -±zz, 
eachof Iheordirmes J*JI^ ^•^^ F^M^, &c.=y, 
and the diameter JS^ =6, 

-^ffteir by thu construction, PB^AB'^APinb^iB, 

,» ■ ^ •_ 

As PtWan4 flJV are each petpendicular to jJ5, the trian-^ 
flea APM itnd ARJf are similar. (Euc. S7 and 29. 1.) 
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1* By siimlatr tdangtcs^ . vfP : PM:: AR : RM 

2; Or, by putting |»Sf<Mr its eqpkmlitfif, 

AP:PM::PB:RJ^ 
S, Therefore, M><^==/JJV 

— ji ^ 

4. Squaring both sides, PJIf X Pi^ ^J^ 



5. By EuG. 35. 8, and $. S,* ARxRB^RJ^ 
6. Or, putting PB f©r its equd AR^ and ^JF for its equal RB^ 

PBx^P^'R^ 



7. Making 401 and 6th equal, PBxAP^?^^.^^ 

. ' ■ . / ' AP 

8. Therdbre, AP ^TMxPB 

9. Or, ^^ray^xCft-a?)- . 

That is, the cube of the abscissa is equal to the sffuare rf 
the ordinate, multiplied by the difference between the Jiame^ 
ter of the circle^ and the abscissa. Tiie equation is the same 
for every pair of co-ordinates. 

Prob. 3. To find the equatic?^ of the Conchoid of Nico- 
medes. 

To describe the curve, let JlBy Fig. 25, be a line given in 
position, atid-C a point without th&line. About this point, let 
the line Ch revolve. From its intersections witli AB, make 
the distances EM, lE'M, WM', &c, each eaual to AD. 
Hie curve will pass througfh the pints />, M^ M, M'\ &c. 

To find its equatifm^ let CD and AB be the axes of the co* 
<yrdkiates; Draw FM parallel to w9P, arid PM parallel to Cil 
From the coiistructian, AD is equal to EM. 
Let the abscissa APi^FMiSiX, 

the ordinate PM^AFtpp% 

the given line CA=z4i, 

and AD^EM^hy 

Then will CF^CA+AFz=,a+y. 

—1 .11 1 . Ill I ■ I fc ■ ■ 11. ■ ■ i I <i I II, ■ 1 1 ■— — »«^ 

^Up^endro^ 105,934. 
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A« CJIf «nts tiM parllMs CD nm) AAf, ami nho the paral- 
lels AP and FM^ the trianglea CFM uul JiiPE are simiiar. 
Then 

1. By similar triangle^ . CF : FM::PM : PE 

f. Therefore, PE=?^^ 

CF 

8. Bqwaring both aides, PE -^ X^l 

4. ByEuc. 47. 1 ^ "¥£=^-7^ 

5. Mat Sd and 4th eqtnl, Ej^- KB^=M_^^ 

CF 

«. That is, 6*-«»=_^ 

7. Or, («+y)*X<6^-S*>«afy, 

6S9. In these examples, the equation is derived frcitn the 
description of the curve. But this order piay be reversed. 
If the eqtiation is given, the curve ^maybe described. For 
die equation expresses the relation of every abscissa to the 
corresponding ordinate. The curve is described, therefore, 
hy takme absckstu of differeni lengthi^ and applyh^g ordincUes to 
$ach. The line required, will pass through the extremities of 
these ordinates. 

Frob. 4. To deaoribe theimnre whose, equatiaiv is 
ta?=y*, or ys/^/Sv. 

Oa the line ^F, (Fig. 19,) tak« abscissas ci diilereot 
lengths : 

For msianoei JlBrz4.5, then the ordiaate BD^^ (Art 53(L> 

&c. 
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Apply these several ordinates to their abscissas, and con- 
nect the extremities by the line ADUiy^ Ike. which will be 
the curve required. The description will be more or less 
accurate, according to the number of points for which ordi* 
nates are found. 

540. If a pomt is conceived to move in such a manner, as 
to pass through the extremities of all the ordinates assigned 
by an equation ; the hne which it describes is cailed the li>cu$ 
of the point, that is the path in which it moves, and in which 
it may always be found. The line is also called the lomsof 
the eqwOion by which the successive positions of the point ere 
determined. Thus the common parabola (Fig. 19,) is called 
the locus of the points, 2>, XK, x>^^, &c. or of the equation 
iMp=y*. (Art. 5 30.) T he arc of a circle is the locus of the 

equation ap=±V^-y*' (Art 586.) To find the locus ot 
an equation, ther^ore, if the same thing, as to find the 
straight line of curve to which the equation belongs. 

Prob. 5. To find the heus of the equation 

^ MszS^ or fMszy, 

in which x and y are variable co-ordinateii, while a is a deter* 
minate quantity. 

If the abscissa t be taken of difierent lengths, the ordinat# 
y must vary in such a manner as to preserve ax=zy ; or con- 
verting the equation into a proportion, y: x::a: I. There- 
fore, as a is a determinate quantity, the ratio of x to v will b« 
invariable ; that is, any one abscissa will be to its ordincUe a* 
anv other abscissa to its ordinate. Let two of the abscinas 
htJiB and w3B^, (Fig. 17.) and their ordinates, BD and 
Biy; then, 

JiB.BD.i^B'.B'iy. 

The line JiDiy is, therefore, a straight Ime ; (Eue. St. 6.) 
and this is the locus of the equation. 

If the proposed equation is jr=:1^4-^> ^^^ additionltl term h 

a 

makes no difference in the nature of the locus. For the only 
effect of 6, is to lengthen the abscissas, so that ihey must not 
be measured from Jl, but fi'om some other pointy as JU^ 
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(Fig. «!-) The ratio oiAB^W, Ac to BJ)f,Bjy^ &c. still 
remains the same. See Art. 532. The lwAk% of the equatioa 
is, therefore, a straight line. 

541. From this it will be easy to prove, that the locus of 
every equation in'which the co-ordinates x and y are in sepa-' 
rate terms, and do not rise above tli^ fret power^ is a straight 
line. For every such equation may be brought to the form 

t=M±b. All the terms may be reduced to three, one con-' 

a 
tainiug «, another y, and a third, the aggregate of the con- 
stant quantities which are not co-efficients of x and y ; as will 
be seen in the following proUem. 

Prob« 6« To find the locus of the equation 

Bytranspomtion, cjp+**=s3f+»-tiii-|-A 

Dividing by c+A x^ ? .+^^Tt^ ' 

Here the constant quantities, in each teru^ may be repre* 
tented by a single letter. (Art. S21.) If, then, we make 

e+A=rt, and *-Il5!tl?=5 ; the equation will become ;t=!-(4r, 
c-|-A u 

whose locus, by the last article, is a straight line« 

542. But if the ordinates are as the squares, cubes^ or 
higher powers of the abscissas, the hcue of the equation, in-* 
■lead of being a straight line, is a curve. Fur the ordinates 
applied to a straight line, have the same ratio to each other 
wnich their abscissas have. But quantities have not the 
same ratio to each other, which their squares, cubes, or higb^ 
powers have. (Ar(* 854^) Thus, if «^=jf, the ordinates 
will increase mor^ rapidly than the abscissas. If the abscis« 
ias be taken, 1, 2, 8, 4, &c«. the ordinates will be equal to 
their squares, 1, 4, 9, 16, ^. 

548« As an unlimited variety of equations may be produ- 
ced, by different combinations and powers of the co-ordi« 
nates, and as each of these has its appropriate locus ; it is 
evident that the forms of curves must be iunumemble. They 
may, however, be reduced to classes. The modern mode of 
clacMung them, is from the degree of their equations. The 



EQUATIONS OP CURVES. Sft 

different orders of lines are disHngvishedj fry the greatest indet^ 
vr sum of the indices of the co-ordinates^ in any term of the 
equation. 

Thus the equation ax=zy belongs to a line of the first or- 
der, because the index of each of the co-ordinates is 1. But 
this order includes no curves. For, by Art. 541, the locus of 
every such equation is a straight line. 

The equation ca;*-aa:y=3y', belongs to the second order of 
lines, or the first kind of curves, because the greatest index 
is 2. The equation ay4-^=** ^^^ belongs to the second 
order. For, although there is here no index greater than 
1, yet the sum of the indices of x and y, in the second term, 
is 2. 

The equation y'-Stfa^=5a^ belongs to the third order of 
lines, or the second kind of curves, because the greatest in* 
dex of y is 3. 

544. In curves of the higher orders, the ordinate belong* 
ing to any given abscissa may have differeM values^ and may 
therefore meet the curve in several points. For the length 
of the ordinate is determined by the equation of the curve, 
and if the equation is above the first degree, it rtiay have two 
or more roots^ (Art. 498.) and may, therefore, give diflerent 
iralues to the ordinate. 

An equation of the first degree has but one root ; and n 
line of the first order, can be intersected by an ordinate, ia 
one point only. Thus the equation of the line •SII (Fig. 
17.) is axz=yy in which it is evident y has but one vahie, 
while X remains the same. If the abscissa x be taken equal 
to ABf the ordinate y will be J9Z>, which can meet the line 
^H in D only. 

But the equation of the parabola y'=axy (Art. 530.) hag 
two roots. For, by extracting both sides, yz=z±^ax. (Art. 
297.) It is true, that in this case, the two values of y are 
equal. But one is positive^ and the otlier negative. Thin 
shows that the ordinate may extend both ways from the end 
of the abscissa, and may meet the opposite branches of the 
curve. Thus the ordinate of the abscissa JIB (Fig. 19.) may 
be either BD above the abscissa, or Bd beleto it. 

A cttfr/c equation has three roots ; and an ordinate of the 
curve belonging to this equation, may have three different 
values, and may meet the curve in three diirerent poiniy 
Thus the ordinate of the BbscisseiAB (Fig. 26.) may be Bl 
4tfBJ)\oxBd. 
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546. When the curve meets the axis on which the libscis- 
■as are measured, the ordinate, after becoming less and less, 
18 reduced to nothing. (Art. 533.) But, in some cases, a 
curve may continually a]»proach a line, without ever meeting 
It Let the distances AB^ BB^ BfBf\ &c. on the Une AF^ 
(Fig:. ^'?') t><5 tqucHi iiiid let the curve DlXiy', &c. be of 
sucli a nature that of the several ordinates at the points JB,jy, 
M*^ Slc. each sticceeding one shall be half the preceding, 
that is, Biy, half BD, B'ly' half B'Z)', &c. It is evident 
that, however far the straight line be carried, the curve will 
become nearer and nearer to it, and yet will never quite reach 
it. A line ttfhich thus cmxtinwMy approaches a curve unthoui ever 
meeting U^ is called an asymptote of the curve. The axis AF 
is here the asymptote of the curve Diyjy\ &c. As the ab- 
scissa increases, the ordinate diminishes, so that, when the 
abscissa is mathematically infinite, (Art. 447.) the ordinate 
becomes an infinitesimal, and may be expressed by 0. (Art. 
455.)* 

^SmNcmT. 
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Note A. Page 1. 

I 

Aff the term quantUy is h^e used to signify whatever it 
the object of mathematical inquiry, it will be obvious that 
number is meant to be included ; so far at least, as it can be 
the subject of mathematical investigation. Dugald Stewart 
asserts, indeed, that it might be easily shown, that number 
does not fall under the definition of quantity in any sense of 
that word. Philosophy of the Mind, Vol. 11. Note G. For 
proof that it is included in the common acceptation of the 
word, it will be sufficient to refer to almost any mathematical 
work in which the term quantity is explained, and particu- 
larly to the familiar distinction between continued quantity or 
magnitude, and discrete Quantify or number. 

But does number ** fall under the deJiniUon of quantity P* 
Mr. Stewart after quoting the observation of Dr. Reid, that 
the object of the mathematics is commonly said to be quan- 
tity, which ought to be defined, that whkh may be measured^ 
adds, " The appropriate objects of this science are such, 
things alone as admit not only of being increased and dimin- 
bhed, but of being multiplied and divided. In other words, 
, the common character which characterizes all of them, is 
their mensurability,^^ That number may be multiplied and 
divided, will not probably be questioned. But it may per- 
haps be doubted, whether it is capable of mensuration. If, 
as Mr.- Locke observes, "number is that which the mind 
makes use of, in measuring all things that are me^surable,'^ 
can it measure itselfy or be measured 1 1t is evident that it can 
not be measured geometrically^ by applying to it a measure of 
length or capacity. But by measuring a quantity mathe- 
matically, what else is meant, than determining the ratio 
which it bears to some other quantity of the same kind ; in 
other words finding how often one is contained in the other,^ 
either exactly or with a certain excess 1 And is not this as 
applicable to number as to magnitude 1 The ratio which a 

28» 
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given mimber bears to unity caiinot, indeed, be the subject 
ik inotdni ; because it is expressed by the number itself. 
But tne ratio which it bears to olher numbers may be as pro- 
per an object of mathematical investigation, as the ratio of a 
mile to a furlong. 

For proof that number is not quantity, Mr. Stewart, refers 
lo Barrow's Mathematical Lectures. Dr. Barrow has start- 
ed an etymological objection to the application of the term 
quantity to niunber, which he intimates might, with more 
propriety, be called quotity. He observes, " The genercU ob-- 
i^ci of the mathenKiiics iuts no proper name, either in Greek 
or Latin.'* And adds, " It is plain the mathematics is coq- 
versHii? about two tilings especially, quantity strictly takea, 
and quotity ; or niagjiit\icle and multitude." There is fre- 
c^uent occasion for a coniinon name, to express number, dtu-a^ 
tioti, &c. as well as magnitude ; and the term quantity will 
probably be used for ihi@ purpose, till some other word is 9ub- 
iilituted »n itii stead. 

But though Dr. Barrow thus distinguishes between mag* 
nitude and number, he afterwards gives it as his opinion, 
(page 20, 49,) that there is really no quantity in nature dif. 
terent from what is called magnitude or continued quantity, 
and consequently, that this alone ought to be accounted the 
object of the mathematics. He accordingly devotes a whole lec- 
ture to the purpose of proving the identity of arithmetic and 
geometry. (Led. 3.) He is "convinced mat number really 
differs nothing from what is called continued quantity ; but 
18 only formed to express and declare it ;'' that as " the con- 
cept ions of magnitude and number could scarcely be separa-. 
ted,** by the ancients, " in the name^ they can hardly be so 
in the mtnrf,*' and " that number includes in it every conside- 
ration pertaining to geometry." He adniits of metaphysical 
number, which is not the object of geometry, or even of the 

Siathematics. But, in his viSw, magnitude is always inclu- 
ed in mathematical number, as the units of which it is com- 
posed are equal. On the other hand, magnitlides are not 
to be considered as mathematical quantities, except as they 
are measured by number. In short, quantity is magnitude 
measured by number. 

It would seem, then, that according to Dr. Barrow, num- 
ber considered as separate from magnitude, has as fair a 
claim to be called quantity, as magnitude considered as sep. 
orate from number. If arithmetic and geometry are tb« 
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Mome; quantity is as much the object of one, as of the other* 
How far this scheme is applicable to duration, motion, &c. it 
is not necessary, in this place to inquire. 

Note B. p. 1. 

It is to be regretted, that tlie science of Fluxions has re- 
ceived its name from the particular manner in which its in- 
ventor. Sir L^aac Newton, explained its principles, rather than 
from the nature of the science itself. This has served to 
countenance the opinion, that the doctrine of fluxions, and 
the differential and integral calculus, in which a different lan- 
guage, and different mode of explanation have been adopted, 
cire distinct methods of investigation. Whereas the funda- 
mental laws of calculation are the same in both. These 
nave no necessary dependence on motion, or even on geo- 
metrical magnitudes. The method of fluxions has been 
greatly enlarged and modified since Newton^s day. But it 
is diflUGult to change the name, to adapt it to the present 
state of the science, without seeming to derogate from that 
profound regard which is due to the original inventor. 

Note C. p. 32. 

It is common to deflne multiplication, by saying that *iti« 
finding a product which has the same ratio to the multipli* 
cand, that the multiplier has to a unit.* This is grtrictly and 
universally true. But the objection to it, as a definitian, is, 
that the idea of ratio, as the tenn is understood in arithmetic 
and algebra, seems to imply a previous knowledge of multi- 
plication, as well as of division. In this work at least, the 
expression of geoinetrical ratio is made to depend on division, 
and division on multiplication. Ratio, therefore, could not 
be properly introduced into the definition of multiplication. 

It is thought, by some, to be absurd to speak of a unit as 
consisting of parts. But whatever may be true with respect 
to number in the abstract^ there is certainly no absurdity in 
considering an integer, of one denomination, as nwde up of 
parts of a different denomination. One rod may contain 
several feet : one foot several inches, &c. And in mulfipli- 
cation, we may be required to repeat the whole, or a part of 
the muliipUcand, as many times as there aie inches in a foot, 
or part of a foot 
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Note D. p. 66^ 

It is perhapB more philosophically exact, to considfer aiv 
equation as amrniing the equivalence of two different expres- 
sions of the same quantity, than to speak of it as expressing 
an equality between one quantity and another. But it is 
doubted whether the former definition is the best adapted to 
the apprehension of the learner; who in this early part of his 
mathematical course, may be supposed to be very little accus-^ 
tomed to abstraction. Though he may see clearly, that the 
area of a triangle is equal to the area of a parallelogrc^m of 
the same base and half the height ; yet he may hesitate in 
pronouncing that the two surfaces are precisely the same. 

Note E. p. 86. 

As the direct powers of an integral quantity have posttive 
indices, while the reciprocal powers have negaiiife indices ; it 
is common to call the fonner positive powers^ and the latter 
negatioe powers. But this langiiage is ambiguous, and may 
lead to mistake. For the same terms are applied to powers 
with positive and negative signs prefixed. Thus +80* i& 
called a positive power ; while - Sa* is called a negative one 
It may occasion perplexity, to speak of the latter as being 
both positive and negative at the same tune; positive, be- 
cause it has a positive index^ and negative because' it has a 
negative co-efficient. This ambiguity may be avoided, by 
using the terms direct and reciprocal ; meaning, by the for- 
mer, pow^ers with positive exponents, and by the latter, pow- 
ers with negative exponents. 

Note F. p. 109. 

I have been Unwilling to admit into the text the rules of 
calculation which are commonly applied to imaginary quan- 
tities ; as mathematicians have not yet settled the logic of 
the principles upon which these rules must be founded. It 
appears to be taken for gianted by Euler and others, that the 
product of the imaginary roots of two quantities, is equ^l to 
the root of the pro duct of the quantities ; for instance, that 
V-axV-brrV-ax-''. If this principle be admitted, 
certain limitations must be observed in the application. If 
we make V-axV-a=:V-ox -«, and this in confor- 
muy with the com^non rule for possible quantitieg^ =:v^a'; 
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yet we are not at liberty to consider the latter expression as 
equivalent to a. For though >\/^^ when taken without re- 
ference to its origin, is ambiguous, and may be either -{-a or 
- a ; yet when we know that it has been produced by mul- 

tiplyingV - ^ into itself, we are not permitted to give it any 
other value than - a. (Art. 262.) 

On the principle here stated, imaginary expressions may 
De easily prepared for calculation, by resolving tlu quantity 
under the radical sign into two factors^ one of which w - 1 ; 
thereby reducing the imaginary part of the expression to V-1. 
As -a=+^X -1> the expression \/ -a=:\/<*X -1=V^X 

V~. So V-a-trrVo+ftxV^. The first of the 
two factors is a real quantity. After the hnpossible part of 
imaginary expressions is thus reduced to V^, they may be 
multiplied and divided by the rules already given for otiTer 
radicals. 

Thus in Midtiplicationy 

1. V^xV-6=vaxV^xV*xVn=v«*x-i« 

2. +V-ax-V^=-Vo6X-l=+V«*- 

3. V~9 X V^= - V36= - 6. 

4. (1+V^)x(l-V~l)=2. 

From these examples it will be seen, that according to the 
principle assimied, the product of two imaginary expressions 
IS a real quantity. 

5. V~axVft=V«xV^xVfc=V«*xV^. 

6. V^xvis=6xV'^. 

Hence, the product of a real quantity and an imaginaiy 
expression, is itself imaginary. 

In DmsUm, ' 

V-* v*xV-l ^ ft V-o 

Hence, the quotient pf one imaginaiy expression divided 
by another is a real quantity. 



»• ^=^^^ Vjx^- 
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4. V^ - V^ 



Hence, the quotient of an imaginary quantity divided by a 
red one, or of a real quantity divided by an imaginary one, 
is itself imaginary. 

By multiplying V^ continually into itself, we obtain the 
following powers. 

(V- 1 V=+l (V^)«=+l 

(VTT)»=+V- 1 (V3i)»=+VZT 

&c, &c. 

The even powers being alternately - 1 and +1 ^^^ the 
odd powers, - V^ and +V^nr 

On the nature and use of imaginary expressions, see Eu- 
ler's Algebra, Rees' Cyclopedia, the Edinburgh Review, Vol. 
I. and the London Philosophical Transactions for 1801, 1802 
and 1806. 

Note G. p. 146. 

Every affected quadratic equation may be reduced to one 
of the three following forms. 



[.a^+axz:z b^ 



These, when they ore resolved, become 



1. a:=-Ja±VK+6 

In the two. first of these forms, the roots are /never imagi 
nary. FW the terms under the radical sign are both posi 
live. But in the third form, whenever 6 is greater than |a% 
the expression |a* -sr 6 is negative, aq^ therefcre its root is 
ijiipodsible. 
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Note H. p. 176. 

Fpr the sake of keeping clear of the multiplied controver- 
sies, a great portion of them verbal, respecting the nature of 
ratio, I have chosen to define geometrical ratio to be that 
which is expressed by the quotient of one quantity divided by 
another, rather than to say that it consists in this quotient. 
Every ratio which can be mathematically assigned, may be 
expressed in this way, if we include surd quantities among 
those which are to be admitted into the numerator or denomi- 
nator of the fraction representing the quotient. 

Note I. p. 177. 

This definition of compound ratio is more comprehensive 
than the one which is given in Euchd. That is ii|cluded in 
this, but is limited to a particular case, which is stated ia 
Art. 353. It may answer the purposes of geometry, but is 
not sufficiently general for algebra. 

Note K. p. 178. \ 

It is not denied that very respectable wiiters. use ihetm 
terms indiscriminately. But it appears to be without any 
necessity. The ratio of 6 to 2 is 3. There is certainly a 
difference between twice this ratio, and the square of it, that 
is, between twice three, and the square of three. All are 
agreed to call the latter a duplicate ratio. What occi^ion is 
there, then, to apply to it the term da%ible also) This it 
wanted, to distinguish the other ratio. And if it is confined 
to that, it is used according to the comnoon acceptation of the 
word, in familiar language* 

Note L. p. 185. 

The definition here given is meant to be applicable td 
quantities of every description. The subject of proportion as 
it is treated of in Euchd, is embarrassed by the means which 
are taken to provide for the case of incommensurabh quanti* 
ties. But this difficulty is avoided by the algebraic nota« 
tion which may represent the ratio even of incommensur- 
ables. 

Thus the ratio of ) to aJ2 is JL. 
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It is imposBible, indeed, to express in rational numbers, 
the square root of t, or the ratio whi<ih it bears to 1. But 
this is not necessary, for the purpose of showing its equality 
with another ratio. 

The product 4xS?=8. 

And, as equal quantities have equal roots, 

2xV^=V®> thereftMre, 2 : yS >: 1 : V*- 
Here the ratio of 2 to V^* ^^ proved to be the same, as 
that of 1 to V^ f although we are unable to find the exact 
value either of ^8 or ^ 2. 

It is impossible to determine, with perfect accuracy, the 
ratio which the side of a square has to its diagonal. Yet it 
is easy to prove, that the side of one square has the same ra- 
tio to its diagonal, which the side of any other sc^uare has to 
its diagonal. When incommensurable quantities are once 
reduced to a proportion, they are subject to the s$tme laws as 
other proportionals. Throughout the section on proportion, 
the demonstrations do notimfdy that we know the value of 
the terms, or their ratios ; but only that one of the ratios is 
e^fwd to the other. 

Nqte M. p. 190. 

The inversion of the means can be made with strict pro- 
priety in those cases only in which all the terms are quanti- 
ties of the same kind. For, if the two last be different from 
the two first, the antecedent of each couplet, after the inver- 
sion will be different from the conseauent^ and therefore, 
there can be no ratio between them. (Art. 8S5.) 

This distinction, however, is of little importance in prac- 
tice. For, when the several quantities are expressed in ntim- 
6er«, there will always be a ratio between the numbers. And 
when two of them are to be multiplied together, it is imma^ 
terial which is the multiplier, and which the multipUcand. 
Thus in the Rule of Three in arithmetic, a change in the 
order of. the two middle terms will make no difierence in the 
result, * 

Note N. p. 197. 

The terms composition and dnnsion are derived from ge- 
ometry, and are introduced here, because they are genemdly 
used by writers on proportion. But they are calculated rather 
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to ]lQrpiex^ than to asaisi the learner. The objection to the 
word camposUUffi is, that its meaning is liable to be mistaken 
for the composition or compounding of ratm. (Art. 390.) 
The two cases are entirely different, and ought to be carefully 
distingui;'^ied. In one, the terms are wQ^f in the other, 
they are miUtipUed togieiher. The word compound has a simi- 
lar ambiguity in other parts of the mathematics. The ex- 
pression a+by in which a is added to &, is called a compound 
quantity. The fraction i of t or J Xf> io which J is mdH* 
plied into f , is called a <;ompound fraction. 

The term division, as it is used here, is also exceptionable. 
The alteration to which it is applied, is effected by subtrcLcthn^ 
and has nothing of the nature of what is c[\Ued division m 
arithmetic and algebra. But there is another case^ (Art. 
392.) totally distinct from this, in which the change in the 
terms of the proportion is actually produced by division. . 

Note O. p. 206. 

The principles stated in this section, are not only expressed 
m different language, from the corresponding propositions in 
Buclid, but are in several instances more general. Thus the 
first proposition in the fifth book of the Elements,, is confined 
to eqvmuttiples^ But the article referred to, as cootaining tbi« 
proposition, is applicable to all cases of equal ratios^ whether 
the antecedents are multiples of the consequents or not. 

Note Pi p. 2«2. 

The solutkm of one of the cases is omitted in the text, Ke» 
eaiise it is performed by logarUhms^ with which the learner 
is supposed not to be acquainted, in this part of the course. 
When the first term, the last term, and the ratio are ghren^ 
the number of terms may be found by the formula 



n=i 



NoTB Q. p. 227. 

When it is said that a mathematical quantity may be slip* 
posed to be increased beyond any determinate limits, it is not 
mtended that a quantity can be specified so great, that no 
limits greater thaii this can be assigned. The quantity and 
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the flniits niaj be a&tnMifefy -extended one htymi the other. 
If a line be conceived to reach to the most distant point in 
Che visible heavens, a thnh may be mentioned beyond this. 
The line may then be supposed to be e^rf ende/1 forther than 
this limit. Another point may be epecified still ftirtber on» 
mnd yet the line may be conceived to be carried beycmd it. 

Note R. p. S30. 

*Hie apparent contradicHons respecting infinity, are owing 
to the anibiguity of the term. It is often thought that th« 
proposition, that quantity is infinitely divisible, involves an 
absurdity. If it can be proved that a line an inch long can 
be divided into an infinite number of parts, it can, by the 
same mode of reasoning, be proved, that a line two incha 
kmg may be first divided in the middfe, and then each of the 
sections be divided mto an infinite number cf parts. In this 
way, we ^all obtam one infinite twice as great as another. 

If hw infinity, here is meant that which is beyond any as- 
■ignabie UmitSp one of these infinites may be supjposed givater 
tmm the other, without any absurdity, But if it be meant 
that the number of divisions is so great that it canno|. be m- 
creased, we do not prove this, concerning either ot the lines. 
We make out, therefore no contradiction. The apparent 
' absurdity arises firom shifting the meaning of the tenns. We 
demonstrate that a quantity is, in one sense infinite ; and 
then infer that it is infinite, in a sense widely difierent 

Non fk p. 9SS. 

Strictly speaking, the iiH|itiry to be mftde is, fa<yw<rflen the 
^9hoU divisor is c<mtained in as many terras «f the divideiii 
But it is easier to divide by % part only of the cKviser ; aad 
this will 1^ to no error in the result, as 4he whole divisor is 
multiplied^ m obtaining the several subtrahends* 

Note T. p. 244. 
The demonstration of this propositidh, partici^larly in iti 
application to fractional indices, could not be introduced^ with 
advantage, in this nart of the course. It does not appear 
thst Newton himself demonstrated his theiorero, except by 
induction. And though various demonstrations have since 
heen given ; yet they are generally founded upon principles 
and methods of investigation not contained in this mtroduc- 
tion, such as the 'iws ^ combinatioui fluxioni^ and fiigurate 
numbers. 
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Those whp wi^ to examine the niquirieB on this mibjecrt, 
may eonsult Simpsui^s Algebra, Section 15, Euler^s Algebra, 
Section 2, Chap. It, Vince's Fluxions, Art. 99, L&croix^ 
Algebra, Art. lS8^&c. Do. Ccmp. Art. 71, Reegf Cyclopedia^ 
Manning's Algebra, the London Phil. Trans. Vol. xxxt, p. 
S98, WoocBiouse's Analytical Calculations, Bonnycastle^i 
Algebra, and Lagrange's Theory of Analytical Functions. 

Hon U. fi. 277. 

The very limited extent of this work would admit of no- 
thing more, than a few specimens of the Sunmiation of Se- 
ries. For information on this subject^ the learner is referred 
to Emerson's Method of Increments, Sterling's Summation 
of Series, Wanng's Fluxions, Maclaurin's Fluxions, Art. 828, 
&c. Wood's Algebra, Art. 410, Lacroix's Comp. Alg. Art. 
81> &c. Euler's Anal. Infin. C. xiii, Simpson's Essays and 
Dissertations, De Moivre's Miss. Analyt. p. 72, and the Loo- 
don Philofiophical Transactions. 

Note V. p. 291. 

. To those who have made any considerable progress in the 
juadieiiiatics, this section will doubtlesis appear very defec* 
tive. But it was impossiUe to do justice to the subject, 
without occupying more room than could be allotted to it 
here. In goinff through an elementary course of mathema- 
tics and natural philosophy, the student will rarely have oc- 
casion to solve an equation above the second degree. 

Those who wish to examine particularly the dSferent meth- 
ods of solution, will find tliem in Newton's Universal Arith- 
metic, Maclaurin's Alg. Part. 2, Euler's Alg. Part 1. Sec. 4» 
Waring's Algebra, Do. Medit. Algeb., Walli^ Algebra, Simp- 
son's Alg. ^c. 12, Fenn's Alg. Ch. 8 and 4., Saunderson's 
Alg. Book X, Simpson's Essays and Dissertations, Journal 
De Physique, Mar. 1807, and the Philosophical Transactions. 

Note W. p. 298. 

It will be thought, perhaps, that it was unnecessary to be 
so particular, in obtaining the expression for the area of a 
jiarallelogram, for the use of those who read Playfaif^s edi- 
tion of Eucli(C in which ^^AD.DC is put for the rectangle 
contained by AD and DC" It is to be observed, however, 
that he introduces this, merely ds an article of noiaiion. 
(Book II* DtL 1.) And tLough a point interposed between 
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the leUers, isi in Algebra, « sign of multiplication ; 'jret he 
does noi liere undertake to show how the sides of a pmrnllelo* 
ipram may be nuiltiplied logetlier. In (he first book of the 
Supplemenly he has indeed deraonstrated, that '^etpiiao^iilar 
parallelograms are to one another, as the products of tbm 
numbers prbportiooal to their sides,** But he has not given 
to the expressions the forms most convenient for the <:u^ 
ceeding parts of this work. In making the transition from 
pure geometry to algebraic solutions and demonstrations, it is 
important to have it clearly seen that the geometrical princi- 
ples are not altered; but are only expressed in a, diBerent 
language. 

Note X, p. SOT. 

This section comprises very little of what is conunonly 
understood by the application of algebta to geometry. The 
principal object has been, to prepare tlie way for the other 
parts of the course, by stating the grounds of the algebraic 
notation of geometrical quantities, and rendering it familiar 
by a few examples* 

On the construction and solution of problems, See New* 
ton's Arithmetic, Simpson's Alff. Sec. 18 and appendix, La* 
Croix's App. Alg. Geom., Saimderson's Alg. Book xiit, AntU 
Ivt* Inst, of Maria Agnesi, Book i, Sec. S, and Emerson's 
Alg Book n, Sec. 6. 

Note T. p. 82a 

On the equations of ciu^'es, the gecmietrical construction 
of equations, the finding of foci, &c. see Maclaurin's Alg. 
Part in, and ap^ndix, Newton's Arith., Emerson's Alg. 
Book n, Sec. 9, Do. Prob. of Curves, Eukr's AnaL Infin^ 
Waring's Prob. Alg. and Mansfield's Essays. 

Among the subjects which, for want of room, are entirely 
Oini^ted in this introduction, one of the most interfe?ung is the : 
indeterminate analysts. No part of Algebra, perhan«, is bet 
ter calculated to exercise the powers tdnvention. But other 
branches of the mathematics are so little dependent on thisi 
that it is not absolutely necessary to give it a place in an ele- 
mentary course. 

See, on this subject, Euler's Alg. Vol. ii, with Lagrange'i 
additions, Saunderson's Al^. Book vi, Bonnycastle's Algebra, 
and the Edinburgh Phil. Transactions, Vol n. 
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